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ABSTRACT

Fixed point theory is a fundamental tool in nonlinear functional analysis. It has many
applications e.g. in Approximation theory, Optimisation theory, Variation inequalities,
Game theory and Economics etc. The fixed point theory is a powerful tool to determine
existence and uniqueness of the solutions of Differential equations, Integral equations,
Partial differential equations, Fractional differential equations, Matrix equations and
Functional equations. A fixed point problem can be stated as follows: Let X be a
non-empty set and 7 : X — X be a mapping. A point x € X is a fixed point or invariant
point of the mapping 7 if 7x = x. Does a fixed point exist for every map? Moreover,
if such a point exists, is it unique, and how can we find it? We can distinguish three
major approaches in fixed point theory: metric approach, topological approach, and
discrete approach. Historically, these approaches were initiated by the discovery of
major theorems: Brouwer fixed point theorem, Banach fixed point theorem, and Tarski
fixed point theorem. In this thesis, we are concerned with the second approach, the
metric fixed point theory. Fixed point theory and Banach contraction principle have
been studied and generalised in different spaces, and various fixed-point theories were
developed. Hence, this study investigated the fixed point theorems for various types
of constructive mappings in various abstract spaces. The Banach contraction method
has been used to obtain the fixed point theorems and their applications to ordinary and
fractional differential equations. This study showed several ways to construct, extend,
formulate, prove, and generalise fixed point theorems in abstract spaces using various
maps, i.e., single valued maps, multivalued maps, hybrid maps and implicit maps. Also,
the generalisation is done by considering relatively large classes of abstract spaces;
Cone metric space, b-metric space, partial b-metric spaces, metric-like spaces, partial
metric spaces, quasi partial S,-metric-like spaces, and G-metric spaces. Finally, the
proofs of the results are established by finding coincidence points or common fixed

points.
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CHAPTER ONE

INTRODUCTION

The study of fixed points has attracted the interests of a number of researchers from
different areas over the past century. Fixed point theory is a fascinating area of research
for the researches studying non linear phenomena. It has many applications to the
nonlinear functional analysis, Approximation theory, Optimization Theory (Saddle
function), Variation inequalities, Game theory (Nash equilibrium) and Economics
(Black Scholes theorem). Fixed point theory is quite and sequel in the existing theory
of Differential, Integral, Partial, Fractional differential and functional equations. Fixed
point theory as well as Banach contraction principle have been studied and generalised

in different spaces and various fixed point theorems are developed.

1.1 General Introduction

Nonlinear analysis is a significant branch of mathematics wherein fixed point theory lies
in its heart. Indeed, fixed point theory offers an elementary, vigorous and effective tool
for nonlinear analysis. Moreover, it has fruitful applications in mathematics and many
other various science disciplines. Consequently, this theory has gained a remarkable
scope of research and attracted many researchers leading the development of this theory
in several directions. The strength of the fixed point theory lies in its wide variety of
applications. Indeed, fixed point theory is a powerful tool to determine the existence and
uniqueness theories of functional equations, integral equations, matrix equations, ordi-
nary as well as partial differential equations, random differential equations, variational
inequalities, etc., besides facilitating various problems arising in different domains,
such as approximation theory, differential geometry, eigenvalue problems, functional

analysis, operator theory and topology.

The fixed point theory deals with various mathematical models representing phenomena
arising in chemical equations, control theory, electrical heating in Joule-Thomson

effect, equilibrium points in economics, fluid flow, fractal theory, Nash equilibrium in



game theory, neutron transport theory, optimisation theory, potential theory, probability
theory, steady-state temperature distribution, etc. Moreover, many practical and research
problems in various fields beyond mathematics can reduce to fixed point problems,
which include biology, chemistry, computer science, economics, engineering, global
analysis statistics, operations research, physics, etc. Though the existence or non-
existence of a fixed point is an intrinsic property of a mapping, there do exist many
necessary or sufficient conditions for the existence of fixed points involving a mixture

of topological, order-theoretic or geometric properties on the mapping or its domain.

