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 A B S T R A C T

Prior to 2012, it was believed that only humans could host Guinea-worm disease. Recent 
findings show that dogs also act as hosts. With the 2030 goal for eradicating Guinea-worm 
approaching, understanding dogs’ roles is crucial. We develop a mathematical model to study 
seasonal Guinea-worm disease, focusing on dogs as primary hosts, given the low human cases. 
Our model includes seasonal variations, as previous studies indicate that disease prevalence is 
linked to seasonal fisheries. We also categorize infectious dogs based on their average worm 
burden. Our analysis examines how dog screening and tethering influence disease dynamics. 
Results indicate that both strategies can lower disease transmission. However, they may not be 
enough for total eradication on their own. Therefore, we suggest combining these methods with 
additional actions, like dog culling, to  improve disease control.

1. Introduction

Neglected tropical diseases (NTDs) remain a major challenge in developing countries. According to estimates, there are 
approximately 1.7 billion individuals worldwide who are affected by NTDs [1]. Controlling and eliminating NTDs is closely linked 
to the Sustainable Development Goals [2]. In particular, Guinea-worm disease (GWD), which is caused by the nematode Dracunculus 
medinensis, is among the NTDs that are being targeted for elimination by 2030 [1]. As of today, the Carter Center’s concerted efforts, 
which began in 1986, have shown exceptional success [1]. Reports show a reduction of over 99⋅9% from the 3.5 million human 
cases across 21 countries in Africa and Asia in 1986 to only 13 human cases in 2023 (9 in Chad, 2 in South Sudan, 1 in Cameroon, 
Mali and Central African Republic) [3].

However, as the transmission of GWD to humans has largely been interrupted, a new challenge has emerged. Historically, it was 
believed that humans were the primary and most common terminal host of GWD. However, the discovery in 2012 of a genetically 
identical worm in domesticated dogs (Canis familiaris) in Chad confirmed earlier accounts that animals can also serve as terminal 
hosts for GWD [4,5]. Recent reports indicate that animal infections have increased modestly, from 685 in 2022 to 713 in 2023 [3].
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Moreover, field reports indicate that dogs may experience varying levels of infection risk [6,7]. For instance, studies conducted 
between 2015 and 2018 revealed that a single dog can carry up to 79 worms [6]. Additionally, prior research suggests that the 
prevalence of GWD in dog populations is significantly influenced by seasonal variability in fishing activities [8]. As the target 
timelines approach, understanding the impact of seasonality and the heterogeneous mean worm burden within dog populations 
becomes increasingly important from both practical and theoretical perspectives. To that end, we present a mathematical model for 
GWD transmission that incorporate dogs as the only terminal host. The model also include the copepods and fish as intermediate 
hosts. The effects of seasonality are included in the model through assumptions regarding the time-dependence of some of the 
model parameters. In particular, we assume that larvae decay, disease transmission rates as well as the birth and mortality rates of 
intermediate hosts (copepods and fish) are periodic through the year.

Mathematical models are tools that can provide insight into the mechanisms that underlie the processes of disease spread 
and guide mitigation efforts [9]. Mathematical models proffer a low-cost mechanism for investigating biological processes and 
interventions for which experimental data may be scarce. A number of researchers have recently utilized mechanistic models to 
comprehend the transmission dynamics and control efforts for GWD (see, for example, [10–19]. Link and Donnay [10] as well as 
Adewole and Onifade [11] developed a GWD model that incorporate human and copepod population. Smith? et al. [12] utilized 
impulsive differential equations to investigate the effectiveness of chlorination on mitigating the spread of GWD in humans [12]. 
Netshikweta and Garira [13] developed a multiscale model for GWD using nonlinear ordinary differential equations (NODEs) to 
study the effect of intervention strategies on mitigating disease prevalence in humans. Their study suggested that treating water 
sources is the most effective strategy to control GWD. In the framework of Netshikweta and Garira, the dog population was not taken 
into account. To fill this gap in the work of Netshikweta and Garira, Engelhard et al. [18] developed a compartmental model that 
includes both humans and dogs. Both human and dog-focused interventions were included, such as burying fish entrails. Since more 
than 70% of the global dog population is free-ranging [20], it is essential to distinguish between free-ranging and non-free-ranging 
dogs in mathematical studies of GWD. Helikumi and Mushayabasa [19] developed a compartmental model for GWD transmission 
that incorporates both free-ranging and non-free-ranging dogs. Their study suggests that the elimination of GWD can be achieved 
if interventions target both FRDs and non-FRDs. Despite these efforts, the quantitative impact of seasonality and variability in the 
mean worm burden of the dog population on GWD transmission dynamics remains poorly understood.

The proposed mathematical framework summarizes the GWD cycle which begins when a adult female worm releases Stage 1 
larvae into water. These larvae are consumed by copepods, and they undergo two molts and become Stage 3 larvae. The susceptible 
fish become infected when they consume infectious copepods. The terminal host (dogs) acquire infection by consuming infected 
fish. Once in the terminal host, the larvae are liberated, mating occurs, and the male worm dies. The pregnant female migrates 
towards the surface of the skin in the lower extremities where a painful blister is formed. In order to relieve the pain, the infected 
dog immerses the blister in water and the worm releases new larvae [21].

The study is organized as follows: In the next section, we introduce the mathematical model that describes the dynamics of 
GWD. We present the threshold dynamics, specifically computing the reproduction number, examining the global stability of the 
disease-free equilibrium, and investigating the existence of periodic solutions. In Section 3, we conduct numerical simulations to 
support our theoretical findings and assess the effectiveness of various control measures. Finally, we provide concluding remarks in 
Section 4.

2. Methods

2.1. Model derivation

In order to formulate the model, let 𝐿(𝑡) be the density of the larvae in the environment. We subdivide the dog population into 
four compartments: susceptible, exposed, lightly infected and heavily infected, the numbers of which at time 𝑡 are denoted by 𝑆𝐷(𝑡), 
𝐸𝐷(𝑡) and 𝐼𝐿𝐷(𝑡) and 𝐼𝐻𝐷(𝑡), respectively. Thus, the total dog population at any time 𝑡 is denoted by 

𝑁𝐷(𝑡) = 𝑆𝐷(𝑡) + 𝐸𝐷(𝑡) + 𝐼𝐿𝐷(𝑡) + 𝐼𝐻𝐷(𝑡). (2.1)

Let 𝑆𝐶 (𝑡), 𝐸𝐶 (𝑡) and 𝐼𝐶 (𝑡) be the number of susceptible, exposed and infectious copepods at time 𝑡, respectively. Thus, the total 
population of copepods at any time 𝑡 is denoted by 

𝑁𝐶 (𝑡) = 𝑆𝐶 (𝑡) + 𝐸𝐶 (𝑡) + 𝐼𝐶 (𝑡). (2.2)

Let 𝑆𝐹 (𝑡) and 𝐼𝐹 (𝑡) be the number of susceptible and infectious fish at time 𝑡, respectively. Thus, the total population of fish at any 
time 𝑡 is given by 𝑁𝐹 (𝑡) = 𝑆𝐹 (𝑡) + 𝐼𝐹 (𝑡). With these considerations, we shall explore the following system

𝐿′(𝑡) = 𝜃𝐷(𝑡)(1 − 𝜙𝐷)𝐼𝐿𝐷(𝑡) + 𝜃𝐷(𝑡)𝐼𝐻𝐷(𝑡) − 𝜇𝐿(𝑡)𝐿(𝑡),

𝑆′
𝐶 (𝑡) = 𝜇𝐶 (𝑡)𝑁𝐶 (𝑡) − 𝛽𝐿𝐶 (𝑡)𝐿(𝑡)𝑆𝐶 (𝑡) − 𝜇𝐶 (𝑡)𝑆𝐶 (𝑡),

𝐸′
𝐶 (𝑡) = 𝛽𝐿𝐶 (𝑡)𝐿(𝑡)𝑆𝐶 (𝑡) − (𝜇𝐶 (𝑡) + 𝛾𝐶 )𝐸𝐶 (𝑡),

𝐼 ′𝐶 (𝑡) = 𝛾𝐶𝐸𝐶 (𝑡) − 𝜇𝐶 (𝑡)𝐼𝐶 (𝑡),
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Fig. 1. A schematic diagram of GWD transmission for model (2.3).

