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1 Introduction

An element that the function maps to itself is called a fixed point. Fixed-point theory a key
tool in nonlinear analysis and many other areas of contemporary mathematics. Specifi-
cally, we define the problem in terms of identifying a fixed point of a given mapping [4]
when we address the solvability of a certain functional equation (differential equation,
fractional differential equation, integral equation, and matrix equation). Applications and
ramifications of fixed point theory can be found in many disciplines, including biology,
chemistry, economics, dynamical systems, physics, optimization, game theory, and chem-

istry.

Theorem 1 Let (X,d) be a complete metric space, and let Y be a contraction in X, i.e.,
there exists o € [0, 1) such that

d(Yx,Yy) < od(x,y) (1)

forall x,y € X. Then, Y has a unique fixed point.
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The theorem has become a fundamental source of information for researchers studying
nonlinear analysis and its applications in various mathematical and scientific fields.

Several generalizations of the concept of a metric space exist in the literature. Huang and
Zhang [14] introduced the concept of normal cone metric spaces and established fixed
point theorems for mappings satisfying Banach contraction and Kannan-type contractive
conditions. However, Rezapour and Hamlbarani [33] demonstrated that normality is not
a required condition and provided examples of non-normal cones. By refining the nor-
mality criteria proposed by Huang and Zhang [14]. Beg et al. [5] explored common fixed
points for a pair of self-mappings under a generalized contractive condition. Their work
did not assume normality and was conducted within a broader class of topological vector
space-valued (TVS) cone metric spaces, extending the framework introduced by Huang
and Zhang [14].

Istratescu [15] introduced the concept of convex contraction and demonstrated that ev-
ery convex contraction on a complete metric space possesses a unique fixed point. This
result extends the Banach contraction principle. Alghamdi et al. [2] used this concept to
obtain a generalization of the Banach contraction principle to the class of convex con-
tractions on non-normal cone metric spaces by extending the recent results of Huang and
Zhang [14] and Rezapour and Hamlbarani [33].

In 2017, Gordji et al. [13] established results concerning orthogonal sets and extended
the Banach contraction principle. Furthermore, they presented applications for their re-
sults to ensure the existence and uniqueness of solutions for first-order differential equa-
tions. Gnanaprakasam et al. [12] introduced new fixed point results in orthogonal b-
metric spaces with associated applications. Mani et al. [23] proved the results on orthog-
onal coupled fixed point results with an application in orthogonal metric space. Javid et
al. [16] introduced the concept of an orthogonal partial b-metric and established some
fixed point theorems for related contractions with an application for the Volterra inte-
gral equation. Javid etal. [17] investigate the conditions for the existence of fixed-point
for generalized contractions in the orthogonal extended b-metric spaces endowed with
an arbitrary binary relation with application to the system of boundary-valued problem.
Uddin et al. [36] they initiated the concept of orthogonal m-metric spaces and an appli-
cation to solve Fredholm integral equations. Mani et al. [24] proved common fixed point
theorems in orthogonal Branciari metric spaces with an application. Bilgili Gungor [8]
extended the concept of orthogonal p-contraction in orthogonal metric spaces and re-
lated nonlinear problems using w-distance and also find a solution to nonlinear Fredholm
integral equations. Prakasam et al. [31] investigated an orthogonal L*-contraction map
concept and proved the fixed point theorem in an orthogonal complete Branciari metric
space and demonstrated the existence of a uniqueness solution to the fourth-order differ-
ential equation. Nallaselli et al. [26] proved fixed point theorems via orthogonal convex
contraction in orthogonal b-metric spaces with applications.

Interpolation theory involves estimating or constructing intermediate values or spaces
based on known data or structures. In the context of functional analysis, interpolation is
about estimating norms or constructing spaces that lie “between” two given Banach spaces
or other functional spaces. These inequalities are widely used in analysis, particularly in
partial differential equations, Sobolev spaces, functional analysis, partial differential equa-

tions, and vibrating string problems, termed boundary-valued problems.
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Gagliardo [11] and Nirenberg [29] independently established the following interpolation
inequality:

1 1
i k)% -z
1Vl ) < NVENS ol o )

with0§l<k,ll—; :§+% for 1 <r<oo,1<g<ooandue W (R?).
This inequality is called the Gagliardo-Nirenberg inequality.
The Gagliardo-Nirenberg inequality interpolates between L” norms of a function and

its derivatives. For example, in one dimension
0 1-6
lullze < Cllu' g ll2ell 77

where 1 <r,q,p < o0, 1% =0 (%1 —1) %,9 e [0,1].
The inequality is used to controll nonlinear terms in PDEs.

Suppose we analyze the nonlinear term %> in the context of the heat equation as follows:

u— Au=u>, ulxt)eR.

To estimate the nonlinear term >

, we need a bound on ||#3|| 2. Using the Gagliardo-
Nirenberg inequality, we can interpolate between the L norm of u (arising from Sobolev
embedding theorems) and the L? norm of u.

Using p = 6, ¢ = 2, and r = 2 in the inequality, we get
llullzs < C||VM||§2||M||£50,

where 6 = %
Since [|#3|| ;2 = ||| ;, we substitute the interpolation result as follows:

3
1 2
3 3 2
Il <C (IIVuIIfz||u||L32> = ClIVull 2wl 2

This bound is crucial in establishing well-posedness or energy estimates for the PDE, as
it provides a way to control the growth of the nonlinear term #? in terms of the L2 norm
of u and its gradient Vu.

In the framework of interpolation, we consider a pair of Banach spaces (Xo, X;) (or more
generally, quasi-Banach spaces) and define intermediate spaces (Xo, X1)g,4, Where 0 <6 < 1
and 1 < g < oco. These intermediate spaces “interpolate” between X, and X; in a precise
sense that depends on the parameters 6 and g. Bergh and Lofstrom [6] and Krein et al.
[22] proved the following interpolation inequality:

I Txllo.g < I Tollgy 1115, 3)

where T is a bounded linear operator, and T and T; denote the restrictions of T to Xy
and Xj, respectively. This inequality holds under the assumption that T is bounded as an
operator from Xy — Yy and from X; — Y7, where (Xo, X1),4 and (Yo, ¥1)s,4 are the interpo-
lation spaces for the input and output pairs, respectively. This inequality contains the idea
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Figure 1 An orthogonal plane \

that the norm of T on the interpolated space (Xy, X1)g,4 can be controlled by the norms
of T on Xy and X;. This is particularly useful when working with spaces like L? spaces,
Sobolev spaces, or general Banach spaces, where interpolation theory provides a way to
extend results from two “endpoint” spaces to the entire family of intermediate spaces.

