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Abstract

Differential equation refers to an equation that includes a function and its derivatives.
These equations serve to model real-world situations where rates of change are
significant. They are classified as either ordinary differential equations (ODEs) or partial
differential equations (PDEs), depending on whether the unknown function is
dependent on one or several independent variables, respectively. This paper presents
a thorough investigation into fractal differential inequalities linked with an initial value
fractal differential equation. It establishes the existence of a solution to this equation
and demonstrates the convergence of both minimal and maximal solutions.
Additionally, the paper introduces a comparative principle for evaluating solutions to
the initial value problem associated with the fractal differential equation, ensuring a
detailed and rigorous analysis of this subject.

Mathematics Subject Classification: 34A12; 28A80

Keywords: Differential equations; Fractal differential inequalities; Initial value
problem; Maximal solution; Minimal solution; Comparison theorem

1 Introduction

A fractal refers to a geometric shape or pattern characterized by self-similarity, which im-
plies that its structure is replicated at multiple scales. Examples of this include the Man-
delbrot set, the Koch snowflake, and tree-like branching structures. Fractals, recognized
for their noninteger dimensions, represent a notable departure from standard geometric
shapes. Unlike linear paths, perfect spheres, or conical structures found in classical ge-
ometry, natural phenomena such as lightning, clouds, and mountains showcase intricate
forms that elude conventional mathematical description. Thus, the study of fractal ge-
ometry has become indispensable for capturing the complexity inherent in these natural
shapes [5, 11]. Fractal calculus is an advanced form of conventional calculus that deals with
functions associated with fractal supports and situated in fractal spaces. Fractal calculus
is a sophisticated mathematical framework that broadens the scope of traditional calcu-
lus, permitting the exploration of equations with solutions that manifest as functions with
fractal attributes, including fractal sets and curves. Its charm lies in its refined elegance
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and algorithmic strategies, which are notably superior to other methodologies [13]. A frac-
tal spiral is defined as a spiral that possesses fractal characteristics, where its details recur
at progressively smaller scales, resulting in a complex and intricate pattern. The fractal
characteristics of elliptical polynomial spirals, which are planar spirals exhibiting varying
polynomial decay rates along the two axes, were examined in [2].

A variety of challenges in applied mathematics can be framed as initial value problems
involving ordinary differential equations or collections of such equations. The numerical
resolution of initial value problems in ordinary differential equations utilizing boundary
value methods is discussed in [1]. One can find details of differential equations for frac-
tional derivatives in [12, 14]. The significant adoption of fractional differential equations
in areas like fluid dynamics, finance, and other sophisticated systems has incited a de-
tailed study of the properties of fractional derivatives and their geometric and physical
implications but fractional and fractal derives are not alike [4]. The solvability of integral
equations associated with initial value problems for a nonlinear differential equation of
fractional order has been discussed by several researchers [9, 10]. New insights into the ex-
istence of solutions for first-order ordinary differential equations with deviated arguments
were explored in [6]. Their overarching framework includes delay differential equations,
which allow for deviations that may depend on the unknown solutions. The existence re-
sults are founded on innovative definitions of lower and upper solutions. Furthermore,
the discussion extends to minimal and maximal solutions in the standard set-theoretic
framework [6]. Recently, the existence and asymptotic estimates of both the maximal and
minimal solutions for a coupled tempered fractional differential system with varying or-
ders were examined [3]. Fractal retarded, neutral, and renewal delay differential equations
with constant coefficients were addressed using the method of steps in conjunction with
the Laplace transform [8]. Recently fractal integral equation was introduced in [7].

We were motivated by the work of [12] to introduce initial value problem for fractal
differential equation, and [6] encouraged us to find the minimal and maximal solutions of
the initial value fractal differential equation.

The structure of the article is as follows: In Sect. 1, we recall several definitions and ex-
isting results that are useful for our next section. In Sect. 2, theory of fractal differential
inequalities is presented. In Sect. 3, the existence and fractal continuation of solutions to
an initial value problem for fractal differential equations that involve fractal differential
inequalities are studied. In the last section of the article, the minimal and maximal solu-
tions of our assumed initial value fractal differential equation convergences in the sense of
Picard’s approximation method for fractal differential equation through fractal spiral are
shown. Lastly, we explore various comparison theorems for fractal differential equations,

along with an estimation of a function that meets a fractal differential inequality.

2 Preliminaries
Let F C R” be a fractal curve. Throughout the article R will be a set of real numbers. We

denote fractal spiral by Ry, which is approximated by rectangles.