𝑆′
𝐹 (𝑡) = 𝜇𝐹 (𝑡)𝑁𝐹 (𝑡) − 𝛽𝐶𝐹 (𝑡)𝐼𝐶 (𝑡)𝑆𝐹 (𝑡) − 𝜇𝐹 (𝑡)𝑆𝐹 (𝑡) + 𝜂𝐹 𝐼𝐹 (𝑡),

𝐼 ′𝐹 (𝑡) = 𝛽𝐶𝐹 (𝑡)𝐼𝐶𝑆𝐹 − (𝜇𝐹 (𝑡) + 𝜂𝐹 )𝐼𝐹 ,

𝑆′
𝐷(𝑡) = 𝜇𝐷𝑁𝐷(𝑡) − 𝛽𝐹𝐷(𝑡)𝐼𝐹 (𝑡)𝑆𝐷(𝑡) − 𝜇𝐷𝑆𝐷(𝑡) + 𝜂𝐷𝐼𝐿𝐷(𝑡) + 𝜎𝐷𝐼𝐻𝐷(𝑡),

𝐸′
𝐷(𝑡) = 𝛽𝐹𝐷(𝑡)𝐼𝐹 (𝑡)𝑆𝐷(𝑡) − (𝜇𝐷 + 𝛾𝐷)𝐸𝐷(𝑡),

𝐼 ′𝐿𝐷(𝑡) = 𝑝𝐷𝛾𝐷𝐸𝐷(𝑡) − (𝜇𝐷 + 𝜂𝐷)𝐼𝐷(𝑡),

𝐼 ′𝐻𝐷(𝑡) = (1 − 𝑝𝐷)𝛾𝐷𝐸𝐷(𝑡) − (𝜇𝐷 + 𝜎𝐷)𝐼𝐻𝐷(𝑡).

(2.3)

Here, time-dependent model parameters account for seasonal variability in GWD transmission. Parameter 𝜃𝐷(𝑡)  denotes the shedding 
rate of larvae by infectious dogs; 𝜙𝐷 (0 < 𝜙𝐷 < 1) represents the reduction in the shedding rate of lightly infected dogs compared 
to heavily infected ones. 𝜇𝐿(𝑡) represents the mortality rate of larvae; 𝜇𝐶 (𝑡) represents the birth and natural death rate of copepods; 
𝛽𝐿𝐶 (𝑡) is the infection rate of copepods; 1∕𝛾𝐶 is the average molting time for the larvae. 𝜇𝐹 (𝑡) denotes the birth and mortality rate 
of fish populations; 𝛽𝐶𝐹 (𝑡) and 𝜂𝐹  are the infection and recovery rates of fish populations, respectively. 𝜇𝐷 is the birth and death 
rate of dogs; 𝛽𝐹𝐷(𝑡) and 𝛾𝐷 represent the infection and incubation rates in dogs. Let 𝑝 denote the proportion of exposed dogs that 
progress to the lightly infected group, with the remainder (1 − 𝑝) becoming heavily infected. Infectious lightly infected and heavily 
infected dogs recover at rates 𝜂𝐷 and 𝜎𝐷, respectively.

In order to mimic seasonal variations in GWD dynamics, we propose the following periodic functions: 
𝜇𝐶 (𝑡) = 𝜇̄𝐶 (1 + 𝑎 sin(𝜑𝑡 + 𝜙)), 𝜇𝐿(𝑡) = 𝜇̄𝐿(1 + 𝑎 sin(𝜑𝑡 + 𝜙)),

𝜇𝐹 (𝑡) = 𝜇̄𝐹 (1 + 𝑎 sin(𝜑𝑡 + 𝜙)), 𝜃𝐷(𝑡) = 𝜃̄𝐷(1 + 𝑎 sin(𝜑𝑡 + 𝜙)),

𝛽𝐿𝐶 (𝑡) = 𝛽𝐿𝐶 (1 + 𝑎 sin(𝜑𝑡 + 𝜙)), 𝛽𝐶𝐹 (𝑡) = 𝛽𝐶𝐹 (1 + 𝑎 sin(𝜑𝑡 + 𝜙)),

𝛽𝐹𝐷(𝑡) = 𝛽𝐹𝐷(1 + 𝑎 sin(𝜑𝑡 + 𝜙)),

(2.4)

where 𝜑 = 2𝜋∕𝑇  denote the frequency related to the period of seasonality 𝑇  and 𝜙 is a phase-shifting parameter to capture the timing 
of seasonality. The component parameters 𝜇̄𝐶 , 𝜇̄𝐿, 𝜇̄𝐹 , 𝜃̄𝐷, 𝛽𝐿𝐶 , 𝛽𝐶𝐹  and 𝛽𝐹𝐷, represent the baseline rates, and 𝑎 is the (relative) 
amplitude. Note that if 𝑎 = 0, then there is no seasonality. A schematic representation of the model is shown in Fig.  1.

A schematic representation of the model is shown in Fig.  1.
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2.2. Basic reproduction number and persistence of GWD

The reproduction number (0) is a significant metric for epidemiological models as it gives insight into the potential for disease 
transmission. It is defined as ‘‘the expected number secondary infections generated, in a completely susceptible population, by a 
typical infective individual’’ [22]. Based on computation in Appendix  A.1, the time-average reproduction number of model (2.3) is 

0 =
3
√

0𝐿𝐷 +0𝐻𝐷, (2.5)

where

0𝐿𝐷 =
𝑝𝐷(1 − 𝜙𝐷) ̄𝜃𝐷

𝜇̄𝐿

(

𝛽𝐹𝐷𝛾𝐷𝑁𝐷
(𝛾𝐷 + 𝜇𝐷)(𝜂𝐷 + 𝜇𝐷)

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(i)

(

𝛽𝐿𝐶𝛾𝐶𝑁𝐶
(𝛾𝐶 + 𝜇̄𝐶 )𝜇̄𝐶

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(ii)

(

𝛽𝐶𝐹𝑁𝐹
(𝜂𝐹 + 𝜇̄𝐹 )

)

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
(iii)

,

0𝐻𝐷 =
(1 − 𝑝𝐷)𝜃̄𝐷

𝜇̄𝐿

(

𝛽𝐹𝐷𝛾𝐷𝑁𝐷
(𝛾𝐷 + 𝜇𝐷)(𝜎𝐷 + 𝜇𝐷)

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(i)

(

𝛽𝐿𝐶𝛾𝐶𝑁𝐶
(𝛾𝐶 + 𝜇̄𝐶 )𝜇̄𝐶

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(ii)

(

𝛽𝐶𝐹𝑁𝐹
(𝜂𝐹 + 𝜇̄𝐹 )

)

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
(iii)

.

The terms 0𝐿𝐷 and 0𝐻𝐷 show the contribution of lightly infected and heavily infected dogs to the generation of secondary 
infections. One can observe 0𝐿𝐷 and 0𝐻𝐷 are a product of three terms which describes the cycle of GW infection from dogs to 
larva (i), larva to copepod (ii), and copepod to fish (iii). Furthermore, we can also observe that if dogs are assumed to be of uniform 
mean worm burden (𝑝𝐷 = 𝜙𝐷 = 1) then 

0 =
3

√

√

√

√

√

√

√

√

𝜃̄𝐷
𝜇̄𝐿

(

𝛽𝐹𝐷𝛾𝐷𝑁𝐷
(𝛾𝐷 + 𝜇𝐷)(𝜂𝐷 + 𝜇𝐷)

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(i)

(

𝛽𝐿𝐶𝛾𝐶𝑁𝐶
(𝛾𝐶 + 𝜇̄𝐶 )𝜇̄𝐶

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(ii)

(

𝛽𝐶𝐹𝑁𝐹
(𝜂𝐹 + 𝜇̄𝐹 )

)

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
(iii)

,
(2.6)

Moreover, if 𝑝𝐷 > 0.5, it implies that lightly infected dogs contribute more to the generation of secondary cases compared to 
heavily infected dogs, and the opposite is true. Therefore, we note that understanding the role of the mean worm burden on GWD 
dynamics is essential for effective management of the disease. We further define the terms in 0 as follows: near the DFE (0), 
the total number of dogs reaches a stable state 𝑁𝐷, and every dog will be susceptible. Susceptible dogs become exposed to GWD 
through the consumption of infectious fish at rate 𝛽𝐹𝐷. Exposed dogs have a probability 𝛾𝐷