Several mathematical problems arising in different areas of non-linear analysis, such as
Functional analysis, Approximation theory, Optimisation theory, Variation inequalities,

Game theory and Economics, can be modelled by the equation
x = T, (1.1)

where i =0,1,2,..., T is generally a non linear operator and x, an element of metric
space X. The solutions to this equation are fixed points of 7 and the theorems concerning

the existence and properties of fixed points are known as fixed point theorems.

Such theorems have broad applications in proving the existence and uniqueness of the
solutions of nonlinear functions such as Differential, Integral, Partial and Functional
Equations and in several branches of analysis, topology, biological science, chemistry,

physics and many other applied sciences in various abstract spaces (Conrad 2009).

A fixed point of a self mapping 7 : X — X is a point x € X such that 7x = x. A mapping
can have one or more than one fixed point, for example, a function 7 : [0,1] — [0, 1]
defined by Tx = x* has two fixed points. That is, x = 0 and x = 1 are fixed points
of T since T0 =0 and 71 = 1. Also, not every map needs to have a fixed point. For
example, a translation map does not have a fixed point. In this study, we are interested

in the map having one and a unique fixed point.

Historically, the roots of fixed point theory referred to mathematical activities of great
mathematicians, namely: Liouville (1834), Cauchy (1840), Poincare (1886), Lipschitz
(1877), Peano (1890), Picard (1890) and some others. The initiation of fixed theory



can be traced back formally to the beginning of the twentieth century in the pioneering

article of the Dutch mathematician Brouwer (1912).

The study of fixed point theorems is mainly divided into three main areas (Chetan 2017,

Agarwal et al. 2018):

(i) Topological fixed point theorems — Non-constructive,

(i) Metric fixed point theorems = Constructive,

(111) Discrete fixed point theorems = Non-constructive.

These approaches were initiated by discovering three significant theorems: Brouwer

fixed point theorem, Banach fixed point theorem, and Tarski’s fixed point theorem.

Brouwer (1912) stated a fixed point theorem for topological spaces, which is as follows:

Theorem 1.1 (Brouwer 1912) Let B be a closed ball in R". Then any continuous
mapping T : B — B has at least one fixed point.

Brouwer’s fixed point theorem asserts the existence of a fixed point whenever B is
the unit ball in R"” and T is continuous. Where the spaces are subsets of R”, are not
of much use in nonlinear functional analysis where one is generally concerned with
infinite-dimensional subsets of some function spaces. However, several researchers
gave extensions and proof of this theorem of topological nature. The first extension
was investigated by Birkhoff and Kellogg (1922). Later, Schauder (1930) extended
Brouwer’s theorem to the case where X is a compact and convex subset of a normed
linear space, where the fixed point lies in the space of functions, and this point may
be a function that solves a nonlinear integral equation or partial differential equation.
This theorem was extended to locally convex topological vector spaces by (Tychonoff
1935). Note that Birkhoff-Kellogg (1922), Schauder (1930), and Tychonoff (1935)
applied their results in the existence of solutions of differential and integral equations.
Further, these results were extended by Kakutani (1941). Brouwer’s theorem applies

to continuous point-to-point functions. Kakutani dealt with set-valued functions; i.e.,



point-to-set functions. However, the theorem can not tell about the uniqueness and

determination of the solution.

Tarski (1955) formulated and proved an elementary fixed point theorem in arbitrary
complete lattices. It is one of the essential results in lattice theoretic fixed point theory
because of its wide range of applications in theories of ordered sets, real functions,
Boolean algebra, as well as general set theory and topology. However, the proofs in all

articles, as mentioned earlier, were non-constructive.