Definition 2.1 [13] A fractal curve F C R” is classified as continuously parametrizable if
there is a continuous function J : [t1,k1] — F such that [t1,41] C R and the function is

both one-to-one and onto on F.
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Let P = {7,' =lo<ly<dly... = /c} = {(KL, [tl,/q])}i1 be any tagged partition of [z, «].
The flag function pertaining to F is

1, whenever F N [t,«] #0;
0, under other conditions.

g(f ) [T’ K ]) =
We recall fractal summation of F as follows:

14
o®[F,[t,kll = ) T+ DIE = £a]*6(F, [1,k.0),

=1

where £,_; < ¢, and 0 < « < 1. We denote by |.| the Euclidean norm in R”. This expression
analyzes a measure related to the partition P and the fractal curve F in a particular way
through the parameter .

Definition 2.2 Let § > 0 be given and P be any tagged partition of [7, k]. A coarse-grained

mass M§(F,t,k) is defined as follows: M5 (F,7,x) = inf o% where |P| = max (¢, —
{P: |P|<8} 1<i<m
El—l)'

Definition 2.3 We define the mass function M*(F, 7, x) as the limit of the coarse-grained
mass Mg (F,1,k) as § gets closer to zero. That is, M*(F, 1,k) = ;in(l)Mg‘(}", T,K).
—

Definition 2.4 The fractal dimension of the curve F, denoted by dim, (F), is defined as
follows:

dim, (F) = inf{a : MY(F,1,k) = 0}
=sup {Ol : MY(F,1,k) = oo}.
The fractal dimension of F is characterized by the highest value of « at which the mass
function M*(F, t,«) approaches infinity and the lowest value of & at which it approaches

zero. This fractal dimension serves as a measure of complexity and self-similarity of the
curve F, reflecting how effectively the curve occupies space.

Definition 2.5 The staircase function S% : [11, k1] — R associated with the fractal curve

F is defined as follows:
M*(F,10,0), if £ > 105
sy = {MSm e Bz
-M*(F, ¥, 19), if £ < 7,

where ¢ € [11, k1], which is a subset of [7,k]. The expression S%(£) = S(w) corresponds
to the value of S(@w), which denotes the fractal dimension of the partition of F from the
initial point 7y to @. The function J(£) maps the value “¢” to a specific point @ on the
fractal curve F.

The n-dimensional real-valued Euclidean space of elements u = (uy,uy,...,u,) is repre-
sented by R”. As an element of R"*!, we indicate (¢,u). Consider any convenient norm
[lul|. Assume that the fractal continuous F-curve from every fractal subset £ into R” is
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C(&,R"). I e C(E,R") is what we write if I belongs to this class. We adopt the following
F-derivatives for any function ¥ € C((£o, £o + 7)), R").

Definition 2.6 [13]
1. The left F-derivative of a fractal function J: F — R” at any specified point £y € F
is established as
. () - 3()
DE3I_(Lg) = F- lim —————,
A GRS
where S(£) is the staircase function.
2. The right F-derivative of a fractal function J : F — R” at any specified point
£y € F is established as
. () - 3(Lo)
DL, () = F- lim ————,
P = I S0 - St
where S(£) is the staircase function.
In the left F-derivative, £ — £( means ¢ approaches £, from the left side of ¢,. In the right
F-derivative, £ — £( means £ approaches £, from the right side of ¢,.

Theorem 2.7 [13, Theorem 50] If DE-3(8) exists for all £ € (Lo, Lo + T), then I(L) is F-
continuous in (Lo, Lo + 7).

Consider G to be an at-most countable subset of the interval [£g, £y + T).

Lemma 2.8 For £ € [£y,£p + 1) — S, if S € C([£o, £o + 7),R) and DE-I(L) < 0, then I(L) is
decreasing in £ on [£o,€o + T].

Proof Let D%J(¢) = F- 6111510 % exist and be negative, i.e., D%I(£) <0V £ € [£o, o +
7) — &. If possible, suppose that J fails to be nonincreasing on [€y, £o + 7). It can be stated
that there are ¢; and ¢, for which £y < £; < £, < ¥, + 7, satisfying the inequality J(¢;) >
S(€y). Let y € (S(Zz), S(Zl)). Considering that J exhibits F-continuity, according to the
intermediate value theorem, there exists a value z within the interval [£1,£>] such that
J(z) = y. Clearly, the intersection of the set {Z : J) = y} and the interval [£1, £5] contains
elements. Suppose py = sup {Z 2 () = y} N [61,62]}. As it stands, J(€5) is smaller than y,
and since J exhibits F-continuity, this implies that py is less than £5. Thus J(£) <y V £ €
(Lo, £>] and the set {Z : J) = y} is closed as J is F-continuous. So, J(po) = ¥, and this
implies D%, (po) > 0, a contradiction. Hence J(£) is nonincreasing in £ on [£o, £o + 7). [

Definition 2.9 [6] Let J,/(¢) represent a solution to any initial value problem defined
on the interval [£g, £y + T). The function J,,(£) is classified as a maximal solution of the
specified initial value problem if, for every solution existing on [£¢, o + T), the condition
I(0) < Ip(8) for all £ in [£o, £y + T) is satisfied.