(𝛾𝐷+𝜇𝐷)
 to survive this state and become 

infectious, with a proportion 𝑝𝐷 as lightly infected and the remainder (1 − 𝑝𝐷) as heavily infected. Lightly infected dogs discharge 
larvae with the density (1−𝜙𝐷)𝜃̄𝐷𝜇̄𝐿

 per dog over its expected infectious period 1
(𝜂𝐷+𝜇𝐷)

 while heavily infected dogs discharge larvae 
with the density 𝜃̄𝐷𝜇̄𝐿  per dog over its expected infectious period 1

(𝜎𝐷+𝜇𝐷)
. The total number of copepods reaches at a stable state 

𝑁𝐶 , and every copepod will be susceptible. Susceptible copepods become exposed to GWD at a rate 𝛽𝐿𝐶 through consumption of 
larvae discharge into the environment by infectious dogs. Exposed copepods have a 𝛾𝐶

(𝛾𝐶+𝜇̄𝐶 )
 probability of surviving this state and 

becoming infectious throughout their entire lifespan 1
𝜇̄𝐶
. Additionally, the total number of fish reaches state 𝑁𝐹  and every fish will 

be susceptible. Susceptible fish become infected with GWD through the consumption of infectious copepods at a rate. 𝛽𝐶𝐹 , after 
which they will become infectious for a period 1

𝜂𝐹+𝜇̄𝐹
.

When 0 is less than unity, then the GWD cannot persist, as shown in the following theorem. All the proofs are relegated to 
Appendix  A.2. 

Theorem 2.1.  If 𝑅0 < 1, then the disease-free equilibrium 0 of system (2.3) is globally asymptotically stable. 

Suppose now 0 > 1. We demonstrate that the disease can persist. Let 𝑋 = R10
+ ,

𝑋0 ={(𝐸𝐶 , 𝐼𝐶 , 𝐼𝐹 , 𝐸𝐷, 𝐼𝐿𝐷, 𝐼𝐻𝐷, 𝐿, 𝑆𝐷, 𝑆𝐶 , 𝑆𝐹 ) ∈ R10
+ ∶ 𝐸𝐶 > 0, 𝐼𝐶 > 0, 𝐼𝐹 > 0,

𝐸𝐷 > 0, 𝐼𝐿𝐷 > 0, 𝐼𝐻𝐷 > 0, 𝐿 > 0}

and let 𝜕𝑋0 = 𝑋∕𝑋0.

Theorem 2.2.  Let 0 > 1. Then system (2.3) is uniformly persistent, i.e., there exists some 𝜂 > 0 such that

lim inf
𝑡→∞

𝑆𝐶 (𝑡) ≥𝜂, lim inf
𝑡→∞

𝐸𝐶 (𝑡) ≥𝜂, lim inf
𝑡→∞

𝐼𝐶 (𝑡) ≥𝜂, lim inf
𝑡→∞

𝑆𝐹 (𝑡) ≥𝜂, lim inf
𝑡→∞

𝐼𝐹 (𝑡) ≥𝜂,

lim inf
𝑡→∞

𝑆𝐷(𝑡) ≥𝜂, lim inf
𝑡→∞

𝐸𝐷(𝑡) ≥𝜂, lim inf
𝑡→∞

𝐼𝐿𝐷(𝑡) ≥𝜂, lim inf
𝑡→∞

𝐼𝐻𝐷(𝑡) ≥𝜂, lim inf
𝑡→∞

𝐿(𝑡) ≥𝜂,

for all solutions of (2.3) with initial conditions in 𝑋0. Moreover, (2.3) has at least one positive 𝜔-periodic solution. 
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Table 1
Model parameters and their interpretations. 
 Symbol Biological definition Baseline value Units Source  
 1
𝜇𝐷

Lifespan of dogs 10(6.8–13) Years [24]  
 1
𝜇̄𝐹

Lifespan of fish 5.5(2–5.5) Years [25]  
 1
𝜇̄𝐶

Lifespan of copepods 15.5(15.5–60) Days [27]  
 1
𝜇̄𝐿

Lifespan of larvae lifespan 7(3–7) Days [23]  
 1
𝛾𝐷

Duration of incubation for dogs 12(10–14) Months [26]  
 1
𝛾̄𝐶

Duration of incubation for copepods 14(7–21) Days [26]  
 1
𝜂̄𝐹

Duration of infectious period for fish 14(7–21) Days [28]  
 1
𝜂𝐷

Infectious period for lightly infected dogs 7(7–10) Days [26]  
 1
𝜎𝐷

Infectious period for heavily infected dogs 10(7–10) Days [26]  
 𝜃̄𝐷 Rate at which infectious dogs shed larvae (0.09–2.25) × 106 Months [29]  
 𝛽𝐿𝐶 Transmission rate from larva to copepods (6.6–450000) × 10−6 Per copepod per month [30]  
 𝛽𝐶𝐹 Transmission rate from copepods to fish (0.9–4.23) × 10−6 Per fish per month Assumed 
 𝛽𝐹𝐷 Transmission rate from fish to dogs (0.1–2.06) × 10−6 Per dog per month Assumed 
 𝜙

𝐷
Modification factor 0.5(0–1) Dimensionless Assumed 

3. Numerical results and discussions

3.1. Model parameterization

Due to the unavailability of data parameter values and ranges used in this study are taken from published peer-reviewed articles 
and are presented in Table  1. Prior studies estimate that Guinea-worm larvae live in water for 3 to 7 days [23]. In Chad, studies 
show that dogs have a lifespan of about 6.8 to 13 years [24]. The most common fish in Chad is Alestes baremoze, with a lifespan 
of approximately 5.5 years [25]. There is little literature on the incubation period and average infectious period of Guinea-worm 
disease (GWD) in dogs. However, for humans, the incubation period ranges from 10 to 14 months, and the average infectious period 
is about 1 week [26]. Due to the lack of information, we will use these values for our simulations, as the same type of worm affects 
both humans and dogs. Studies also estimate that copepods have a lifespan of around 15.5 days [27]. Research on the average 
infectious period of fish populations is limited. However, a few studies suggest it lasts for about 2 weeks [18,28]. Additionally, we 
set the population sizes to: 𝐿 = 106, 𝑆𝐶 = 5 × 106, 𝐸𝐶 = 2 × 106, 𝐼𝐶 = 106, 𝑆𝐹 = 8 × 103, 𝐼𝐹 = 2 × 103, 𝑆𝐷 = 2.5 × 104, 𝐸𝐷 = 10, 
𝐼𝐿𝐷 = 42 and 𝐼𝐻𝐷 = 10. To ensure the positivity of all the periodic functions we require 0 < 𝑎 < 1, and in all our simulations, we 
set 𝑎 = 0.8 and 𝜙 = 𝜋.

3.2. Sensitivity analysis

To determine the relative importance of each of parameter, we carry out a sensitivity analysis using the Latin hypercube sampling 
technique and partial rank correlation coefficients (PRCCs) [31]. The PRCCs quantify the relationship between 0 and individual 
parameters. The sign of the PRCC value indicates whether the parameter is inversely or positively correlated to the output. A model 
parameter with an absolute PRCC value close to unity has a significance influence on the output [31]. The output is depicted in Fig. 
2. Overall, these results indicate that 0 increases when the following parameters are elevated: disease-transmission rates, copepod 
population, dog population, fish population, and the larvae shedding rate of infected dogs. In contrast, 0 decreases when the 
mortality rates of copepods and larvae, as well as the recovery rates of heavily infected dogs, are increased. Together, these findings 
suggest that reducing copepod population density and mitigating fish consumption by the terminal host, such as by burying fish 
entrails, may significantly decrease infection prevalence. Results on further inference on the relationship between 0 and individuals 
parameters are shown in Fig.  3. One can observe that reducing copepod lifespan to less than 15.5 days will reduce 0 below unity. 
This can be achieve through use of chemical

The simulation results presented in Fig.  4 illustrate the disease dynamics over time when 0 < 1. We initialized the populations 
with the following values: 𝐿(0) = 106, 𝑆𝐶 (0) = 5×106, 𝐸𝐶 (0) = 2×106, 𝐼𝐶 (0) = 106, 𝑆𝐹 (0) = 8×103, 𝐼𝐹 (0) = 2×103, 𝑆𝐷(0) = 2.5×104, 
𝐸𝐷(0) = 10, 𝐼𝐿𝐷(0) = 42 and 𝐼𝐻𝐷(0) = 10. The model output indicates that all solutions converge to the disease-free equilibrium, 
which concurs with Theorem  2.1. We observe that even though the simulations begin with very high populations of larvae, copepods, 
and fish, the disease does not persist when 0 is less than one. Throughout all panels, we notice periodic outbreaks of the disease 
before it eventually becomes extinct. However, in Fig.  5, we observe that model (2.1) contains at least one positive 𝜔-periodic 
solution, consistent with Theorem  2.2. It can be seen that the dynamics of the disease within the dog population will be characterized 
by persistent periodic outbreaks over the entire time period.
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Fig. 2. Global sensitivity analysis of the reproduction number (0) to key model parameters. Increasing the magnitude of the parameters 𝜇𝐶 , 𝛽𝐿𝐶 , 𝛽𝐶𝐹 , 𝛾𝐶 , 𝜇𝐿
and 𝜎𝐷 will significantly alter the size of 0.