Additionally, Karapinar [19] modified the classical Kannan [18] mapping using the inter-
polative concept. The result for an interpolative Reich-Rus-Ciri¢-type contraction on par-
tial metric spaces was provided by Karapinar et al. [20]. The fixed point, its geometry, and
its application by w-interpolative contraction of Suzuki-type mapping were demonstrated
by Tomar et al. [35]. Nazam et al. [27] introduce the (¥, )-orthogonal interpolative con-
traction as a generalization of an orthogonal interpolative contraction with an application
to solve a fractional differential equation. Dhanraj et al. [10] established a fixed point the-
orem on orthogonal extended interpolative y-F-contraction.

Buser [9] showed a geometric approach to invariant subspace of orthogonal matrices.

An n x n orthogonal matrix A with real entries can be transformed into a normal form
consisting of 2 x 2 and 1 x 1 blocks. This implies that R” can be decomposed into an or-
thogonal sum of 1- or 2-dimensional subspaces that are invariant under A. Typically, this
is shown through induction and polynomial factorization. However, a purely geometrical
argument can also identify a subspace for the induction process, demonstrating the invari-
ance under A. If the orthogonal matrix A has real eigenvalues, we are done. If not, there
exists some such that x € R”, x and Ax are not parallel; these vectors determine a plane.
Since the angle between x and Ax can be considered a distance on the compact surface of
the unit sphere, there is an x € R” for which the angle 6 between x and Ax is minimized.
Let b be the bisector of the angle between x and Ax (any other vector in the same plane
would also suffice). As A is orthogonal see Fig. 1, it preserves angles; hence, the triangle
inequality implies

¢ < (b,Ab) < (b,Ax) + (Ax,Ab) = (4)

+

SRS
TR

Clearly, the inequalities must be equalities, which forces Ab to lie in the same plane as b,
x, and Ax. Hence, x and b span a two-dimensional invariant subspace.

According to the literature mentioned above, numerous studies have explored related
ideas, such as interpolation theory, orthogonality in metric spaces, and cone metrics.
While these publications provide crucial background information, none have specifi-
cally examined the interaction of interpolative orthogonality in TVS-valued cone met-
ric spaces. To address this gap, we present a comprehensive analysis of these theoretical
properties and practical applications of these components, along with a novel approach
to integrating them in this work.
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This study explores fixed point theorems for interpolative orthogonal relational convex
mappings in TVS-valued cone metric spaces, an extension of traditional metric spaces
incorporating vector structures and orthogonal cone properties. Inspired by works of no-
table researchers such as Karapinar [19], Gordji et al. [13], Nazam et al. [28] Alghamdi et
al. [2], Rezapour and Hamlbarani [33], Istrdtescu [15], Miandaragh et al. [25], and Alam
and Imdad [1], the paper generalizes existing results and develops new fixed point theo-
rems, focusing on applications in differential and matrix equations. The research bridges
gaps in the literature by addressing the under-explored interaction between orthogonality
and interpolation in these advanced mathematical structures, offering a novel framework
with implications for optimization theory, nonlinear analysis, and functional analysis. Ad-
ditionally, we add a nontrivial example to this study that uses an orthogonal interpolative
convex cone TVS-valued metric, which is not a TVS-valued metric. We established a few
theories regarding the suggested construction.

2 Preliminaries
We begin with key definitions commonly used in fixed point theory, which are essential
for a clear understanding of the subsequent results.

An orthogonal TVS-valued cone metric space is a generalization of a metric space where
the distance function takes values in a topological vector space (TVS) instead of the real
numbers, and the concept of orthogonality is introduced.

Definition 1 [5] Let (E, 7) be always a topological space, and let P be a subset of E. Then,
P is called a cone whenever:
(i) Pis closed, non-empty, and P # {0};

(ii) ax + by € P for all x,y € P and nonnegative real number 4, b;

(iii) PN (=P) = {0).
Cone P C E is presented. We say that P is solid if its interior (int P) is non-empty. The
notation x < y is used to indicate that y —x € intP if P is a solid cone, and P is a component
of P. Keep in mind that for every x,7,z € intP, x K zif x K yand y < z.

Using the concepts introduced by Gordji et al. [13], Rezapour and Hamlbarani [33], and
Beg et al. [5], we establish some properties that satisfy an orthogonal TVS-valued cone

metric space.

Definition 2 Let (X, L) be a non-empty O-set. Suppose that the mappingd : X x X — E,
satisfies:
(i) 0=<d(x,y),forallx L y € X and d(x,y) = O¢ if and only if x = y;

(i) d(x,y)=d(y,x), forallx L yeX;

(ili) d(x,y) <d(x,z)+d(zy), forallx,y,z€ Xsuchthatx L y,y L z,x |l z€ X,
where Of is the zero element in E, and < is a partial order on E. Additionally, the orthogo-
nality condition is introduced, where a relation L on X satisfies specific properties. Then,
d is called a cone metric on X, and (X, L, d) is called orthogonal topological vector valued

cone metric space.

Example 1 Let E = (Cjo1, R?),P={(x,y) €E:x,y>0} CR:, X=Randd: X x X - E
such that x L y and d(x,y) = |x — y|¥(¢), where ¥(¢) = €'. Then, (X,E) is an orthogonal
TVS-valued cone metric space.



Wangwe Boundary Value Problems (2025) 2025:60 Page 6 of 29

Below, we define the concepts of completeness, orthogonal continuity, and TVS-valued
cone orthogonal sequence.

Definition 3
(i) Consider the orthogonal set (X, L) (O-set). Then, a sequence {x,} is considered or-
thogonal (or an O-sequence) if

VneNwx, Lx, VX1 Lx,.
(i) A sequence {x,} is referred to as a Cauchy sequence and an O-sequence if
VneNwx, Lx, VX1 Lx,.

Definition 4 Consider the binary relation (X, L) defined on X x X. If there exists xg € X
such that (X, 1) is an orthogonal set (O-set), then

VyeX,xo LyvVyeX,yLxo.

The element xy is called an orthogonal element. An orthogonal set may have more than
one orthogonal element.

Definition 5
(i) An orthogonal set (O-set) is denoted by (X, L). An orthogonal relationship between
any two elements x,y € X is defined as x L y.
(i) Let (X, L) be an orthogonal set (O-set), and let d be a cone metric on X with a TVS
value. In this case, (X, L, d) is referred to as an orthogonal TVS-valued cone metric

space.

Definition 6 If every Cauchy O-sequence converges in X, then the orthogonal TVS-
valued cone metric space (X, L,d) is a complete 0-TVS-valued cone metric space.

Definition 7 Let (X, L,d) be an orthogonal cone metric space with TVS values. If for O-
sequence {x,} converges to x, then YTx, — Yx as n — oo, then a function T : X — X is

orthogonally continuous (O-continuous) at x.