Definition 2.10 [6] Let 3J,,,(£) represent a solution to any initial value problem defined
on the interval [£g, £o + 7). The function 3,,(£) is classified as a minimal solution of the
specified initial value problem if, for every solution of the problem that exists on [£g, £y + T),
the inequality J(¢) > J,,,(£) holds for all £ in the interval [£, £o + 7).
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3 Fractal differential inequalities
In this segment of the article, we present the concept of fractal differential inequalities.
We shall analyze a system of first-order fractal differential equations accompanied by the

initial condition
DES = I, 3), I(£o) = So, (1)

where ¢ = (S10, I205 -+ .5, 3,0) and 7 € C(E,R™).

The solution to the initial value problem (1) is characterized as a fractal differentiable
function of ¢, satisfying J(£o) = So(£, I(£)) € € and DEI() = AL, I(£)) over an £-fractal
interval J containing €,. The function J(£) possesses the properties of fractal continuity
as well as fractal differentiability. Based on these requirements for the fractal continuous
function J(¢), it can be concluded that

¢
() = I + / s, 3(s)d%s, L e]. (2)
Lo

Let £ represent an a-open (£, ) set in the Fuclidean space R?, with 7 being an element
of C(€,R). Let us investigate the scalar fractal differential equation together with the initial

condition
DEIE) = h(L, ), I(Lo) = Lo. (3)

Definition 3.1 Suppose that v € C([£y, £y + 7),R) and D%v.(¢) exists for £ € [£o, o + T)
and (¢, 0(¢)) € £. We called v(£) to be upper function if v(£) satisfies the fractal differential
inequality D%v..(€) < (€, v(£)), £ € [£o, Lo + T) concerning the initial value problem (3).

Definition 3.2 Suppose v € C([£y,£o + T),R) and D% v, (£) exists for £ € [£y, £y + T) and
(£,0(0)) € £. We called v(£) to be over function if v(¢) satisfies the fractal differential in-
equality D%, (£) > WL, 0(£)), £ € [£o, £y + T) concerning the initial value problem (3).

A fundamental result can be formulated as follows.

Theorem 3.3 Let £ denote an a-open set that is classified as an (£,3)-set within R?,
and let h be a function belonging to C(E,R). Let us consider v,10 € C([£o,€o + 7),R)
and (£,0(0)), ({,10(8)) € &, £ € [Lo, Lo + T) be given. Assume that v({y) < r(£y), and for
L € (Lo, Ly + T) and elsewhere, the subsequent inequalities

D%o_(£) < AL, 0(£)); D%ro_(£) > h(L, (L)) hold.
Then v(£) < (L), £ € [€o, bo +T).

Proof Let us prove with a contradiction approach. If possible, let v(£) £ to(¢) for € €
[£o, €0 +T),and {€ € [€o, £o + T): w(€) < v(£)} is nonempty.

Let £1 =inf{ £ € [£o, €0+ T) : t0(£) < 0(£)¢. Since v(€y) < 10(Ly), so £y < £1. Furthermore,
v(¢1) =1w(£1) and v(€) < w0(£), £ € [£o,£1). So, for any & < 0, we have

0(0y + 1) —0(€y)  r(e; +h) - r(Ey)
S+ -8t St +h) -8t




Sajid et al. Boundary Value Problems (2025) 2025:113 Page 6 of 14

This implies D%b_(£1) > D%to_(£1). Next D5o_(£) < i€, 0(£)); DEro_(£) > (¢, to(£)) and
D%v_(£1) > D%t_(£;) together in v(£;) = to(£;). Consequently, we get a contradiction

h(€1,0(€1)) > h(€1,10(£1)). Hence {Z €Ly, lo+T1): (£) < U(Z)} is empty, a contradiction,
and hence v(¢) < to(£), £ € [£g, Lo + T). (I

Lemma 3.4 Letv, o € C([£y, £o+T1),R) and for some DG-I(£) < (L) for £ € [£y, £y +T)- 6.
Then DEo_(£) < to(L) for £ € [£o, o + T).

Proof Let m(£) = v(£) — flf) t(s)d%s. From our hypothesis, D%m(£) = D%o(£) — o(f) <
0, £ € [£g, €y + T) — &. By Lemma 2.8, m(£) is nonincreasing in £ on [£y, £ + 7). Hence
Dem_(£) =D%v_(£) —1(£) <0, £ € [£o, Lo + T). O

Remark 3.5 With Lemma 3.4, it is clear that Theorem 3.3 will remain true when
D%o_(¢£) < (¢, 0(£)) and D%to_(£) > A€, 10(£)) hold for £ € [£o, £y + T) — &.

The subsequent theorem demonstrates that any solution to the initial value problem (1)

can be confined between its upper and over functions.