3.3. Effects of mean worm burden on disease dynamics

The primary objective of this section is to examine the effects of heterogeneous mean worm burden on GWD dynamics. Thus, 
we simulate the model (2.3) with different values of 𝑝𝐷, and the results are shown in Fig.  6. As we can observe, increasing 𝑝𝐷
increases the population of the heavily infected dog population. This in turn increases the density of larvae in the environment, 
since heavily infected dogs are assumed to visit water sources more frequently than lightly infected dogs. As the number of larvae in 
the environment increases, the population of exposed and infectious copepods increases. However, we can observe that an increase 
in 𝑝𝐷 does not significantly change the infectious fish population or the exposed dog population. Overall, we can conclude that 
increasing 𝑝𝐷 increases the potential for disease transmission.

3.4. Effects of dog-intervention strategies on disease dynamics

Since the discovery of GW infections in dogs, responsible authorities have been encouraging communities and offering rewards to 
individuals who report and tether their infected dog [32]. This technique is also credited with the current decline in GW infections 
in dogs. Therefore, it is essential to evaluate the effects of dog screening on disease dynamics. Since dog screening increases the rate 
of recovery of dog populations, we rewrite 𝜂𝐷 = 𝜂𝐷0 + 𝑢𝐷 and 𝜎𝐷 = 𝜎𝐷0 + 𝑢𝐷, where 𝑢𝐷 represent dog screening and 𝜂𝐷0 and 𝜎𝐷0
denote the recovery of lightly infected and heavily infected dogs, respectively, in the absence of screening. Following the approach 
in [19], let the monthly percentage of dog detected be 𝐶𝐷 = 100[1 − 𝑒−𝑢𝐷 ]. Consequently, the exit rate from the light and heavily 
infected compartments, respectively, is 

𝜂𝐷 = 𝜂𝐷0 − ln

(

1 −
𝐶𝐷
100

)

and 𝜎𝐷 = 𝜎𝐷0 − ln

(

1 −
𝐶𝐷
100

)

. (3.1)

Simulating model (2.3) for different values of 𝐶𝐷 yields results in Fig.  7. As we can observe, increasing dog screening will significantly 
reduce exposed and infectious copepod population, infectious dog population and larvae density in the environment. However, it 
is worth noting that even at 90% detection, dog screening alone may not sufficiently lead to the eradication of GWD.

4. Concluding remarks

Seasonal fluctuations are a common characteristic of many infectious diseases, and a recent study on Guinea-worm disease 
(GWD) datasets for dog infection in Chad has identified seasonal patterns in the disease dynamics [8]. Additionally, field studies 
have revealed that the mean worm burden in infected dogs is heterogeneous, with some dogs harboring significantly more parasites 
than others [6]. These observations motivated the development of a non-autonomous model of the Guinea-worm lifecycle, which 
takes into account the complexities of the disease transmission cycle. The model specifically focuses on dogs as the sole terminal 
host, with copepods and fish serving as intermediate hosts. By considering these factors, the model aims to provide a more nuanced 
understanding of GWD dynamics and inform the development of effective control strategies.

To account for the variability in worm burden among infected dogs, we subdivided the infectious dog population into two groups: 
lightly infected and heavily infected dogs. To capture the impacts of seasonal fluctuations on disease dynamics, we employed time-
dependent functions to model the recruitment and mortality rates of fish, copepods, disease transmission rates, and the rate at which 
infectious dogs shed larvae into the environment, as well as the lifespan of larvae in the environment. Using our model, we computed 
the reproduction number and performed a sensitivity analysis. The results revealed that increasing the mortality rate of copepods 
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Fig. 3. Simulation results showing the relationship between 0 and individuals parameters. One can observe that when any of the parameters in the left panel 
((a), (c), (e), (g)) are increased 0 decreases. In contrast, increasing parameters in the right panel ((b), (d), (f), (h)) are increased 0 increases.

significantly decreases the reproduction number, suggesting a potential route to controlling the disease. In particular, we observed 
that whenever the lifespan of copepods is reduced to less than 15 days then the reproduction number will be always less than unity. 
These results are consistent with the findings of existing literature [12,13,18]. Although reduction of copepod population can be 
achieved through the use of Abate, it is worth noting that, during the rainy season, there will be several water pools containing 
paratenic hosts. As a result, the success of this intervention strategy will be somewhat limited.
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Fig. 4. Simulation results showing disease dynamics when 0 = 0.937 < 1. Baseline parameters are given in Table  1. We can observe that all solutions converge 
to the disease-free equilibrium and this is in agreement to Theorem  2.1.
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Fig. 5. Simulation results showing disease dynamics when 0 = 6.7753 > 1. Baseline parameters are given in Table  1. One can observe that model (2.3) has at 
least one positive 𝜔-periodic solution and this is in agreement to Theorem  2.2.
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Fig. 6. Simulation results capture the impact of mean worm burden on disease dynamics over a period of 200 months. In panels (a)–(g), the results compare 
the effects of 40% and 80% of infectious dogs being lightly infected.

We also observed that increasing the detection rate of heavily infected dogs can reduce the reproduction number, although this 
effect was less pronounced compared to the impact of copepod mortality rate. Our findings collectively suggest that augmenting 
copepod mortality rates and reducing the rate at which dogs consume fish could synergistically reduce infection prevalence. 
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Fig. 7. Simulation results illustrate the impact of dog screening on disease dynamics. In general, it is evident that higher screening rates lead to a decrease in 
the number of infected populations. However, it is worth noting that even with a 90% success rate, this approach alone may not be enough to eliminate GWD.

These insights underscore the value of targeted interventions aimed at controlling key ecological and biological factors driving 
the transmission of Guinea Worm Disease.
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Our numerical analysis examined the effect of varied mean worm burden on disease dynamics. The results indicated that an 
increase in heavily infected dogs significantly raises infection rates in both copepods and dogs. However, the fish population 
remains mostly unaffected. Notably, our findings show that even with a 90% detection rate, screening dogs alone may not be 
enough to eliminate Guinea Worm Disease (GWD). This implies that detection efforts may not suffice to eradicate GW infections in 
dog populations. Therefore, our model suggests a more effective eradication strategy. This strategy would combine detecting and 
restraining infectious dogs with efforts to reduce their fish consumption, such as burying fish entrails as proposed by Engelhard 
et al. [18]. By implementing a multi-faceted approach that addresses both detection and prevention of disease transmission, we 
may succeed in eradicating GWD.

Additionally, the model highlights that the presence of heterogeneous mean worm burdens in the dog population poses a 
significant challenge to guinea worm control. We note that the increase in recovery rate of heavily infected dogs significantly 
reduces the disease transmission potential. In particular, we observed that when e heavily infected dog takes more than 5 days to 
recover, the disease persists in the community. This happens because the reproduction number remain greater than one. Therefore, 
we can conclude that a multi-faceted approach is essential for effectively controlling the disease.

Model limitations and future directions

Despite these findings, our model has limitations. First, we recommend expansion of this work through calibration of the proposed 
model with data from GWD endemic settings while inferring parameter uncertainty. The availability of such data will be crucial in 
determining appropriate mathematical functions capable of capturing seasonal variability in GW infections.

Second, in this study we considered fish as the only source of GWD infection for dogs. However, other researchers indicate that 
dogs can also get infected by eating frogs and tadpoles [17]. While it is quite possible to reduce dog consumption of fish entrails 
through educational campaigns about burial, it may be harder to limit dogs eating frogs and tadpoles. These amphibians are often 
plentiful in shallow water during the rainy season, making them easy for FRDs to access. Including these secondary hosts in our 
model is essential for accurately estimating the transmission intensities needed to eliminate GWD.