In this study, we are interested in the second approach, the metric fixed point theory.
Metric fixed point theory is a sub-branch of fixed point theory containing methods and
results that involve properties of an essentially isometric nature. The first result of this
setting was introduced by the Polish mathematician Banach (1922). His result oftenly
referred as the "Banach contraction principle" (BCP). This principle ensures a unique
fixed point for every contraction mapping defined on a complete metric space. Though
the Banach contraction principle is straightforward and natural, the involved condition
of contraction is very restrictive. Nevertheless, it is one of the most important and

valuable results in the metric fixed point theory with constructive proof.

There are several methods in functional analysis which are applied in solving different
mathematical problems; one of them, which is very popular and most used, is the
fixed point method. The method uses the Banach contraction principle and the Picard

iteration procedure to obtain solutions.

The contractions mapping are of fundamental importance for analysis and essential tools
for proving the existence of the solution of ODE. To present the Banach contraction

principle, we need to introduce the concept of Lipschitz mappings.

Definition 1.1 (Banach 1922) Let (X,d) be a metric space. A mapping T : X — X is
said to be Lipschitzian if there exist a constant o0 > 0 (called Lipschitz constant) such
that

d(Tx,Ty) < ad(x,y),¥V x,y € X. (1.2)

A condition of type (1.2) is called Lipschitz condition, where a. > 0 and o is called



Lipschitz constant. Contractions are Lipschitz maps with a Lipschitz constant less than
1.

Consider X = [0,1]. A mapping T : X — X with the usual metric d. Defined as
d(x,y) = |x—yl|, ¥ x,y € X. To see this, consider the equation x> +x*> — 7x+2 = 0 for
0 <x <1, itis easy to show that the equation is a contraction and has only one fixed

point. The equation can be written in the form of fixed point, that is x = T'x
1
x = §(x3—|—x2+2). (1.3)
Define a mapping 7" by Tx = %(x3 + x> +2), we have
1
Tx = 7()63 +x242).

Using (1.3), we get

1 1
dTxTy) < |50+ +2) =207+ +2),

< Hoopaiog]
1 2 2

< 7 (x—y)(x"+xy+y +x+y)|,
L 12 2

< 7x ylx“+xy+y +x+y|,
1 2 2

< 7d(x,y)1 +1x14+174+1+1],
1

S ?d(xvy)‘5|a
5

S 7d(x7y)7

which shows that T'x is a contraction mapping with a Lipschitz constant % Since % < 1.

Therefore, T has a fixed point.

Banach (1922) established a fixed point theorem for single-valued contractive mappings
in metric spaces, which is known as Banach contraction principle (BCP), stated as

follows:

Definition 1.2 (Banach 1922) Let (X,d) be a metric space. A mapping T : X — X is
said to be a contraction if there is k € [0, 1) such that

d(Tx,Ty) < kd(x,y),Vx,y€X. (1.4)



Theorem 1.2 (Banach 1922) Let (X ,d) be a complete metric space and T : X — X a
contraction mapping. Then T has a unique fixed point or Tx = x has a unique solution.

Furthermore, the Banach contraction principle guarantees that the Picard sequence of
T based at any point converges to the fixed point, i.e., starting at any point xg € X, the
repeated iterations of the mapping at xg yields a sequence that converges to the unique
fixed point of T'. The advantage of this principle is that its hypothesis is very simple and
always gives a unique fixed point that can be determined using a constructive method.
The only disadvantage attached to this principle is that assuming the mapping to be
contraction forces the mapping 7 to be continuous at each point of the space. However,
this principle is widely considered as the source of metric-theoretical fixed point theory

and one of the most fundamental and powerful tools of nonlinear analysis.

In general, the Banach fixed point theorem and its generalisation does not only claim
the existence and uniqueness but also yields an algorithm for finding it. There are five

basic steps to follow in proving the results:

(1) Construct picard iteration of a described sequence.

u, = T"uy.

(i) Apply the contraction mapping (Given/extended).
(iii) Convert the iterated sequence {u,} to be a Cauchy sequence.

(iv) Since X is complete, {u,} converges to say u*. Now we have to prove that u* is a

fixed point of the operator T, i.e., Tu* = u*.