Theorem 3.6 Let v({) and w(£) represent the upper and over functions, respectively, con-
cerning the initial value problem (1) on the interval [£o, Lo + T). If I(€) represents any solu-
tion to equation (1) satisfying on [£o, Lo + T) such that v(£y) = I = to(£y), then v(£) < I(L) <
w(l), £ € [£Lo, Lo + 7).

Proof Define to(£) as an over function and J(£) as the corresponding solution of (1). Con-
sider m(£) = ro(£) — I(£). As a result, it can be stated that D%m, (£) > 0. It follows that
m(£) is increasing to the right of £, in a sufficiently small interval £y < £ < £ + €. This
gives J(£o + €) < w({y + €). Furthermore, DE3I(€) < (¢, I(£)) and D%, (£) > A¢, 0(£))
for € € [£y + €,£p + 7). Next, Theorem 3.3 gives J(€) < 1o({), £ € [£y,£o + T).

In a similar way, we can find v(€) < J(£), £ € [£o, £o + T) when v(£€) is an upper function.
Consequently, v(€) < J(€) < to(£), € € [£y, Lo + T). O

4 Existence of solution

In this section, our study investigates the existence and fractal continuation of solutions
for an initial value problem related to fractal differential equations that incorporate fractal
differential inequalities. To explore the existence of a solution for (1), we will introduce the

following definition of equi-fractal continuity.

Definition 4.1 A family of functions § = {J(¢)} defined on some fractal «-set £ C R” is
said to be equi-fractal continuous if for € > 0 there exists § = §(¢), independent of J € F,
and also £1, £, € £ such that |J(£;) — I(£;)| < € whenever |[£1 — £5] < 8.

Theorem 4.2 (Ascoli—Arzela) Define § = {3} as a sequence of functions established on an
a-compact set E C R", which is equi-fractal continuous and equi-fractal bounded. Conse-

quently, there exists a subsequence {3,}, n=1,2,..., that converges F-uniformly on E.

Proof We can prove with similar techniques of the classical Ascoli—Arzela theorem. [
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The following theorem represents an existence of solution of (1).

Theorem 4.3 Let h € C(G,R"), where G is an o-set
[£,3): £o <L <Ly+7,|IS = Soll < b 1L, <MonG.

Consequently, the initial value problem (1) has at least one solution I(£) for the interval
lo <€ <Ly +r, wherer =min(t, §;).

Proof Let Jo(¢) be a fractal continuous and fractal differentiable function on [£y —
8,401, 8 >0, such that Jg(£o) = Jg, ||Fo(£) — I)|| <k, and ||D%Ip(@)|| <M. For 0 <€ <6,
let 3.(€) = Jo(£) on [£g — 6§, £0] and

4
e (0) = o + ] h(s, Se(s — €)d%s (4)
4

0

on [£y, £y + r1], where r; = min(r, €). Clearly, J(£) is fractal differentiable and
[1Se(€) = ol <« (5)

on £y — 6, Lo + r1]. If 1 <1, we can use (4) to extend u.(¢) as a fractal continuously frac-
tal differentiable function over [£g — 8,£g + r2], o = min(r, 2¢) such that (5) holds. Fol-
lowing this approach, J.(£) may be defined across the interval [{y — §, £y + 7] such that it
maintains fractal continuity and fractal differentiability, thus satisfying equation (5) within
that same interval. Moreover, it follows that || D%, (¢)|| < M, indicating that the sequence
{J(0)} constitutes a collection of equi-fractal continuous functions that are uniformly
F-bounded. By applying Theorem 4.2, we can observe the existence of a sequence {¢,}
such that €; > €y > --- > ¢, = 0 as p — 00, and the function J({) = f-pli}rgo i‘sgp(ﬁ) exists
F-uniformly on [£y — §,£o + r]. Given that & is uniformly F-continuous, it follows that
h(e, Se, (€ = €p)) converges to (¢, 3(¢)) in an F-uniform manner as p approaches infinity.
Consequently, performing term-by-term integration of (4) with € = €, and r; = r results
in the equation J(£) = I + fé} (s, 3(s))d%s. This confirmed that J(£) serves as a solution
for (1). |

Corollary 4.4 Let £ represent an a-open (£,3) set within R, and let £, denote an a-
compact subset of €. Assume that h is an element of C(E,R") and that ||, J)|| <M
throughout £. Equation (1) possesses a solution, and every solution is defined on the in-
terval [£o, £y + 1].

The subsequent theorem addresses the issue of extending the solutions to the boundary
of £. Prior to presenting the theorem, we must first establish the following lemma.