Third, the transmission potential of GWD is affected by how mobile dogs are. In countries where GWD is common, many dogs are 
FRDs. This highlights the need for future research to include reaction–diffusion equations. Such equations will help us understand 
local transmission dynamics and the movement of dogs, which is vital for controlling the disease. Furthermore, the non-autonomous 
model in this study has limitations in capturing GWD complexities. It does not fully address uncertainty in disease transmission. 
Future research should focus on stochastic modeling to fill these gaps. Stochastic models can account for uncertainty in disease 
spread, allowing researchers to estimate the chances of an outbreak or disease extinction when a single host enters a community. 
Given the low number of reported human cases, stochastic models are particularly useful for predicting the disease’s extinction and 
persistence. Additionally, by incorporating uncertainty and variability, these models can provide valuable insights for policymakers 
and public-health officials, helping them make informed decisions about GWD.
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Appendix A. Dynamical analysis of the proposed model

A.1. Basic reproduction number

To compute 0, one commences by establishing the disease-free equilibrium (DFE). For model (2.3) one can easily verify that, in 
the absence of the disease, the system admits a disease-free periodic model 0 = (𝑁𝐶 , 0, 0, 𝑁𝐹 , 0, 𝑁𝐷, 0, 0, 0, 0, 0). Linearizing model 
(2.3) at 0 leads to the following system for infected compartments 

𝐸′
𝑐 (𝑡) = 𝛽𝐿𝐶 (𝑡)𝑁𝐶 − (𝜇𝐶 (𝑡) + 𝛾𝐶 )𝐸𝐶 ,

𝐼 ′𝑐 (𝑡) = 𝛾𝐶𝐸𝐶 − 𝜇𝐶 (𝑡)𝐼𝐶 ,

𝐼 ′𝐹 (𝑡) = 𝛽𝐶𝐹 (𝑡)𝐼𝐶𝑁𝐹 − (𝜇𝐹 (𝑡) + 𝜂𝐹 )𝐼𝐹 ,

𝐸′
𝐷(𝑡) = 𝛽𝐹𝐷(𝑡)𝐼𝐹𝑁𝐷 − (𝜇𝐷 + 𝛾𝐷)𝐸𝐷,

𝐼 ′𝐿𝐷(𝑡) = 𝑝𝐷𝛾𝐷𝐸𝐷 − (𝜇𝐷 + 𝜂𝐷)𝐼𝐷,

𝐼 ′𝐻𝐷(𝑡) = (1 − 𝑝𝐷)𝛾𝐷𝐸𝐷(𝑡) − (𝜇𝐷 + 𝜎𝐷)𝐼𝐻𝐷,

𝐿′(𝑡) = 𝜃𝐷(𝑡)(1 − 𝜙𝐷)𝐼𝐿𝐷 + 𝜃𝐷(𝑡)𝐼𝐻𝐷 − 𝜇𝐿(𝑡)𝐿.

(A.1)

We can write linear system (A.1) as 
𝑑𝑢
𝑑𝑡

= [𝐹 (𝑡) − 𝑉 (𝑡)]𝑢(𝑡), (A.2)

for all 𝑡 ≥ 0, where 𝑢(𝑡) is a column vector of variables representing infected compartments; i.e., 𝑢(𝑡) = (𝐸𝐶 (𝑡), 𝐼𝐶 (𝑡), 𝐼𝐹 (𝑡), 𝐸𝐷(𝑡), 𝐼𝐿𝐷(𝑡),
𝐼𝐻𝐷(𝑡)). 𝐹 (𝑡) and 𝑉 (𝑡) are given by 

𝐹 (𝑡) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 0 0 0 𝛽𝐿𝐶 (𝑡)𝑁𝐶
0 0 0 0 0 0 0
0 𝛽𝐶𝐹 (𝑡)𝑁𝐹 0 0 0 0 0
0 0 𝛽𝐹𝐷(𝑡)𝑁𝐷 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (A.3)

and 

𝑉 (𝑡) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜇𝐶 (𝑡) + 𝛾𝐶 0 0 0 0 0 0
−𝛾𝐶 𝜇𝐶 (𝑡) 0 0 0 0 0
0 0 𝜇𝐶 (𝑡) + 𝜂𝐹 0 0 0 0
0 0 0 𝜇𝐷 + 𝛾𝐷 0 0 0
0 0 0 −𝑝𝐷𝛾𝐷 𝜇𝐷 + 𝜂𝐷 0 0
0 0 0 −(1 − 𝑝𝐷)𝛾𝐷 0 𝜇𝐷 + 𝜎𝐷 0
0 0 0 0 𝜃𝐷(𝑡)(1 − 𝜙𝐷) 𝜃𝐷(𝑡) 𝜇𝐿(𝑡)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (A.4)

Let 𝛷𝑉 (𝑡) and 𝜌(𝛷𝑉 (𝜔)) be the monodromy matrix of the linear 𝜔-periodic system 𝑢𝑡 = 𝑉 (𝑡)𝑢 and the spectral radius of 𝛷𝑉 (𝜔), 
respectively. Let 𝑌 (𝑡, 𝑠), 𝑡 ≥ 𝑠, be the evolution of the linear periodic system 𝑑𝑦𝑑𝑡 = 𝑉 (𝑡)𝑦. That is, for each 𝑠 ∈ R, the 7 × 7 matrix 
𝑌 (𝑡, 𝑠) satisfies

𝑑
𝑑𝑡
𝑌 (𝑡, 𝑠) = 𝑉 (𝑡)𝑌 (𝑡, 𝑠), ∀𝑡 ≥ 𝑠, 𝑌 (𝑠, 𝑠) = 𝐼,

where 𝐼 is the 7 × 7 identity matrix.
Let 𝐶𝜔 be the ordered Banach space of all 𝜔−periodic functions from R to R7, equipped with the maximum norm ‖ ⋅ ‖ and the 

positive cone 𝐶+
𝜔 ∶= {𝜙(𝑡) ≥ 0,∀𝑡 ∈ R}. It follows from Wang and Zhao (2008) [33] that 𝜙(𝑠) ∈ 𝐶𝜔 represents the initial distribution 

of infectious host and vector. Then 𝐹 (𝑠)𝜙(𝑠) is the distribution of new infections generated by the infectious larvae, intermediate 
and definitive host who were introduced at time 𝑠 and remain in the infectious compartment at time 𝑡. It follows that

𝜓(𝑡) ≡ ∫

𝑡

−∞
𝑌 (𝑡, 𝑠)𝐹 (𝑠)𝜙(𝑠)𝑑𝑠 = ∫

∞

0
𝑌 (𝑡, 𝑡 − 𝑎)𝐹 (𝑡 − 𝑎)𝜙(𝑡 − 𝑎)𝑑𝑎,

is the distribution of cumulative infections at time 𝑡 produced by L1 larvae, intermediate and definitive host 𝜙(𝑠) introduced at 
previous time to 𝑡.

Let a linear operator  ∶ 𝐶𝜔 → 𝐶𝜔 be defined by

(𝐿̃𝜙)(𝑡) = ∫

∞

0
𝑌 (𝑡, 𝑡 − 𝑎)𝐹 (𝑡 − 𝑎)𝜙(𝑡 − 𝑎)𝑑𝑎, ∀𝑡 ∈ R, 𝜙 ∈ 𝐶𝜔.

The operator  can be called the next-infection operator, and its spectral radius 𝜌() can be defined as the basic reproduction number 
for system (2.3)

𝑅0 = 𝜌(). (A.5)
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In order to estimate 0 in the periodic case, following Wang and Zhao (2008) [33], we let 𝑈 (𝑡, 𝜆) be the monodromy matrix of the 
following linear-periodic system

𝑑𝑈
𝑑𝑡

=

(

𝐹 (𝑡)
𝜆

− 𝑉 (𝑡)

)

𝑈 (𝑡),

with parameter 𝜆 ∈ (0,∞). Thus, we have the following results. 