Definition 8 Orthogonality(_L-preserving) is the state of a self-mapping T on O-TVS-
valued cone metric space if x L y implies Y& L Yy for all x,y € X.

Example 2 [13] Assume that X = [0, 1] and the Euclidean metric is the metric on X. For
every x,y € X, define x L y if x,y € {x,y}. Assume that the mapping Y : X — X is defined
by

5 xeQnNX,
0, xeQ°NX.

Tx =

Then, T is a L-preserving mappings.
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The following are preliminary results.
Krein et al. [22] introduced the concept of interpolation in Banach spaces. For the inter-
polative Kannan contraction, Karapinar [19] presented the following results:

Definition 9 [19] Let (X, d) be a metric space. The mapping Y : X — X is referred to as
an interpolative mapping of the Kannan contractions if

d(Tx,Ty) < cld(x, Tx)1°.[d(y, Ty)]*, (6)
for all x,y € X with x # Tx, where ¢ € [0,1) and § € (0, 1).

Theorem 2 [19] Suppose that (X, d) is a complete metric space and Y is an interpolative
contraction of the Kannan type. Then, in X, Y has a unique fixed point.

The following definition was recently provided by Karapinar et al. [21].
Definition 10 [21] Let T : X — X, and let @ : X x X — (—00,00). We say that T is a
triangular «-admissible mapping if

(T1) a(xy)>1 = a(YTx,Yy)>1,xy€X,

a(x,z)>1

(T2)
a(z,y) > 1, = alxy) > 1.
In convex metric spaces, Istratescu [15] established the following definition.

Definition 11 A continuous mapping Y : X — X is called a convex contraction of order
2 if there exist constants a, b € (0, 1) such that for all x,y € X, the following holds:

d(Y2x, T2y) <ad(Tx,YTy)+ bd(x,y),
anda+b<1.
Istratescu [15] also presented the following example to illustrate the proven results.

Example 3 Let X = [0, 1] with the usual metric Y : X — X by the relation

forall x,y € X.

Alghamdi et al. [2] supplied the following definitions and theorems in cone convex met-
ric space.

Definition 12 [2] A continuous mapping Y : X — X defined on a cone metric space X is
called a cone convex contraction mapping of order 2 if there exist constants a,b € (0,1]
such that

d(T2x, Y2y) < ad(Yx,Yy) + bd(x,y),

forallx,ye X,anda+b< 1.
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Theorem 3 (2] Let (X, d) be a complete cone metric space over a solid cone P. Let T : X —
X be a cone convex contraction mapping of order 2. Then, Y has a unique fixed point in X,
and for any x € X, the iterative sequence {Y"(x)} converges to this fixed point.

Definition 13 [2] A two-sided cone convex contraction mapping of order 2 is a continu-
ous mapping T : X — X defined on a cone metric space X if there are a;, a,, b1, b5 € (0,1]
such that

d(Y%x, Y2y) < a1d(x, Tx) + ard(Yx, Y2x) + b1d(y, Ty) + byd(Yy, Y%y),
forallx,y € X,and a; +ay + by + by < 1.

Theorem 4 [2] Let (X,d) be a complete cone metric space over a solid cone P, and let
Y : X — X be a cone convex contraction mapping of order 2. Then, Y has a unique fixed
point in X. Moreover, for any x € X, the iterative sequence {Y"x} converges to this fixed
point.

The following lemma was introduced by Berinde [7] for an asymptotically regular map
to have the approximate fixed point property.

Lemma 5 [7] Assume that (X,d) is a metric space and Y is an asymptotically regular
self-mapping on X, that is

d(Y'x, Y% — 0,
forall x € X. Then, Y has the approximate fixed point property.

In an orthogonal metric space, Gordji et al. [13] established the following definition and
theorem, extending the Banach contraction principle [4] and the results obtained by Ran
and Reurings [32].

Definition 14 Suppose that 0 < X <1 and (X, L,d) is an orthogonal metric space. A map-
ping T : X — X is considered an orthogonal contraction with a Lipschitz constant A, if,
for any x,y € X with x L y, the following inequality holds

d(Tx, Yy) < rd(x,y).

Theorem 6 Let 0 < A <1 and (X, L,d) be an orthogonal complete metric space. Let Y :
X — X be an orthogonal contraction that preserves L and the Lipschitz constant A. There
is a single fixed point x* € X for Y. Additionally, Y is a Picard operator, meaning that for

anyx € X, lim Y"x = x*.
n—o0

Examples that meet the above theorem [13] include the following.

Example 4
(i) Assume that Q is a positive definite matrix and M (n) is the set of all # x n matrices.
The relationship L on M(n) is defined by

A1l B<=3XeM(n):AX =B.
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It is easy to see that / 1 B,B 1 0 and Q% 1B.
(ii) Examine the orthogonal relation L ¢ on M(n) with respect to C for C € M(n) given
by

A 1cB<<= tr(ABC) = tr(CBA).

Keep in mind that for every B € M(n), C L¢ B.
(iii) In a Euclidean space, let X be the inner product R”. To get the inner product of two

vectors, X = [x1,%3,...,%,] and y = [y1,%2, .- > Vul>
(x,y) =Y x;=0.
i=1

It is easy to see that 0 L, for all x € X, and hence (X, L) is a O-set.
(iv) Let X = R and suppose that x L y if

c ( 1 2)

X, n+ —,n+ =

4 3""3

for some n € z. (X, L) is an O-set.

Berinde [7] introduced an almost contraction maps as follows.

Definition 15 Let (X, d) be a space with metrics. When a constant ¢ € (0, 1) and certain
A > 0 exist, a mapping T : X — X is referred to as an almost contraction.

d(Tx,Yy) < od(x,y) + Ad(y, Tx). 7)
The following example satisfies the almost contraction condition.

Example 5 Consider the mapping Y : R — R defined on real numbers R, where R is
equipped with the usual metric d(x,y) = |x — y|:

Tx=—.
2

Gnanaprakasam et al. [12] established the concept of an orthogonally «-almost contrac-

tion of type D in a b-metric space, as introduced by Istritescu [15], as follows:
Definition 16 Consider an orthogonal convex b-metric space (X, L,d) with a function

a: X x X — [0,00). Originally, an «-almost Istritescu contraction of type D is a mapping
T : X — X if there exist T € [0,1), 8 > 0 such that for any x,y € X withx L y

a(x,y)d(T?x, Y?y) < tD(x,y) + BN(x,9), 8)
where

D(x,y) = d(Tx, Yy) + |d(Yx, T2x) — d(Ty, T?)|,

Page 9 of 29
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and
N(x,y) = min{d(x, Yx),d(y, Yy),d(x, Yy),d(y, Yx),d(Tx, T2y),d(Ty, T2x)}.
Using the above definition, Gnanaprakasam et al. [12] proved the following theorem.