Lemma 4.5 Let h be a function in C(E,R"), where £ is an a-open (£,3) subset of R"*L,
Let I(£) represent a solution to (1) within the interval £y < £ < T, T < 00. Let us consider a
sequence {{;} such that £y < €y approaches infinity as k approaches infinity, and the limit
30 = F- klirgo S(Ux) exists. If the function I(¢,3) remains bounded within the intersection

of the set £ and a neighborhood surrounding the point (t,3°), then it follows that the limit
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F- llim 3(£) = 0. Furthermore, if 3(t,3°) is established such that h(¢, ) is F-continuous
—T
at the point (t,3°), then I(£) is continuously F-differentiable with respect to £ on the in-

terval [£y, T] and serves as a solution to (1) over the interval [£o, T].
Proof Assume that € is a positive quantity that is sufficiently small. Let us take R:0<t-
€ <¢,]|3-3°] < € beagiven set. Let M(¢) be sufficiently large such that || (¢, J)|| < M(e)

for (,3) € &N R. For sufficiently large values of k, if 0 < T — £, < SM(e) and if ||S(¢x) —
30 < §, then

[[3(6) = S| < M(e)(T =€) S% (6)

for £; < € < . If this claim does not hold, there exists a time £; for which ¢; < ¢; < 7,
thereby yielding the relationship

[[3(€1) = IR = M(e)(T — £x) =

N ™

Therefore it follows

€
[136) - 3°| < EIIS(ﬁk)—SOII

<eforl; <f<{.
This indicates that || D%3(£)|| < M(e) for the interval £; < £ < £,. Consequently,

[[S3(€1) = 3| = M(e)(£y — £i)

<M(e)(t —£y).

This establishes that F- llim 3(£) = 3%, which verifies that (6) is true. The final segment of

the lemma is based on the principle that DE3(€) = A({, 3(£)) converges to I(t, %) when ¢
tends to 7. a

Theorem 4.6 Let £ represent a fractal subset of R"*! that qualifies as an a-open (£,3)-set
in R If b is an element of C(£,R™) and 3(£) is a solution to equation (1) over the interval

Lo <€ < 7y, then it is possible to extend J(£) as a solution to £’s boundary.

Proof Consider the sets £1,&,, ... as «-open subsets of £, where £ can be expressed as the
union of &,; the closures £;,E,, ... are a-compact, and &, is contained within &,,1. From
Corollary 4.4, it can be concluded that there exists €, > 0 such that if (£, Jo) is contained
in E,,, then all solutions of (1) exist within £y < £ < £y + €,.

Opt for a large # such that (tp + I(7p)) is contained within the closure of E,,, . Thereafter,
the function J(¢) can be prolonged over the interval [y, Ty + €4, ], and should the point
(To + €4y, (T + €5,)) belong to the closure &,,, I(¢) can be additionally extended over the
interval [ty + €, To + 2€,,]. This assertion can be made repeatedly until we secure the
extension of J(¢) over the specified interval £y < £ < 1; where 7; = 75 + Nj€,,;, N is an
integer greater than or equal to one, such that (1, J3(71)) ¢ gm-
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Choose n, so large that (t1,3(71)) € Enz. As previously stated, we arrive at an integer
N, > 1 such that u(t) may be extended over £y <t < gy, a = a; + Na€,, and (a4, u(ay)) ¢
E,,. Following this approach, we arrive at a sequence of integers n; < 1 < - -- and num-
bers 79 < 71 < --- such that J(£) has an extension over [y, T), where 7 = F- klirgo 7 and

(T, J(11)) ¢ Erk. Thus the sequence {tx, I(tx)} is either unbounded or has a cluster point
on the boundary of £. Finally, Lemma 4.5 gives the complete proof. g

Corollary 4.7 Consider h € C(E,R"), wherein £ = {(6,3) c g <L <Ly+T, T<OO
3 defined on R”}. Let J(£) be the solution to (1). Thus, [£o, Lo+ T] or [£9,68), § <Ly <Llo+T

and ||3(£)|| — oo as £ — oo are the biggest intervals of existence of I(£).

5 Convergence of the maximal and minimal solution
We shall show minimal and maximal solutions of (1) convergences in the sense of Theorem
4.3 as follows.

Theorem 5.1 Let h be a function in C(Ry, R), where R is defined as the fractal-spiral ap-
proximated by the rectangle £y <€ <o+ 7, |3 — Jo| <k and |W({,J)| <M on Ry. Then a
comprehensive solution encompassing both maximal and minimal aspects for equation (1)
can be determined over the specified interval [£o, o + r] with r = min (r, ﬁ)

Proof Let 0 <€ < 7, and let us consider the fractal differential equation with

DEI = hl,3) + €, I(ly) = + €. (7)

It is clear that hc(¢,J) = A(¢,J) + € is properly defined and exhibits F-continuity on Ry,
approximated by the interval £y < € < €y + 7, |3 = (g + €)| < 7. Clearly, R, C Ry and
|he(€,3)] <M + 5 on R.. From Theorem 4.3, it is not hard to see that (7) has a solution

(¢, €) on the interval [£g, £y + ], where r = min( . Next, for 0 < €; < €1 < €, we

K
T (2M+/<))
have

(Lo, €2) < I(Lo, €1)
DI, €2) < ML, 10(L, €2)) + €

DEIU, €1) > MU, 3L, €1)) + €2, £ € [€o, Ly +7].