(v) Proving the uniqueness: To prove the uniqueness, we assume that v* is another
fixed point of the operator 7', i.e., Tv* = v*. Apply to the given contraction to

prove that u* = v*. Hence u™* is unique fixed point of the operator T'.

The Banach contraction principle (BCP) is a constructive structure. That is,



X T Tx d(x7Y)7d(x> Tx),d(y,Ty),d(x, Ty)
y Ty d(y,Tx),d(Tx,Ty)

The custom of improving contraction conditions in fixed point theory is still in demand.
The motivation of this study is to prove, extend, improve and generalise various types of
constructive mappings in abstract spaces with some applications to fractional differential
equations and ordinary differential equations by using the Banach contraction principle

method.

1.2 Statement of the Problem

Metric fixed point theory comprises such fixed point results wherein geometric prop-
erties on the abstract space and underlying mapping are effectively utilised. This type
of research is relatively not new, but still a new area of study. Although a substantial
number of definitive results have already been discovered, many others are still open.
In addition, there are many questions awaiting answers regarding the limits to which
the theory may extend. Some of these questions are merely tantalising, while others

suggest substantial new avenues of research.

In answering some of these questions, Poincare (1886) was the first to work in this field
and proved the fixed point theorem for a function f(x) = x. Fréchet (1906) introduced
the study of metric fixed point theory in abstract spaces. Then, Brouwer (1912), proved
fixed point theorem for the function f(x) = x in R?. He also proved the fixed point
theorem for a square, a sphere and their n-dimensional counterparts, further extended
by Kakutani (1941). Brouwer’s theorem applies to continuous point-to-point functions.
Kakutani deals with set-valued function; i.e., point-to-set functions. However, the

theorem can not tell about the uniqueness and determination of the solution.

Banach (1922) established the contraction mapping principle in metric space, where he
proved the existence and uniqueness of a fixed point (f(x) = x). The fixed point theory,

as well as the Banach contraction principle, has been studied and generalised by several



authors in different abstract spaces, namely; Kannan (1968), Nadler (1969), Jungck
(1976), Sessa (1982), Khan 1984, Czerwik (1993), Matthew (1994), Popa (1997),
Aamri and Moutawakil (2002), Nieto and Rodrigurz-Lopez (2005), Kaewcharoen and
Kaewkhao (2011), Situnavarnt and Kumam (2011), Aydi et al. (2012), Wardowski
(2012), Ansari (2014) and many others.

The importance of these generalisations shows that the quantity and diversity of such
metric fixed point theory are constantly increasing due to the discovery of a new system
of equations in different dynamic systems. Motivated by all of the above types of
generalisations of Banach contraction principle, This study intends to investigate some
fixed (coincidence) point theorems for various types of constructive mappings in abstract

spaces.

Specifically, we improve some of the following works: Morandi and Alimohammadi
(2011), Imdad et al. (2014), Ahmadullah et al. (2016), Ali and Kamran (2016), Gopal
et al. (2017), Qawaqgneh et al. (2019), Eke et al. (2019), Batra et al. (2020), Rao et
al. (2020), Aserkar and Gandhi (2020), Shoib et al. (2020), Kanwal et al. (2020),
Karapinar et al. (2020), Gauntam and Verma (2021).

The study will generalise and improve some of the existing fixed point theorems in
the literature using the Banach contraction principle concept. Also, we give some
applications to nonlinear fractional differential equations, mixed Volterra-Fredholm

integral equations and ordinary differential equations.

1.3 Research Objectives

This research aimed to construct, extend, prove and generalise fixed point and common
fixed point theorems using various types of contractive mappings with some applications

in abstract spaces.

The specific objectives of this study were as follows:

(1) To construct and prove common fixed point theorems for F'-Kannan contraction



mapping and F-Kannan Suzuki mappings in generalised metric spaces with some

applications to fractional differential equations.

(i) To extend and prove fixed point theorems for multi-valued contractive mappings,
in partial metric space and b-metric space with some applications to Volterra

integral equations and ordinary differential equations.