Theorem 7 Assume that (X, L,d) is an orthogonal convex b-metric space, Y : X — X is
an orthogonal a-almost Istrdtescu contraction of type D, and o : X x X — [0,«) has the
following properties:
(i) Y is orthogonality-preserving;

(i) foranyz,0 € X, a(z,0) > 1 with z 1 6, where z € Fix(X): Yz = z;

(iii) Y is orthogonally continuous;

(iv) Y2 is orthogonally continuous with Y? | z and a(z,2) > 1, for any z € X.
If Y isan orthogonal a-O-set and there exists xy € X such thatxy L Yxoand a(xg, Txo) > 1,
then Y has a unique fixed point.

Aydi et al. [3] presented the definition as follows.

Definition 17 Assume that N denotes the set of positive integers and i represents the
set of functions that satisfy:
(i) ¥ is upper semicontinuous;
(ii) forall£>0, ¥ (¢) <t;
(i) the series Y oo ¥"(t) < oo for each ¢ € R, where " is the nth iteration of .

The results of Karapinar [19] on interpolative mappings in metric spaces were extended
by Nazam et al. [28], who established the results based on orthogonal y/-¢ interpolative
contraction in metric spaces.

Theorem 8 Let (Y, L,d) be an orthogonal metric space, and let r, ¢ : (0,00) — (0,00) be
two functions. A mapping Y : X — X is called a (¢, V)-orthogonal Kannan-type contrac-
tion if there exists v € (0, 1) such that

Y(d(Yx, Ty)) < ¢([dx, Y2)I".[d(y, THI'), )
forallx,y € X, and
min{d(Yx, Yy),d(y, Yy),d(x, Tx)} > 0.

3 Main results
This section begins by establishing a fixed point theorem for orthogonal convex interpola-
tive relational mappings in convex cone metric spaces that are TVS valued.

Theorem 9 Assume that (X, L,d) is an orthogonal convex complete relational TVS-
valued cone metric space over a solid cone P. Let Y : X — X be an orthogonal interpolative
nearly Istrdtescu contraction of type D, satisfying the following conditions:

(i) Y is orthogonality-preserving;

(ii) forany z,0 € X and z 1. 0, where z € Fix(X): Yz =z;
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(ili) Y is orthogonally continuous if there exists T € [0,1),¢ < 1 such that for any x,y € X
withx Ly

d(Y%x, T2y) < t[D(x, y)]° .[N(x, )], (10)

where

d(Tx, Y2x) + d( Ty, Y2y)

D(x,y) =d(Yx,Yy) + 5

and

N(x,y) = min{d(x, Tx),d(y, Yy),d(x, T2y),d(y, T*y),
d(y,0%y), d(Xy, Yx)};
(iv) Y2 is orthogonal continuous with Yz | z for any z € X.

If Y is an orthogonal O-set and there exists xy € X such that xo L Yxo, then Y has a unique
approximate fixed point property.

Proof Let x( be an arbitrary point in X. By definition of orthogonality, we find that
%, L Yx, v Yx, Lx,

for all » e NU {0}.

Let x, = Y"xo for all m € NU{0}. If x, = Y%y = Y"*'x = x,,,1 for some n € NU {0}, then
Y"xo = x, is a fixed point of Y, and thus the proof is complete. Otherwise, x,, # x,,1 for all
n € NU {0}, we claim that d(Yx,, Tx,,1) > 0. Since Y is L an orthogonal preserving, we
have

Y% L Y %o v Y g L Y,

for all » € N U {0}, which implies that {Y"x,} is an orthogonal sequence. Since Y is
an orthogonally interpolative convex almost Istratescu contraction of type D, we have
d(Txo, Y2x0) > 0.

Taking x = %9 and y = T« in inequality (10), we obtain
d(1x0, T >x0) < T[D(xo, T0)1° [N (x0, T0)]' %, (11)

where

d(Txo, szo) + d(szo, Tgxo)
) .

D(xo, Tx0) = d( Y, T2x0) + ‘

Letting

d(TXQ, T2x0) + d(szo, T3x0)
2

’

d(Cxo, T2x0) < \
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we have
D(xo, Yx9) = 2d(Yx0, T o), (12)
and

N(xg, Txg) = min{d(xo, Yx0), d(Yxg, Y2x0), d(x0, T 3x0), d(Txg, YT3x0),
d(T2xg, Y3x0), d(T?x0, Tixp)}.
< min{d(xo, Yx0), d(Txo, T2x0),
[d(x0, Tx0) + d(Yx0, Y2x0) + d( Y x0, T3x0)],
[d(Yxo, Y2x0) + d( X 2x0, T3x0)], d( X 2x0, T3x0),
d(T?xo, Yx0)},

= d(szo, T3x0). (13)
Using equations (12) and (13) in inequality (11), we get

d(0%x0, T3x0) < T[2d(Tx0, Y 220)1°.[d(T2x0, T350)] 5,
< 2°7[d(Txo, Y 2x0)1° LA (T 250, Y3x0)]" 5,

1-(1-¢)

[d(szm Tgxo)] < 257 [d(Yxo, Y2x0)1%,
¢

[d(szo, T3xo)] < 287[d(YTxo, T2x0)1%,

2 3 ¢ 1% 2
d(Y %0, T7x0) < [2°T]7d(Tx0, Y "%0),

AT 20, T3 x0) < 27 € d(Y 0, T 200).
By repeating this process several times, we get the following result:
d(7 20, T3x0) < 277 d(x0, Txo).
Consequently, we have
d(Y"x0, Y"1 x0) < 0,

as n — 00, which is a contradiction. Hence, {Y"x,} is an orthogonal Cauchy sequence.
IfmneN,n<m,and m=n+ 1, we have

d(Y"x0, Y™ x0) < d(Y"x0, Y 1x0) + d(X" 1 xg, Y 2x0) +
e d(Y" g, Y x0),
n n+l
< 2" T d(xg, Txo) + 21T T d(xg, Yaxo) +

m-1
c 4 2L dxg, Txg),

< [2"7¢ FI +2m71fm74]d( T
= x0, Tx0),
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m-n-1

n 1
<2"TT[14+2VT 4+ 27T 1d(xg, Toxo),

217t
= ﬁd(xo, Tx0),
1-217¢
as n — 00, we have d(Y"x, Y"x0) < 0. Therefore, {Y"x,} is an orthogonal Cauchy se-
quence.