Lemma A.1 (Theorem 2.1 in Wang and Zhao [33]). The following statements are valid.
(i) If 𝜌(𝑈 (𝜔, 𝜆)) = 1 has a positive root 𝜆0, then 𝜆0 is an eigenvalue of , and hence 0 = 0.
(ii) If 𝑅0 > 0, then 𝜆 = 𝑅0 is the unique root of 𝜌(𝑈 (𝜔, 𝜆)) = 1.
(iii) 𝑅0 = 0 if and only if 𝜌(𝑈 (𝜔, 𝜆)) < 1 for all 𝜆 > 0.

It follows from Lemma  A.1 that 0 is the unique solution of 𝜌(𝑈 (𝜔, 𝜆)) = 1. The basic reproduction number in Eq.  (A.5) can 
be numerically evaluated by utilizing the method described in [34]. On the local asymptotic stability of the disease-free periodic 
solution, the following results can be deduced from Theorem 2.2 in Wang and Zhao [33]. 

Lemma A.2 (Theorem 2.2 in Wang and Zhao [33]). The following statements are valid:
(i) 0 = 1, if and only if 𝜌(𝛷𝐹−𝑉 (𝜔)) = 1;
(ii) 0 > 1, if and only if 𝜌(𝛷𝐹−𝑉 (𝜔)) > 1;
(iii) 0 < 1, if and only if 𝜌(𝛷𝐹−𝑉 (𝜔)) < 1. 

Therefore, we can conclude that 0 is locally asymptotically stable if 0 < 1 and unstable if 0 > 1, where 𝛷𝐹−𝑉 (𝑡)(𝜔) is 
the monodromy matrix of the linear periodic system (2.3). Furthermore, by closely following the next-generation-matrix approach 
presented in [35], one can easily verify that the time-average reproduction number of model (2.3) is 

0 =
3
√

0𝐿𝐷 +0𝐻𝐷, (A.6)

where

0𝐿𝐷 =
𝑝𝐷(1 − 𝜙𝐷)𝜃̄𝐷

𝜇̄𝐿

(

𝛽𝐹𝐷𝛾𝐷𝑁𝐷
(𝛾𝐷 + 𝜇𝐷)(𝜂𝐷 + 𝜇𝐷)

)(

𝛽𝐿𝐶𝛾𝐶𝑁𝐶
(𝛾𝐶 + 𝜇̄𝐶 )𝜇̄𝐶

)(

𝛽𝐶𝐹𝑁𝐹
(𝜂𝐹 + 𝜇̄𝐹 )

)

,

0𝐻𝐷 =
(1 − 𝑝𝐷)𝜃̄𝐷

𝜇̄𝐿

(

𝛽𝐹𝐷𝛾𝐷𝑁𝐷
(𝛾𝐷 + 𝜇𝐷)(𝜎𝐷 + 𝜇𝐷)

)(

𝛽𝐿𝐶𝛾𝐶𝑁𝐶
(𝛾𝐶 + 𝜇̄𝐶 )𝜇̄𝐶

)(

𝛽𝐶𝐹𝑁𝐹
(𝜂𝐹 + 𝜇̄𝐹 )

)

.

The terms 0𝐿𝐷 and 0𝐻𝐷 show the contribution of lightly infected and heavily infected dogs to the generation of secondary 
infections.

A.2. Global stability of the disease-free equilibrium

In this section, we aim to study the global dynamics of the disease-free equilibrium 0. From the second, fifth and seventh 
equations of system (2.1) one can easily verify that 

𝑆′
𝐶 (𝑡) ≤ 𝜇𝐶 (𝑡)𝑁𝐶 − 𝜇𝐶 (𝑡)𝑆𝐶 , 𝑆′

𝐹 (𝑡) ≤ 𝜇𝐹 (𝑡)𝑁𝐹 − 𝜇𝐹 (𝑡)𝑆𝐹 , 𝑆′
𝐷(𝑡) ≤ 𝜇𝐷𝑁𝐷 − 𝜇𝐷𝑆𝐷. (A.7)

Recall that any nonnegative solution (𝑆𝐶 (𝑡), 𝑆𝐹 (𝑡), 𝑆𝐷(𝑡)) of model (2.3) approaches (𝑁𝐶 , 𝑁𝐹 , 𝑁𝐷) as 𝑡 → ∞. Utilizing the standard 
comparison theorem (see, e.g., [36, Theorem A.4]), it follows that for any 𝜖 > 0, there is a 𝑇 > 0 such that: 

𝑆𝐶 (𝑡) < 𝑁𝐶 + 𝜖, 𝑆𝐹 (𝑡) < 𝑁𝐹 + 𝜖, 𝑆𝐷(𝑡) < 𝑁𝐷 + 𝜖, for 𝑡 > 𝑇 . (A.8)

Thus, for 𝑡 > 𝑇 , we have 
𝐸′
𝐶 (𝑡) ≤ 𝛽𝐿𝐶 (𝑡)𝐿(𝑁𝐶 + 𝜖) − (𝜇𝐶 (𝑡) + 𝛾𝐶 )𝐸𝐶 ,

𝐼 ′𝑐 (𝑡) ≤ 𝛾𝐶𝐸𝐶 − 𝜇𝐶 (𝑡)𝐼𝐶 ,

𝐼 ′𝐹 (𝑡) ≤ 𝛽𝐶𝐹 (𝑡)𝐼𝐶 (𝑁𝐹 + 𝜖) − (𝜇𝐹 (𝑡) + 𝜂𝐹 )𝐼𝐹 ,

𝐸′
𝐷(𝑡) ≤ 𝛽𝐹𝐷(𝑡)𝐼𝐹 (𝑁𝐷 + 𝜖) − (𝜇𝐷 + 𝛾𝐷)𝐸𝐷,

𝐼 ′𝐿𝐷(𝑡) ≤ 𝑝𝐷𝛾𝐷𝐸𝐷 − (𝜇𝐷 + 𝜂𝐷)𝐼𝐷,

𝐼 ′𝐻𝐷(𝑡) ≤ (1 − 𝑝𝐷)𝛾𝐷𝐸𝐷 − (𝜇𝐷 + 𝜎𝐷)𝐼𝐻𝐷,

𝐿′(𝑡) ≤ 𝜃𝐷(𝑡)(1 − 𝜙𝐷)𝐼𝐿𝐷 + 𝜃𝐷(𝑡)𝐼𝐻𝐷 − 𝜇𝐿(𝑡)𝐿.

(A.9)
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Define

𝐹𝜖(𝑡) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 0 0 0 𝛽𝐿𝐶 (𝑡)(𝑁𝐶 + 𝜖)
0 0 0 0 0 0 0
0 𝛽𝐶𝐹 (𝑡)(𝑁𝐹 + 𝜖) 0 0 0 0 0
0 0 𝛽𝐹𝐷(𝑡)(𝑁𝐷 + 𝜖) 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

By [33, Theorem 2.2], we have 𝑅0 < 1 ⟺ 𝜌(𝜙𝐹−𝑉 (𝜔)) < 1, where 𝜌(𝜙𝐹−𝑉 (𝜔)) is the spectral radius of 𝜙𝐹−𝑉 (𝜔) and 𝜙𝐹−𝑉 (𝜔) is the 
monodromy matrix of the linear 𝜔-periodic system 𝑑𝑦∕𝑑𝑡 = (𝐹 −𝑉 )𝑦. Then we can set 𝜖 sufficiently small such that 𝜌(𝜙𝐹𝜖−𝑉 (𝜔)) < 1. 
Consequently, the trivial solution (0, 0, 0, 0, 0, 0, 0) of the following linear 𝜔-periodic system 