Employing Theorem 3.3 leads us to the result that J(¢,€;) < (¢, €1), £ € [£o, € + 7].
Given that the family of functions J(¢, €) is equi- F-continuous and uniformly F-bounded
on the interval [£g, £y + r], it can be deduced from Theorem 4.2 that there exists a di-
minishing sequence {¢,} such that ¢, — as n — 00, and the uniform F-limit, specifi-
cally F- lim 3(¢,¢€,) = z(£), is defined on [£y, £y + r]. Clearly, z(£y) = Jp. The uniform F-
continui‘:; (C;cf> h suggests that (¢, I(¢, €,)) tends uniformly to (€, z(£)) as n — oo. There-
fore, term-by-term integration applies to J(¢, €,) = Jo + €, + f;; (s, 3(s, €4)d%s, which fur-
ther demonstrates that the F-limit z(£) is a solution of (1) on [£g, £y + r]. Further, let J(£)
represent any solution of (1) on the interval [£, £o + r] then

3(30) = S() < S() +€ = \:S(E(),E)
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DEIE) < ML, 3(0)) + €,

DEIU,€) > ML, I, €)) + € forl € [£y, Lo+ r] and € <

T

So, I(£) < J(L,€), £ € [£y, £y + r]. This shows that the solution is maximal. The uniqueness
of the maximal solution indicates that J(¢, €) converges uniformly to z(¢) on the interval
[£o,€o + r] as € approaches 0.

In a similar approach, we can find the minimal solution. g

The existence Theorem 5.1, together with the extension Theorem 4.6 implies the fol-
lowing theorem for maximal and minimal solutions of the given initial value problem (3)

that may be extended to the boundary of £.

Theorem 5.2 Let g € C(E,R) where E is an a-open (t,u)-set in R? and (ty, uo) € E. Then

(1) has maximal and minimal solutions that can be extended to the boundary of E.

5.1 Comparison theorem

One integral approach in the examination of differential equations that is critical for ad-
vancing understanding in this field involves the estimation of a function that complies
with a differential inequality by leveraging the external solutions of the related differential
equation. In this section of the article, we explore various comparison theorems for fractal
differential equations, along with an estimation of a function that meets a fractal differ-
ential inequality. The following lemma will play an important role in proving our main

theorems.

Lemma 5.3 Assuming that the hypothesis of Theorem 5.1 is valid, let the interval [£o, £y +T)
represent the maximum interval for the maximal solution z(£) of equation (3). Let us as-
sume that [£y, 1] is an a-compact subinterval of [£o, Ly + T]. There is then €y > 0 such
that the maximal solution z({,€) of equation (7) exists over [£o,£1] for 0 < € < €y, and

F- lirrg)z(ﬁ, €) = z(€) uniformly on [£y, 1].

Proof For £ € [€y, 1], let & be an «-open bounded set, & C &, and (¢,z(£)) € £. We can
choose « > 0 such that for £ € [£o, £;] the rectangle R} : [£,£ + k], |3 —(z(£) + €)| <k, is
included in & for € < 7. Consider |(¢, )| < M on &. Then it is clear that |(¢,J) + €| <
M+ 5 onRj for £ € [€o,£1]and 0 < € < 7. Let R;O be a given rectangle. From Theorem 5.1,
the maximal solution z(¢, €) of (7) exists on [£g, £y + nv] for 0 < € < €, and F- !i_r)rg)z(ﬁ, €)=
z(£) uniformly on [£o, £ + 2V].

By mathematical induction, we can find that there is an €y = ¢, in such a way that
[£0,£1] C [£o, £1 + nv] to ensure that the maximal solution z(¢, €) of (7) occurs on [£g, £o +

nv] for 0 < € < €9, and F- lirr(l)z(Z, €) = z(£) uniformly on [£, £ + nv]. O

Theorem 5.4 Let € represent an a-open (£, )-set within R? with i € C(E,R). Assume that
[£o, €0 + T) constitutes the largest interval on which the maximal solution z(€) of equation
(3) is established. Let m be an F-continuous function on the interval [£y, Ly + T) map-
ping to R, where each pair (£, m(£)) belongs to the set £ for £ € [£y, £y + T), and the initial
value m(Ly) satisfies m(Ly) < Jo; additionally, this setup is considered with a fixed fractal
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derivative
DEm(L) < i, m((£)), £ € [Lo,bo+T)—G. (8)
For all £ within the interval [£gy, Lo + T), it is established that m(£) < z(0).