Since (X,1,d) is a complete an 1-TVS-valued cone metric space and Y2 is L-
continuous, we have Y2z = z, that is z forms a fixed point of Y. Let Tz # z, and let
x =% =%y, and y = Txg = z for k € NU {0} and klim %y, = z. Using inequality (10), we

—00

have
d(C %, Y?2) < T[D(ny, 2] [N 2], (14)

where

A(Y ity T2) + d(T2,722)
2
d(Yz,Y22) + d(Yz,Y?2)
2
= d(Yz,Y?%2), (15)

Dl@y12) = (T, Y2) + |

’

)

< d(Yz,Y7) + ‘

and

N, 2) = min{d(y,, Yin), d(z, Y2), d(%,,, T2),d(z, Y 72),
d(Yz,Y%2),d(Yz, Txu)},
< min{d(z, T2),d(z, Y2),d(z, T*2),d(z, T *2),
d(Yz,Y%2),d(Yz Y2)},
= d(Tz,T%). (16)

From inequalities (15) and (16) in (14), we get

d(Yz,7%2) < t[d(Yz, Y22 .[d( Yz, Y?2)] ¢,
< 1d(Yz, Y22),
(1-1)d(Tz,T?2) <0,

d(Yz,Y?z) < 0,
which implies that
d(Yz,Y?z) = 0.

Thus, Yz = T2z. This shows that Tz = z, and hence z is a fixed point of Y in X.
For uniqueness of z, let z,0 € X and z L 6, where z € Fix(X): Yz = z. Also 6 € Fix(X):
YO =6. Assume that z #6 and Yz # Y6, let x = z and y = 0, using inequality (10) gives

d(Y?z,720) < t[D(z,0)]°.[N(z,0)]"%, (17)

Page 13 of 29
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where

Yz, Y2 16,712
D(z,0) = d(Yz,Y6) + ‘d( z 9);0]( 0,Y20) ’

d(Yz,120)

’

<d(z,70) + ‘

- 2d(Yz,Y0) +d(Yz, Y6O)
- 2

’

_ 3d(Yz,Y6)

5 . (18)

and

N(z,0) = min{d(z, Y2),d(0,Y0),d(z, Y26),d(6, Y?0),
d(Y0,Y2%0),d(Y6,Yz)},
=< min{0,0,d(z, Y26),0,0,d(Y6, Yz)},

=0.

Applying all of the above equalities, we obtain

d(Y2z,720) < r[wr.m]“,

d(T%z,7%0) < 0.

This implies that Y2z = 120, that is z = 6. Therefore, z is a unique fixed point of Y. This
completes the proof. g

Example 6 The relation L on X is defined by the set of real numbers X = R%. Using the
formula P = {(x,y) € R? | x > 0,y > 0}, define the cone P C R? so that x |y if x and y fulfill
%2 + % = 1. Let and L= {(-2,0),(2,0),(0,-3),(0,3)} be TVS-values convex cone metric
spaces that are orthogonal. Define a TVS-valued cone metric with a Frobenius norm by

dxy) =1Q - Qllr= Y 1(Q - Q2w (),
iy

where v/ (¢) = ¢’. Define the distance between two orthogonal matrices and consider a map-
ping Y : X — X given by

1 1
AL
T(x’y) i [ \/? \{i} [ ],
v »ll

which represents the rotation matrix by 45 degrees.

To calculate the distance between two orthogonal matrices x L y v Q; L Q, using the
Frobenius norm, one should follow these steps:

Let x = (x1,%1) = (2,0), y = (2, ¥2) = (0,3) and ¢ = 0.25. Using inequality (10), we get

1 172 1 172
mvoRv B B v R A

|-

’

N

Page 14 of 29
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BN
|13

V(=3)2 + (=2)%¢" = /9 + 4¢’ = V/13¢".

)

Similarly, we obtain the following Frobenius norm TVS-valued cone metrics

2 3
e [3] (1]}
V2 V2
__1
1]
;5 )
NG
= (E)2+(«_/_5§)26t= %+2—25ef= 13¢
2 0 2
e[ L[]
2 2
2\2 /2/2-2\2
:\/(E) +< 7 )et: 8 — 4+/2¢!
3 3 3-3v2
e[S L
nl L 72
3-342\2 /32 /
:\/( 7 )+<—2> el =1/18 — 9/2¢".
2 3 2-3v2
e [ B
Al Lo 7
2-3v2\2 -2)2
:/( Y (2o,
o BT Tolll I3
dU’yT)/)— _O_ -_3- - -_3i| '
=/(3)2 + (=3)%€¢' = V18¢*
31 [ [3v2-3
0] 7. L ¥
3472 -3\2 3 \2
=/< 7 >+(ﬁ) ¢t =1/18 - 9v2¢.
9 2 2/2-2
N REIN
O —z <
72 2
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= \/<2J3§_Z>2 + (%)Zet =1/8-4+/2¢".

Using all of the above equations in (10), we obtain

V13! < t[D(x,)]°.[N(x, )],

where
V8 —44/2e" + 4/18¢
D(X;y) =N 13et + ‘ \/_26 ¢ )
. | 1.5€¢" +4.24¢ :
— 3.6¢" + ‘7 _ 6.47¢,
and

N(x,y) = min {\/ 8 4v/2¢',\ 18— 9326,/ 13 - 63/2¢!, VI8,
/18e", v/ 1361,

= min [ 1.5€%,2.96¢",2.125¢%,4.24¢€,4.24¢", 3.6ef} = 1.5¢.

It also implies that

3.6¢" < 1[6.47¢'1°.[1.5¢ 117,

3.6¢" < te'[6.47]°.[1.5]*7¢.
Letting t =0.95,¢£ = 2,¢ = 0.667, we have

3.6¢ < 1€'[6.471°.[1.5]'7¢,
3.6 < 7[6.47]%97 [1.5]%333,
3.6 < 0.95 x 3.474 x 1.1446,

3.6 <3.777.

(19)

This demonstrates Theorem 9. Therefore, all imposed conditions are satisfied. Conse-

quently, this example cannot be solved by existing results, which underscores the signifi-

cance of our findings.
To verify this claim, consider the following contraction:

(1) Taking d(Yx, Yy) = +/13€’ = 3.6¢",d(x, Tx) = 2.3¢",d(y, Yy) = 1.53¢! and v= 0.9 in

(9), we get
¥ (3.6¢") < ¢(2.26¢"),

for the continuity property of ¢ and ¢ this concludes that
3.6 > 2.26,

which is a contradiction.

Page 16 of 29
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(2) Applying d(Y%x, T2y) = 3.6¢%, D(x, y) = 4.37¢', N(x,y) = 1.53¢’ and
7 =0.25,8 =0,a(x,y) = 1 in (8), we obtain

3.6¢' < 0.25 x 4.37¢" + 0 x 1.53¢,

3.6¢" < 1.09¢/,
implying that
3.6 > 1.09,

which is a contradiction.
This concludes that Y is an orthogonal interpolative almost Istritescu contraction of type
D, not orthogonal almost Istratescu contraction of type D or Istritescu contraction.