(iii) To prove fixed point theorems for hybrid pairs for non-self mappings in weak
partial b-metric space and p-hybrid mappings using common limit range property

in G-metric space with some applications to hybrid differential equations.

(iv) To formulate and prove common fixed point theorems for implicit mappings
in metric-like space and quasi-S, metric space with some applications to the

integral-differential equation and second-order differential equations.

1.4 Research Questions

The following research questions were used to guide this study:

(1) What are sufficient conditions to construct and prove a fixed point theorem for a

single-valued map and give new results by extending the structure of the space?

(i) What are the properties of the new extended fixed point theorems for multi-valued

maps on abstract spaces equivalent to previously known spaces?

(iii)) How can a fixed point theorem for hybrid maps on a new generalised metric space

be directly obtained from a fixed point theorem or a known metric space?

(iv) How can we formulate and prove fixed point theorems for implicit maps by
weakening the contraction condition of the map and giving a sufficiently rich
structure of the space to compensate for the relaxation of the contraction condition

be valuable?
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1.5 Significance of the Study

Researchers have generated many fixed point theorems for various types of contractive
mappings in abstract spaces. In this work we have generated various theorems for
applying fixed point theorems in differential equations, integral equations, and fractional

differential equations.

There are some fixed point theorems for non-self mappings using (JCLR) property much
broader than that of self mappings theorems. The developed theorems for non-self
mappings also apply to self mappings. However, there is a scope for research on fixed

point theorems dealing with non-self mappings in abstract spaces.

This research aims to address some of these issues. In doing so, this study contributes to
the knowledge and understanding of fixed point theory in abstract spaces. The findings
of this study are expected to fill the gaps of the existing knowledge and benefit society
at large; specifically, the paper produced will motivate more research to work on this
field of study. Due to its wide applications in nonlinear analysis such as control theory,
convex optimisation, differential inclusion and economics, this research will be fruitful

for researchers in the near future.

1.6 Organisation of the Thesis

This thesis discuss the generalisations of Banach contraction principle, investigate
and prove some fixed (coincidence) point theorems for various types of constructive
mappings in the setting of abstract spaces and also explore the possibility of their
applications. Each chapter of the thesis is divided into various sections and consistently

the first section of each chapter provides an introduction to the content of chapter.

Chapter 1, comprises the general introduction, statement of the problem, research
objectives and questions, significance of the study and lastly is the organization of the
thesis. In Chapter 2, we give a detailed literature review which is related to this work.
In Chapter 3, comprises proof of the coincidence fixed point theorems for a pairs of

F-Kannan and F-Kannan-Suzuki mappings in generalised metric spaces.
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Chapter 4, covers the multivalued fixed point results in ordered partially metric spaces
and ordered partially b-metric spaces. In Chapter 5, we prove a common fixed point
theorem for two hybrid pairs of non-self mappings in weak partial b-metric spaces and
p-hybrid mappings in G-metric spaces with an applications. Chapter 6, incorporates the
common fixed point theorem for a pair of self-mappings in metric-like spaces and quasi
partial Sp-metric spaces for implicit contractive mappings related to binary relation.
Chapter 7, contains the conclusions of our results, limitation of the study, the list of

publications and some areas for future research are mentioned.

Definitions, theorems, corollaries and remarks are numbered per chapter and sequen-
tially per section. In the end, the references are given, the list is by no means exhaustive
but only books and papers referred to in the thesis are included. Notice that the refer-
ences are arranged alphabetically according to the last names of the authors. At the end

contains an appendix which shows the list of publications.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction and Preliminaries

This chapter presents the basic concepts and some previously known results. Some
fundamental concepts and useful properties of various spaces are also given. Further,
in the following chapters, we will prove extended versions of some of these results for
various abstract spaces. Section 2.2 discusses the notion of single-valued contractive
mapping in metric space with some previously known results in the literature. This
concept will be used in chapter 3 to construct and establish fixed point theorem for
F-Kannan mappings in generalised metric space. In section 2.3, we will give some
basic concepts for various types of abstract spaces based in this thesis to develop the
main results, specifically in chapter 3, chapter 4, chapter 5 and chapter 6. Section
2.4 discusses some multivalued notions for various types of abstract spaces using the
Hausdorff metric, used in chapter 4 to prove fixed point theorems for multivalued

mapping in partial metric and b-metric space.