Proof From Lemma 3.4, it follows that (8) can be replaced by D%m_({) < i(¢, m(£)), £ €
[€o, Lo+ 7). Let £g < £ < £9+ 7. By Lemma 5.3, the maximal solution z(¢, €) of D%-S = A(¢, €) +
€, (L) = I + € exists on [£y, t] for all € > O sufficiently small, and z(¢) = F- 1112) z(¢,€). Us-
ing DEJ = A, I) +€, I(Lo) = Jo +€,and DEem_(£) < AL, m(£)), £ € [£o, £o+7) in Theorem
3.3, we can find m(£) < z({, €), £ € [£y, t]. O

Remark 5.5 Given the inequality D%-m(¢£) > h({, m(£)) alongside the condition m(£) > 3,
it follows that m(£) must be greater than or equal to p(£), where p(£) represents the
minimal solution to the differential equation DEJ = A({,J) with the initial condition
J(lo) = Jo-

Next, we shall prove Theorem 5.4 under a weaker hypothesis.

Theorem 5.6 Let m({), z(€) be defined as in Theorem 5.4, and consider the set O = {{ €
[€o, 80 + T) : z(&) < m(L) < z(£) + €0}, where €g > 0. If the condition D%m(€) < h(¢, m(L))
holds true for £ within the subset {£ € [£o, 2o + T): z(£) < m(£) < z(£) + eo} — G, it follows
that m(£) < z(£) for € in the interval [£, £ + T).

Proof 1t suffices to demonstrate that m({) < z(¢,¢) for all £ within the interval [£o, ¢4].
According to Lemma 3.4, it follows that D%m_(£) < i(¢, m({)) for all £ within the in-
terval (£o,£o + 7). As a result, it follows that D%m_(£) < (€, m(£)) for all £ within the
set O. Next, according to Theorem 3.3, we identify a value ¢; for which the condition
m(€1) = z(£1,€) holds true. Considering the expression z(¢) = F- li_r)r(l)z(ﬁ,e), it is estab-
lished that there exists a positive value €y such that z(¢,€) remains less than z(¢) + €
for all £ within the interval [£, £1]. Additionally, for all £ within the interval [£y, 1], it
holds that z(¢) < z(£,€) < z(£) + €, and also z(£,¢€)) < (z(£) + €). It follows from O that
z(£1) < m(€1) < z(£1) + €. This indicates that £; belongs to the set O. Therefore, it holds
that D%m_(£) < (¢, m(£)) for the specified £;. Consequently, we have m(£) < z(¢) for all
L ely, Ly +1). O

Theorem 5.7 Let £ be an a-open (£,3)-set in R?, and consider h € C(E,R). Let us con-
sider that v,10 € C([£y, Lo + T),R), with (£,r(€)) and (£, (£)) belonging to & where £ €
[€o, €0 + T). Further, suppose v(£y) < vw(£y), and within the interval (Lo, Lo + T), the inequal-
ities DE0_(£) < h(L,0(£)) and DEro_(€) > WL, (L)) are satisfied for all £ € (Lo, Lo + T).
Assume additionally that for each € within the interval (Lo, £y + T), and for any € in [£y, 1],
the function h meets the specified condition

A, 31) — AL, 2) > =Gl + £y — £,31 — J2), 1> 39
considering that G is an element of C((£o, £y + T) X R,R) and z(£) = 0 represents the max-

imal solution to the equation DS = G(L, ) with the initial condition I(Lo) = 0, it follows
that v(€) < w({) for £ in the interval [£y, £y + T).
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Proof Similar to the demonstration of Theorem 3.3, there exists £; within the interval
(Lo, £y + 1) for which the condition v(¢;) = tv(£;) holds true, while v(£) < r(£) for all ¢
satisfying £y < £ < £;. Define the functions v1(£) = v(€1 + £o — £) and w01 (£) = to ({1 + £o — £)).
Given that v(£;) = 0 (£7) and v(£) < rw(£) for £y < £ < £1, it follows that v1(£g) = 107(£y) and
v1(£) < toy(L) for £ € [£o, £1].

Let m(£) = t01(£) — v1(£), the definitions of by, to; and assumptions D%v_(£) < AL, v(£))
and DEr_(€) > (¢, ro(¢)) for £ € (Lo, Lo, T) imply the inequality

Dim_(£) = D%w,_(£) - Dxoi_(£)

< hi(€,01(£)) — hi(€,01(£))

wherever hi(£,3) = —h(€1 + £ — £,3). Since v1(£) < to1(£), £ € [£o,£1] holds, we can use
R(8,31) — M((6,32) = =Gl + €1 — £,31 = 33), J1 = Iy to arrive at Dgm_(£) < G(¢,
m(L)), £ € [£o,£1]. According to Theorem 5.4, it is established that m(€) < z(¢) for all £
within the interval [£y, £;], where z(£) represents the maximal solution to the differential
equation DEJ = G(£, ) with the initial condition z(£y) = m({o). Based on the given defi-
nition of m(£), we observe that v,(£y) equals 101 (£y) and v,(£) < t01(¢) for £ in the interval
[£0,£1]. Consequently, it follows that m(£) > 0 within the same interval, with the specific
condition that m(£y) = 0. The inequality m(£) < z(¢) for £ € [£y,£;1], along with the as-
sumption that z(£) = 0, indicates that v(£) = w(¢) for € € [£y,£1]. However, this directly
contradicts the assumption that v(€) < to(£) for £y < £ < £;. Consequently, the set O is
empty, thereby proving the theorem. O

A more comparison theorem of Theorem 5.4 is stated below.