In the following results, we extend Theorem 8 by utilizing interpolative Chartejea-
Reich-Rus-Ciri¢-Kannan-type contractions within an orthogonal TVS-valued cone met-

ric space.

Theorem 10 Suppose (Y, L,d) is an orthogonal cone metric space with TVS values, and
V¥ :(0,00) = (0,00) is a function. A (¢, )-orthogonal, interpolative Chartejea-Reich-Rus-
Ciri¢-Kannan-type contraction is defined as a mapping Y : X — X if there exists T € (0,1)
such that

d(Tx, Yy) < Y (z Ms(x, ), (20)
where

Ms(@,) = 1@ 1", | max{dGe, ), ds, Yy, dy, T3]

[d(x, Yx).d(y, Ty) ] 1-y1-y2

, 21
d(x,y) @)

YV x € X with x,y ¢ Fix(Y) and (x,y) €.L. Then, there exists x € X such that x € T'x with
21‘2:1 y; < 1. Moreover,
(v) T(X) is L-connected or L-preserved. Then, Y have a unique fixed point.

Proof Consider (X, 1) is an orthogonal set, there exists
xoeX:VaxeX,x LaxgvaeX,x Lx.

It follows that
xo L YTag VvV Yo L x9.

Let

X1 = TX()
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Xp=Yx,_1=""xVneN.
Assign x, = Tx,_1 to xp € X. If n € NU {0} exists such that x, = x,,,1, then Tx, = x,, must
exist. Since x, is a fixed point of T, we determine this. Consequently, the proof is fin-
ished. In every other case, if x, < x,,1, then for any n € N U {0}, we have d(x,,x,,1) > 0.
Considering that T is L -preserving, we get

X L X Vxua L.

This implies that {x,} is an orthogonal sequence. Let x = x,,_; and y = x,,. Using inequality
(20), we get

d(Txn—lr Txn) = Ip(‘lf—-/\/lS(xn—lxxn)): (22)
where

Ms(xn—l)xn) = [d(xn—lyxn)]yl'[max{d(xn—l’xn)»d(xn—l) Txn)y

}’l—yT n—1)+ H’T - 1-y1—-
d(mexn—l)}]VZ'l:d(x 1 Y, 1).d(x x):l "n yz’

d(xn—lr xn)

f [d(xn—l: xn)]yl '[max{d(xn—ly xn)y d(xn—l; xn+1);

’

e [

= A1, %601 (A1, %) ] [A Xy %00 )] 772,

= [A1, %01 72 A% 200)] 72, (23)
Applying equation (23) in inequality (22), we have
A%, Xn1) = Y (T (1, %) 1772 [d (X, 2, )] 772,
Using nondecreasing property of 1, we obtain

d(xm xn+1) <7 [d(xn—ly xn)]yl+y2 -[d(xn: xn+1)]17y1 7)/27

1-(A=y1-y2) N
] < T[d(xp-1, %) 72,

[d(xn’xn+l)
Y1ity2

x| <T@ m 7,

d(xnrxn+1) < tﬁd(xn—lrxn)

Consequently, we have

A X)) < V(T A1, 2)),

< YA Ay X))
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(24)
< YT d(xo, %),
as n — 00, which implies d(x,,x,.1) = 0. Hence, {x,} is an orthogonal Cauchy sequence.

The remaining steps of this proof follow a similar approach to those in Theorem 9. Thus,
this completes our proof. O

The following example is used to demonstrate Theorem 10.

Example 7 The set of real numbers that define the relation L on X is X = R2. The cone
P C R? can be defined as P = {(x,y) € R? | x > 0,y > 0} such that x | y if x and y satisfy
Zy X Zy, and L={(0,0),(0,1),(1,0),(1,1)} are complete orthogonal relational TVS-values
convex cone metric spaces. Define a cone metric with a Frobenius norm and TVS value

by
dxy) = 11Q1 - Qallr = [D_1(Q1— Q2 (),
iy

where v/ (¢) = e’. Define the distance between two orthogonal matrices and consider a map-
ping Y : X — X given by

06 —08
Y@y = [08 06} m

which represents the orthogonal matrix.
To calculate the distance between two orthogonal matrices x L y v Q; L Q; using the
Frobenius norm, one should follow these steps:
Letx = (x1,91) = (0,1), ¥ = (x2,52) = (1,1) and y; = 0.5, y» = 0.2, 7 = 0.25. Using inequality
(20), we obtain the following Frobenius norm TVs-valued cone metrics
d(Tx,YTy) = €,
d(x,y) = ¢,
d(x, Ty) = 0.447¢",
d(y, Yx) = 2.4¢",
d(x, Tx) = 1.897¢",

d(y, Ty) = 1.265¢".
Using all of the above equations in (20), we obtain
e <Y (tMs(x,9)), (25)

where

1.897¢'.1.265¢" ]055

0.2
Mis(x,y) = [¢11°%, [max{e‘,o.447ef,2.4ef}] [ :
e
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0.2 0.55
<[5, [2.4&] .[2.3997] ,

0.2 0.55
< 045, [2.4] .[2.3997] ,

= 1.928164%4°. (26)
Using (26) in (25) yields

e < (0.5 x 1.928164¢%4),

0.45¢
et < eO.96e .

For any value of £ = 0,1,2..., the above inequality is satisfied. This verifies Theorem 10.
Therefore, all imposed conditions are satisfied.

Further, we prove the following theorem by extending Theorem 4 using interpolative

Hardy-Rogers-type contractions within an orthogonal TVS-valued cone metric space.

Theorem 11 Let (X, L,d) be an orthogonal topological vector space (TVS)-valued cone
convex metric space over a solid cone P. Let Y : X — X be an interpolative Hardy-Rogers
cone convex contraction mapping of order 2 if the following conditions hold:
(i) X(Y,L) is non-empty;
(ii) L is Y-preserved,;
(ili) either Y is L-continuous, or (X, L,d) is asymptotically regular;
(iv) there exist p1, (o, 43 € [0,1] and y > 2 such that

d(Y%x, Y2y) < yld(x, Yx)1" . [d(Tx, Y2x)]"2.[d(y, Ty)]"3.

[d( Yy, Y2y oramass, (27)

forall x,y € X, and ju1 + o + s < 1, with x,y € Fix(Y) and (x,y) €L. Then, Y has
the approximate fixed point property in X, and for any x € X, the iterative sequence
{Y"x} converges to the fixed point. Moreover,

(v) Y(X) is L-connected. Then, Y has a unique fixed point.