𝐸′
𝑐 (𝑡) = 𝛽𝐿𝐶 (𝑡)𝐿(𝑁𝐶 + 𝜖) − (𝜇𝐶 (𝑡) + 𝛾𝐶 )𝐸𝐶 ,

𝐼 ′𝑐 (𝑡) = 𝛾𝐶𝐸𝐶 − 𝜇𝐶 (𝑡)𝐼𝐶 ,

𝐼 ′𝐹 (𝑡) = 𝛽𝐶𝐹 (𝑡)𝐼𝐶 (𝑁𝐹 + 𝜖) − (𝜇𝐹 (𝑡) + 𝜂𝐹 )𝐼𝐹 ,

𝐸′
𝐷(𝑡) = 𝛽𝐹𝐷(𝑡)𝐼𝐹 (𝑁𝐷 + 𝜖) − (𝜇𝐷 + 𝛾𝐷)𝐸𝐷,

𝐼 ′𝐿𝐷(𝑡) = 𝑝𝐷𝛾𝐷𝐸𝐷 − (𝜇𝐷 + 𝜂𝐷)𝐼𝐷,

𝐼 ′𝐻𝐷(𝑡) = (1 − 𝑝𝐷)𝛾𝐷𝐸𝐷 − (𝜇𝐷 + 𝜎𝐷)𝐼𝐻𝐷,

𝐿′(𝑡) = 𝜃𝐷(𝑡)(1 − 𝜙𝐷)𝐼𝐿𝐷 + 𝜃𝐷(𝑡)𝐼𝐻𝐷 − 𝜇𝐿(𝑡)𝐿,

(A.10)

is globally asymptotically stable. Once again, making use of the comparison theorem leads to 𝐸𝐶 (𝑡) → 0, 𝐼𝐶 (𝑡) → 0, 𝐼𝐹 (𝑡) → 0, 
𝐸𝐷(𝑡) → 0, 𝐼𝐿𝐷(𝑡) → 0, 𝐼𝐻𝐷(𝑡) → 0 as 𝑡 → ∞ for 𝑖 = 1, 2. Finally, the second, fifth and seventh equations of system (2.3) imply that 
𝑆𝐶 (𝑡) → 𝑆0

𝐶 (𝑡), 𝑆𝐹 (𝑡) → 𝑆0
𝐹 (𝑡) and 𝑆𝐷(𝑡) → 𝑆0

𝐷 as 𝑡 → ∞. This completes the proof.

A.3. Existence of positive periodic solutions

Our main concern in the present section will be to investigate the dynamics of the system (2.3) whenever 0 > 1. In particular, 
we will demonstrate that if 0 > 1, the GW infection persists and there exists a positive periodic solution. By closely following the 
approach in [37], we define

𝑋 = R10
+ ; 𝑋0 = R3

+ × Int(R+)7; 𝜕𝑋0 = 𝑋∖𝑋0.

Let 𝑃 ∶ 𝑋 ⟶ 𝑋 be the Poincaré map associated with our system (2.3) such that 𝑃 (𝑥0) = 𝑢(𝜔, 𝑥0) ∀𝑥0 ∈ 𝑋, where 𝑢(𝑡, 𝑥0) denotes 
the unique solution of the system with 𝑢(0, 𝑥0) = 𝑥0. 

Definition A.1.  The solutions of system (2.3) are said to be uniformly persistent if there exists some 𝜂 > 0 such that
lim inf
𝑡→∞

𝑆𝐶 (𝑡) ≥𝜂, lim inf
𝑡→∞

𝐸𝐶 (𝑡) ≥𝜂, lim inf
𝑡→∞

𝐼𝐶 (𝑡) ≥𝜂, lim inf
𝑡→∞

𝑆𝐹 (𝑡) ≥𝜂, lim inf
𝑡→∞

𝐼𝐹 (𝑡) ≥𝜂,

lim inf
𝑡→∞

𝑆𝐷(𝑡) ≥𝜂, lim inf
𝑡→∞

𝐸𝐷(𝑡) ≥𝜂, lim inf
𝑡→∞

𝐼𝐿𝐷(𝑡) ≥𝜂, lim inf
𝑡→∞

𝐼𝐻𝐷(𝑡) ≥𝜂, lim inf
𝑡→∞

𝐿(𝑡) ≥𝜂,

whenever 𝑆𝐶 (0) > 0, 𝐸𝐶 (0) > 0, 𝐼𝐶 (0) > 0, 𝑆𝐹 (0) > 0, 𝐼𝐹 (0) > 0, 𝑆𝐷(0) > 0, 𝐸𝐷(0) > 0, 𝐼𝐿𝐷(0) > 0, 𝐼𝐻𝐷(0) > 0, 𝐿(0) > 0.

Let us define
𝑀𝜕 = {(𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0))

∈ 𝜕𝑋0 ∶ 𝑃𝑚(𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0))

∈ 𝜕𝑋0, ∀𝑚 ≥ 0},

and 
𝑀𝜕 = {(𝑆𝐶 (0), 𝑆𝐷(0), 𝑆𝐹 (0), 0, 0, 0, 0, 0, 0, 0) ∶ 𝑆𝐶 ≥ 0, 𝑆𝐹 ≥ 0, 𝑆𝐷 ≥ 0}. (A.11)

We first show that 
𝑀𝜕 =𝑀𝜕 . (A.12)

It follows that 𝑀𝜕 ⊇ 𝑀𝜕 . Consider any initial values (𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0)) ∈
𝜕𝑋0∖𝑀𝜕 . If 𝐸𝐶 (0) = 𝐼𝐶 (0) = 𝐼𝐹 (0) = 0, 𝐸𝐷(0) = 𝐼𝐿𝐷(0) = 𝐼𝐻𝐷(0) = 0 and 𝐿(0) > 0, we have 𝐸′

𝐶 (0) > 0. In a similar 
manner, one can easily demonstrate that 𝐼 ′𝐹 (0) > 0, 𝐸′

𝐷(0) > 0 𝐼 ′𝐿𝐷(0) > 𝐼 ′𝐻𝐷(0) > 0 and 𝐿′(0) > 0. Therefore, it follows that 
(𝑆𝐶 (𝑡), 𝐸𝐶 (𝑡), 𝐼𝐶 (𝑡), 𝑆𝐹 (𝑡), 𝐼𝐹 (𝑡), 𝑆𝐷(𝑡), 𝐸𝐷(𝑡), 𝐼𝐿𝐷(𝑡), 𝐼𝐻𝐷(𝑡), 𝐿(𝑡)) ∉ 𝜕𝑋0 for 0 < 𝑡 ≪ 1. The positive invariance of 𝑋0 implies that 
𝑀𝜕 =𝑀𝜕 ; hence, Eq. (A.12) holds.

Now, let us consider the fixed point 𝑀0 =
(

𝑆0
𝐶 (𝑡), 0, 0, 𝑆

0
𝐹 (𝑡), 0, 𝑆

0
𝐷, 0, 0, 0, 0

) and define 𝑊 𝑆 (𝑀0) = {𝑥0 ∶ 𝑃𝑚(𝑥0) → 𝑀0, 𝑚 → ∞}. 
From system (2.3), one can deduce that when 𝐸𝐶 = 𝐼𝐶 = 𝐼𝐹 = 𝐸𝐷 = 𝐼𝐿𝐷 = 𝐼𝐻𝐷 = 𝐿 = 0, we have 𝑆𝐶 (𝑡) → 𝑆0

𝐶 (𝑡), 𝑆𝐹 (𝑡) → 𝑆0
𝐹 (𝑡), 

𝑆𝐷(𝑡) → 𝑆0
𝐷 as 𝑡 → ∞. We demonstrate that 

𝑊 𝑆 (𝑀0) ∩𝑋0 = ∅. (A.13)
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Let ‖ ⋅‖ denote a norm on R10
+ . Since all solutions of system (2.3) are continuous with respect to initial conditions, it follows that for 

any 𝜖 > 0, there exists 𝛿 > 0 small enough such that for all (𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0)) ∈ 𝑋0
with ∥ (𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0)) −𝑀0 ∥≤ 𝛿, this gives 

‖𝑢(𝑡, (𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0))) − 𝑢(𝑡,𝑀0)‖ < 𝜖,

∀ 𝑡 ∈ [0, 𝜔].
(A.14)

We claim that

lim sup
𝑚→∞

‖𝑃𝑚(𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0)) −𝑀0‖ ≥ 𝛿,

∀ (𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0)) ∈ 𝑋0. (A.15)

One can demonstrate this claim by contradiction. Suppose 
lim sup
𝑚→∞

‖𝑃𝑚(𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0)) −𝑀0‖ < 𝛿, (A.16)

for some (𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0)) ∈ 𝑋0. Without loss of generality, we assume that 

‖𝑃𝑚(𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0)) −𝑀0‖ < 𝛿, ∀𝑚 ≥ 0. (A.17)

Thus, 
‖𝑢(𝑡, 𝑃𝑚(𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0))) − 𝑢(𝑡,𝑀0)‖ < 𝜖,

∀ 𝑡 ∈ [0, 𝜔], 𝑚 ≥ 0.
(A.18)

Moreover, for any 𝑡 ≥ 0, we can write 𝑡 = 𝑡′ + 𝑛𝜔 with 𝑡′ ∈ [0, 𝜔] and 𝑛 being the greatest integer less than or equal to 𝑡∕𝜔. Then we 
get 