Theorem 5.8 Consider the product space £ = [£y, £ + T) x R? with a function h € C(E,R).
Assume that I is nondecreasing with respect to v for every fixed £ and 3. Suppose that z(£)
represents the maximal solution of the fractal differential equation D% = h(¢, ) subject
to the initial condition I(£y) = Jg > 0, which is valid on the interval [£y, £y + T), and that
z(£) = 0 for £ within this interval. Consequently, the maximal solution z,(£) for the equation
D%S = @14, 3), with I(Lo) = I > 0 and where hi(£,3) = (L, z(£)), also exists on [£o, Lo + T),
ensuring z(£) = z1(£) for £ within the interval considered.

Proof According to Theorem 4.3 and Theorem 4.6, the maximal solution z;(¢) of the dif-
ferential equation D%S = g1(¢,J), with the initial condition J(£o) = o > 0, exists within
the interval [£g, £y + r], where r < 7, and this solution can be extended to reach the bound-
ary of £. This indicates that the function z;(€) is valid within the interval [£o, ¢y + 7), or
alternatively, there exists a point £; < £¢ + 7) at which the magnitude of z; (€x) approaches
infinity for a specific sequence ¢ as £, converges to [ when k tends toward infinity. Observe
that D%z(¢) = AL, z(£)) = h1(¢,z(£)), and this yields, from Theorem 5.4, that z(¢) < z,({)
as far as z; (£) exists. It follows from z(£) = 0, £ € [£g, £y + T), |z1(€x)| = 00, and z(£) < z1(£)
that z; (£x) — +00 as £x — [. Consider the maximal solution z(¢, €) to the differential equa-
tion DS = (¢, J) + € with the initial condition J(£g) = I + €, where Jy > 0. According to
Lemma 5.3, this solution is defined on the interval [£g, £1 + v], with v >0and £; + v < £y + T,
for sufficiently small € > 0. Furthermore, given the equation D%3 = I(¢,3J) + € and the in-
equality z(£o) < z(£o, €), it follows that D%z(¢, €) > A(L, z(¢, €) and z(£o) < z(£y, €). Consider
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the maximal solution z(¢, €) to the differential equation DESJ = 1€, J) + € with the initial
condition J(€y) = Jo + €, where Iy > 0. According to Lemma 5.3, this solution is defined
on the interval [£p,£; + v], with v > 0 and ¢; + v < £ + 1), for sufficiently small € > 0.
Furthermore, given the equation D% = I({,T) + € and the inequality z(£o) < z(£o, €), it
follows that D%z(¢, €) > h({, z(£, €)) and z(£o) < z(£o, €). Additionally, it is established that
D%z(€) = 11 (£, z1(£)). Considering the monotonic nature of / in relation to v and the con-
dition z(£) < z1(¢), it follows that D%z,(€) < I(¢,z1(£)). The application of Theorem 5.4
yields z1(£) < z(€) for £ € [£o, £y + €). Consequently, the combination of this inequality with
z(€) < z;(£) confirms the equality z(£) = z;(£) for £ € [£o, Lo + T). O

Remark 5.9 Fractal differential inequalities, merging fractal calculus with inequalities,
have surfaced as significant tools for representing complex systems in multiple areas.
They are especially advantageous in cases where standard integer-order models are insuf-
ficient, particularly in systems exhibiting memory, nonlocality, or fractal geometry. These
inequalities assist in analyzing the behavior of solutions to fractal differential equations,
yielding important insights regarding stability, existence, and bounds. In our next work,
as a real world applications, we shall investigate modelling complex systems. These equa-
tions, which integrate fractal calculus, are employed to simulate phenomena such as water
permeation in wool fibers, heat transfer in multi-scale fabrics, and various other intricate

systems defined by nonlocality and memory effects.

6 Conclusion

This paper investigates the realm of fractal differential inequalities, presenting a rigor-
ous exploration on the existence of solutions for fractal differential equations with initial
values. Employing a methodology akin to Picard’s approximation, we introduce a refined
approach using rectangular approximations to analyze fractal spirals. Our study addresses
both maximal and minimal solutions pertaining to the proposed initial value fractal dif-
ferential equations. Additionally, we delineate a suite of comparison theorems pertinent
to fractal differential equations and offer an estimation for functions that adhere to fractal

differential inequalities.
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