Proof The proof of this theorem follows a similar argument to that of Theorem 9. This
completes the proofs. O

The following example is used to support Theorem 11.

Example 8 Set X = A = R?, where L on X is defined by the set of real numbers. Define the
cone P C R? using P = {(x,y) € R? | x > 0,y > 0} such thatx | yifxand y fulfill {1, 2,3}, and
1=1{(1,2),(2,3),(2,1),(3,1),(3,2)} are complete orthogonal relational TVS-values convex
cone metric spaces. A TVS-valued cone metric with a Frobenius norm is defined by

dxy) = 11Q1 - Qallr = [D_1(Q1 = Q)Y (),
ij
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where v/ (¢) = e’. Define the distance between two orthogonal matrices and consider a map-
ping Y : X — X given by

T, y) cosf sinf | |x
‘xl = )
’ —sinf cosé ||y

which represents the rotation matrix by 6 = 27” degrees, for n > 0.

We used the concept of Frobenius norm in a TVS-valued metric to calculate the distance
between two matrices.

A set of orthogonal binary relations is a collection of binary relations on a set such that
any two relations in the set are pairwise orthogonal. Orthogonality of relations means they
do not share any common pairs, i.e., the intersections of their graphs are empty.

Let A = {1, 2, 3}. We define three binary relations R;, R,, and R3 on A.

Ry ={(1,2),(2,3)}

Ry ={(2,1),(3, 1)}

Rs ={(3,2)}

Two relations R; and R; (where i #}) are orthogonal if

RNR =f
1. Rl N Rz:
Rl = {(1:2)’ (2’ 3)}’ R2 = {(2) 1): (37 1)}'

There are no common pairs, so Ry N R, = .
2. Rl N Rgi

Rl = {(112)1 (21 3)}) R3 = {(3: 2)}

There are no common pairs, so Ry N R3 = .
3. R2 N Rg:

RZ = {(27 1)’ (3’ 1)}’ R3 = {(37 2)}

There are no common pairs, so Ry N R3 = .
To calculate the distance between two orthogonal matrices x L y v Q; L Q; using the
Frobenius norm, one should follow these steps:
Letx € Ry = (xl)yl) = (1)2); S R, = (xZ)yZ) = (3:1)’1/1 =6 and H1 = 0'2;M2 = 011“’3 =
0.3,y =2, using inequality (27), we get
d(Y%x,Y2y) = /5’ =2.24¢",
d(x,x) = v/3.2¢" = 1.788¢",
d(Yx, Y2x) = 0.4994¢,
d(y, Ty) = 1.64¢,
d(Ty, T2y) = 2.68¢".
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From inequality (32) and all inequalities obtained above, we get

2.24¢' < y[1.788¢'1°2.[0.4994¢' 1%L [1.64¢'1°3.[2.68¢'1%4,
2.24¢" < y[1.7881°2.[0.4994]%1.[1.64]°3[2.68]%4¢!,
2.24 < 1.22 x 0.9329 x 1.16 x 1.483y,

2.24 < 1.98y.
This verifies Theorem 11. Therefore, all imposed conditions are satisfied.

According to the Buser concept [9], let A = Y be a mapping and b = y. Using inequality
(4), we formulate the following corollary.

corollary 12 Counsider the orthogonal metric space (Y, L, d) and the function  : (0,00) —
(0,00). A r-orthogonal interpolative Kannan-type contraction is defined as a mapping Y :
X — X ifthereis 0,¢ € (0,1) such that

Y(d(y, ) < S[d, Y0)17.[d(Cx, Ty)]' (28)
Then, Y has a unique fixed point in X.

Proof The proof of this corollary follows a similar argument to that of Theorem 10. This
completes the proofs. d

4 An application to electric circuit second-order differential equations in
orthogonal TVS-valued metric space

This section derives the second-order differential equation for an electric circuit to verify
the results of Theorem 9. To do this, we transform the second-order differential equation
into a system of integral equations. Fixed point theory, which plays a key role in physics ap-
plications, is specifically used to solve electric circuit equations. This approach is inspired
by the work of Saipara [34]. It is well known that an electric circuit can be represented by
a ternary relation involving a resistor R, an inductor L, and a capacitor C in series with an
electromotive force E. Alternatively, the circuit can be represented using ternary relations
for inductive reluctance X;, capacitive reactance X, and impedance Z, which are orthog-
onal to each other. If the rate of charge ¢ in the capacitor with respect to time ¢ is denoted

as the current /, such that = 2—’5, the following ternary relations are obtained:

V =IR,
v=4
C
V—Ldl
St

According to the Kirchhorff law, the sum of voltage drops across the circuit is equal to
the supplied voltage. We consider the R — L — C circuit. The differential equation for the
charge g on the capacitor is

R+ 2 1% v
+—=+L— = ,
c
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Figure 2 G(t,s)-Graph

d’q dq q
LZL R Dy, 29
az PRyt Vo (29)

where V(¢) is the applied voltage at time ¢. If the initial conditions are assumed to be

dq(0) L 4L R
0=022Y 0 2> gndr= =
40 dt Ry

The differential equation (29) can be represented using the Green function given by

-5/ 0<s<t<1,

G(t,s) =
®3) —tef6 D 0<t<s<l.

The green function can also be represented by the graph in Fig. 2.
The differential equation (29) can be transformed into an integral equation given by

x(t) = [ G(t,9)K(t,5,%(s))ds + g(t), (30)

forallt,s e X =[0,T],T >0, where K : X x X x R” - R"and g: X — R". Let L be a
ternary relation on R” and X = C(X,R") on X, set of all continuous mappings from X —
R”. Consider the binary relation x L y on X as

xy)elesxlyory Ly, (31)

forall £ € X.
Now, equation (29) can be transformed into the following fixed point equation:

T
Y2x(¢) = / G(t,8)K(2,5,x(5))ds + g(t).
0

forall t,s € X.
Let X = C([0, T']) be the set of all continuous function defined on [0, T']. Define an or-
thogonal TVS-valued metricon X, byd: X x X - R"*,Vn >2and

d(x,y) = sup |lx—ylle".
te[0,T]

The, n (X, d) is a complete TVS-valued cone metric space.
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Theorem 13 Assume that the following conditions hold:
(i) K:[0, 7] x[0,T] x R— Rand g:R — R are continuous;
(ii) there exist some t,s € [0, T| and x € X such that

T T
/ G(¢,5)K(2,s,x(s))ds + g(t), / G(,5)K(2,5,9(s)))ds + g(t) € X,
0 0

SJorallx Ly.
(ili) there exists some function K : [0, T]x [0, T] x [0, T] — [R"], foreachx L. ye Xory L
x € X and t,s € [0, T] with t € [0,1] such that
IK (£ 5,2(8)) = K(t, 5, 55D < Tllx = yll€’s
where

d(x,y) = llx - ylle' = [D(x, ) [N(x, )],

and

d(Tx, T2x) + d( Ty, Y2y)
2 ’

D(x,y) =d(YTx, Ty) +
with
N(x,y) = min{d(x, Tx),d(y, Yy),d(x, Y*y),d(y, T*y),
d(Yy, 1?y),d(Ty, Tx)}.
(iv) there exists T € [0,1) such that

et _ gre?1-D

1-
G(t,s) = 7

<rt,
_R
where 0 = 57

Then, the system of Equations (29) has a unique solution x(t), which is a solution to
the integral Equation (30).