‖𝑢(𝑡, (𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0))) − 𝑢(𝑡,𝑀0)‖

= ‖𝑢(𝑡′, 𝑃𝑚(𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0))) − 𝑢(𝑡′,𝑀0)‖ < 𝜖,
(A.19)

for any 𝑡 ≥ 0. Let 
(𝑆𝐶 (𝑡), 𝐸𝐶 (𝑡), 𝐼𝐶 (𝑡), 𝑆𝐹 (𝑡), 𝐼𝐹 (𝑡), 𝑆𝐷(𝑡), 𝐸𝐷(𝑡), 𝐼𝐿𝐷(𝑡), 𝐼𝐻𝐷(𝑡), 𝐿(𝑡))

= 𝑢(𝑡, (𝑆𝐶 (0), 𝐸𝐶 (0), 𝐼𝐶 (0), 𝑆𝐹 (0), 𝐼𝐹 (0), 𝑆𝐷(0), 𝐸𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿(0))).
(A.20)

It follows that
𝑆0
𝐶 (𝑡) − 𝜖 < 𝑆𝐶 (𝑡) < 𝑆

0
𝐶 (𝑡) + 𝜖, 𝑆0

𝐹 (𝑡) − 𝜖 < 𝑆𝐹 (𝑡) < 𝑆
0
𝐹 (𝑡) + 𝜖, 𝑆0

𝐷 − 𝜖 < 𝑆𝐷(𝑡) < 𝑆0𝐷 + 𝜖,

0 < 𝐸𝐶 (𝑡) < 𝜖, 0 < 𝐼𝐶 (𝑡) < 𝜖, 0 < 𝐼𝐹 (𝑡) < 𝜖, 0 < 𝐸𝐷(𝑡) < 𝜖, 0 < 𝐼𝐿𝐷(𝑡) < 𝜖, 0 < 𝐼𝐻𝐷(𝑡) < 𝜖,

0 < 𝐼𝐻𝐷(𝑡) < 𝜖.

Thus 
𝑑𝐸𝐶
𝑑𝑡

= 𝛽𝐿𝐶 (𝑡)𝐿𝑆𝐶 − (𝜇𝐶 (𝑡) + 𝛾𝐶 )𝐸𝐶

≥ 𝛽𝐿𝐶 (𝑡)𝐿(𝑁𝐶 − 𝜖) − (𝜇𝐶 (𝑡) + 𝛾𝐶 )𝐸𝐶
= −(𝜇𝐶 (𝑡) + 𝛾𝐶 )𝐸𝐶 + 𝛽𝐿𝐶 (𝑡)𝐿𝑁𝐶 − 𝛽𝐿𝐶 (𝑡)𝐿𝜖,

𝑑𝐼𝑐
𝑑𝑡

= 𝛾𝐶𝐸𝐶 − 𝜇𝐶 (𝑡)𝐼𝐶 ,

(A.21)

𝑑𝐼𝐹
𝑑𝑡

= 𝛽𝐶𝐹 (𝑡)𝐼𝐶𝑆𝐹 − (𝜇𝐹 (𝑡) + 𝜂𝐹 )𝐼𝐹

≥ 𝛽𝐶𝐹 (𝑡)𝐼𝐶 (𝑁𝐹 − 𝜖) − (𝜇𝐹 (𝑡) + 𝜂𝐹 )𝐼𝐹 ,

= −(𝜇𝐹 (𝑡) + 𝜂𝐹 )𝐼𝐹 + 𝛽𝐶𝐹 (𝑡)𝐼𝐶𝑁𝐹 − 𝛽𝐶𝐹 (𝑡)𝐼𝐶𝜖,
𝑑𝐸𝐷
𝑑𝑡

= 𝛽𝐹𝐷(𝑡)𝐼𝐹𝑆𝐷 − (𝜇𝐷 + 𝛾𝐷)𝐸𝐷,

≥ 𝛽𝐹𝐷(𝑡)𝐼𝐹 (𝑁𝐷 − 𝜖) − (𝜇𝐷 + 𝛾𝐷)𝐸𝐷
= −(𝜇𝐷 + 𝛾𝐷)𝐸𝐷 + 𝛽𝐹𝐷(𝑡)𝐼𝐹𝑁𝐷 − 𝛽𝐹𝐷(𝑡)𝐼𝐹 𝜖,

𝑑𝐼𝐿𝐷
𝑑𝑡

= 𝑝𝐷𝛾𝐷𝐸𝐷 − (𝜇𝐷 + 𝜂𝐷)𝐼𝐷,

𝑑𝐼𝐻𝐷
𝑑𝑡

= (1 − 𝑝𝐷)𝛾𝐷𝐸𝐷 − (𝜇𝐷 + 𝜎𝐷)𝐼𝐻𝐷,

𝑑𝐿
𝑑𝑡

= 𝜃𝐷(𝑡)(1 − 𝜙𝐷)𝐼𝐿𝐷 + 𝜃𝐷(𝑡)𝐼𝐻𝐷 − 𝜇𝐿(𝑡)𝐿,

(A.22)
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Hence we obtain 𝑢′(𝑡) ≥ [𝐹 − 𝑉 − 𝜖𝐾]𝑢(𝑡) where 𝑢(𝑡), 𝐹  and 𝑉  are given by (A.2) and 

𝜖 ⋅𝐾 = 𝜖 ⋅

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 0 0 0 𝛽𝐿𝐶 (𝑡)
0 0 0 0 0 0 0
0 𝛽𝐶𝐹 (𝑡) 0 0 0 0 0
0 0 𝛽𝐹𝐷(𝑡) 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (A.23)

Note that 𝑅0 > 1 if and only if 𝜌(𝛷𝐹−𝑉 (𝜔)) > 1. Thus, for 𝜖 > 0 small enough, we have 𝜌(𝛷𝐹−𝑉 −𝜖⋅𝐾 (𝜔)) > 1. Using Lemma  A.1 and 
the comparison principle, we immediately obtain

lim
𝑡→∞

𝐸𝐶 (𝑡) = ∞, lim
𝑡→∞

𝐼𝐶 (𝑡) = ∞, lim
𝑡→∞

𝐼𝐹 (𝑡) = ∞, lim
𝑡→∞

𝐸𝐷(𝑡) = ∞,

lim
𝑡→∞

𝐼𝐿𝐷(𝑡) = ∞, lim
𝑡→∞

𝐼𝐻𝐷(𝑡) = ∞, lim
𝑡→∞

𝐿(𝑡) = ∞,

which is a contradiction. Hence, 𝑀0 is acyclic in 𝑀𝜕 , and 𝑃  is uniformly persistent with respect to (𝑋0, 𝜕𝑋0), which implies the 
uniform persistence of the solutions in the original system [37]. Consequently, the Poincaré map 𝑃  has a fixed point (𝑆̃𝐶 (0), 𝐸̃𝐶 (0), 
𝐼𝐶 (0), 𝑆̃𝐹 (0), 𝐼𝐹 (0), 𝑆̃𝐷(0), 𝐸̃𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿̃(0)) ∈ 𝑋0 with 𝑆̃(0), 𝐻̃(0) ≠ 0. Thus, (𝑆̃𝐶 (0), 𝐸̃𝐶 (0), 𝐼𝐶 (0), 𝑆̃𝐹 (0), 𝐼𝐹 (0), 𝑆̃𝐷(0), 
𝐸̃𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿̃(0)) ∈ Int(R7

+) and
(𝑆̃𝐶 (𝑡), 𝐸̃𝐶 (𝑡), 𝐼𝐶 (𝑡), 𝑆̃𝐹 (𝑡), 𝐼𝐹 (𝑡), 𝑆̃𝐷(𝑡), 𝐸̃𝐷(𝑡), 𝐼𝐿𝐷(𝑡), 𝐼𝐻𝐷(𝑡), 𝐿̃(𝑡))

= 𝑢(𝑡, (𝑆̃𝐶 (0), 𝐸̃𝐶 (0), 𝐼𝐶 (0), 𝑆̃𝐹 (0), 𝐼𝐹 (0), 𝑆̃𝐷(0), 𝐸̃𝐷(0), 𝐼𝐿𝐷(0), 𝐼𝐻𝐷(0), 𝐿̃(0))) (A.24)

is a positive 𝜔-periodic solution of the system.

Data availability

No data was used for the research described in the article.
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