Proof For x,y € C([0, T]) with x L y, we claim that d(Y2x, T2y) £ td(x,y). Then, we have

T
1T2x - Y2y| < H( /0 G(t, $)K (¢, 5,%(s))ds + g(t)) -

’

T
( / G(t, $)K (2, 5,%(s))ds +g(t))
0
T
< / Gt s l(K(6,5,2(5)) ~ K (65,55,
0

T
< sup %) - (D) / Gt 5)ds,

0€[0,T] 0

¢ 1
< sup ||x(t)—y(t)||et|:/ —see(s’t)ds—/ tee<”)ds:|,
0€[0,7] 0 0

Page 24 of 29
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1 e —rgept-o
= sup [x(@)-yOle'| ———5—— |
0€[0,T] 0

<7t sup [lx(t) -y,
0€[0,T]

a(r%x, T?y) < td(x,y),

which is a contradiction. Therefore, a solution to the integral equation (30) and a second-
order differential equation (29), x, is a unique fixed point of Y. As a result, we can say that
every requirement set forth in Theorems 9 and 13 is met. Thus, the proofis finished. [

4.1 An application to matrix equation in orthogonal TVS-valued metric space
This subsection demonstrates Theorem 10 with an application to a matrix equation. Con-
sider the following system of linear equations with # unknowns motivated from [30].

ajnx) +appXxy +dizxs + - -

ag1X1 + adxppXy + dyzxz + - - -

asiXy +azyXxXy +dszxs + - -

+ diyuXy = bl
+ Aok, = by

+ a1uXy = b3,

aiixy +aippxy + aisxs + -+ AypXy = bn. (32)

This system of equations can be transformed into

x1 = (1 —an)x —apxy — aizxs — - — d1u¥n + b1

%o = —anix1 + (1 — an)xy — dxsxs — -+ - — douXy + by
X3 = —az1¥1 —azXy + (1 —asz)ws — - - — aix, + bs,
Xy = —An1X1 — ApXy — Ap3X3 — - - - + (1 = @)%y + by,

Let o = —a;; + 8;, where

Jrovi=

8 =
"o, Vi)

Then, the system is equivalent to

xi:Zauxf‘*bnﬁLZ'-' 33

j=1
Ifx = (x1,%,...%,) €R", b= (by,by,...b,) € R" and A = (a;j);xna matrix

a;y 4aip ... A4iy

dazr dyy ... dyp

anl  Ap2 ... Qpp
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and

T
X = (x11x21"'xn) )

b=(by,by,...by)T.
Equation (33) is equivalent to

x=x—-Ax+Db,
x=I-Ax+b,

x=Ax+b.

Now, we prove the following theorem using the concepts of orthogonal TVS-valued cone

metric space.

Theorem 14 Counsider an orthogonal TVS-valued cone metric space X = R" with the Eu-
clidean metric d(x,y) = ||x — y||e'. The following hypothesis is satisfied if Z;‘zl ol <o <1
foralli=1,2,...

(i) there exists
|Ax — Ayl = [|All]lx - yl€’,

where

ST

=tr(A *A)% =mnM <,

1= (3 layP)
i

and M is modulus of the largest element of A.
(i) forx,y € X such that x Ly, we have

d(x,9) = llx - ylle" < ¥t Ms(x,)), (34)

where

Ms(y) = [, )P, [ max{day), des, T, do, Y0)]

[d(x, YTx).d(y, Yy) ] l—n—yz.

35
d(x,y) (35)

Then, the system of linear equations (32) in n unknowns has a unique fixed point.

Proof To find a fixed point, we assume that A = (@), is an orthogonal matrix of order
m x n. Defineamap Y : C" — C” by

Yx=Ax+b,xeC". (36)

Page 26 of 29
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Using the Cauchy-Schwartz inequality, we have

n n 1
2
> -] = (X lal?)* - yle'
1 =1
Since Y is an orthogonal mapping, and x L y € X, using conditions (i) and (if), we have

ITx = Yylle" < (Ax - b) - (Ay - D)
=< lAx - Ay|l

= 1Al =y,

n
2
= (D llagl?) e -ylle!,
j=1

< VmnM|x - y||é,
d(Yx,Yy) < td(x,y).

ST

Consequently, we have
d(Yx,Ty) = Y (T Ms(x,9)),
where

Ms(@) = [d@ 1", | max(dee, ), des, Yy, dy, )]

[d(x, Yx).d(y, Yy) ] 1-y1-72
d(x,y) ’

This demonstrates that the conditions outlined in Theorems 3.2 and 14 are met. Therefore,
the system of linear equations (32) with » unknowns possesses a unique fixed point. This
concludes the proof. d

5 Conclusions

The application of fixed point theorems in interpolative orthogonal relational TVS-valued
convex cone metric spaces has provided significant advancements in solving differential
and matrix equations. By employing interpolative mappings and relation-theoretical ap-
proaches, a robust framework is established for identifying unique solutions and confirm-
ing the existence and uniqueness of fixed points. This methodology not only generalizes
classical fixed point results but also introduces new tools and perspectives for addressing
complex mathematical problems, ensuring consistent and reliable solutions for systems of
equations. The findings contribute to a broader understanding of mathematical structures
and their applications in various disciplines.

This paper extends previous work by developing fixed point theorems for interpola-
tive relation-theoretical convex mappings in orthogonal TVS-valued cone metric spaces.
Notable contributions include a fixed point theorem for orthogonal interpolative almost
Istratescu contractions of type D and ¥ -orthogonal interpolative Chatterjea-Reich-Rus-
Ciri¢-Kannan-type contraction mappings. These results generalize well-known theorems
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in the literature and are supported by illustrative examples. Additionally, the application
of these results to the existence of solutions for differential and matrix equations demon-
strates their practical significance. Theorems 9 and 10 were shown to satisfy the necessary
hypotheses, establishing that systems of linear equations in # unknowns possess unique
fixed points, thus completing the theoretical framework.
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