Section 2.5 explains hybrid contractive mapping, which is essential, especially in
chapter 5, to prove and generalise the results for hybrid pair for non-self mappings in
weak partial b-metric space. Next, in section 2.6, we explain implicit function with it’s
related concepts. Finally, section 2.7 gives insights on order theoretic notion in a binary
relation, used in chapter 6 to formulate and prove a common fixed point theorem for

implicit mappings via (E.A)-property on metric-like space employed a binary relation.

Thus far, many results enriching the Banach contraction principle have been proved,
and such interest is still on. One of the generalisations of this principle is obtained by
considering a relatively more general contraction condition. For this kind of work, the
reader is referred to Kannan (1968), Reich (1971), Chatterjea (1972), Hardy and Rogers
(1973) and Ciri ¢ (1974), Rhoades (1977), Ciri ¢ (1993) and Ciri ¢ (2005)). Further,
Boyd and Wong (1969), Geraghty (1973), Matkowski (1977), Mukherjea (1977), Khan
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et al. (1984), Jotic (1995), Dutta and Choudhury (2008), Ansari (2014) and Wang
and Chen (2019) obtained more general contraction conditions using different types of

control functions.

Improving Banach contraction principle received a new impetus when the researchers
attempted to prove generalised fixed point results. With such a quest, Popa (1997)
initiated the idea of implicit function, another concept for generalising the Banach
contraction principle. The concept has been used by Imdad ez al. (2002), Berinde and
Vetro (2012) and Amadullah ef al. (2016) and several others.

On the other hand, another way of generalising the Banach contraction principle is
to prove coincidence or common fixed point results, which is done by increasing the
number of involved mappings, such as single-valued map (Banach 1922), multi-valued
map (Nadler 1969), implicit map (Popa 1997) and hybrid map (Naimpally et al. 1986).
The first result concerning coincidence point was by Machuca (1967), which was further
improved by Goebel (1968), while Jungck (1976) proved the first-ever common fixed
point theorem using two compatible mappings in metric space. Later, Sessa (1982)

initiated the notion of commutativity mappings.

Furthermore, a way of generalising this principle is obtained by considering relatively
larger classes of abstract spaces. Fréchet (1906) initiated the concept of Metric space,
which was used as a bridge in the generalisation of abstract spaces. Matthews (1994)
introduced non-zero self-distance, which is widely applied in computer networking,
data structure, and Computer programming languages. Czerwik (1993) introduced the
measure of the metric using b-metric space. Branciari (2000) introduced a class of
generalised metric spaces by replacing triangular inequality with similar ones which
involve four or more points instead of three and improved the Banach contraction

mapping principle.

Thereafter, Mustafa and Sims (2006) gave a generalisation of D-metric space to G-
metric space. They defined several notions as continuity, completeness, compactness,

convergence, and space product in the G-metric space setting. Sedghi et al. (2012) gave
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a fascinating generalisation of D-metric space and G-metric space to S-metric space.
Amini-Harandi (2012) gave a generalisation of partial metric spaces to metric-like
spaces. Shukla (2014) provided an extension by combining partial metric space and
b-metric space to partial b-metric space. Recently, Gupta and Gautam (2015) introduced
Quasi-partial b-metric spaces and some related fixed point theorems. Beg and Pathak
(2018) gave a generalised notion of weak partial metric space. Finally, Kanwal et al.
(2019) presented a generalised concept from weak partial metric space to weak partial

b-metric space.

Another effort of this kind is essentially due to Wardowski (2012), wherein the idea of
F-contraction initiated. Piri and Kumam (2014) gave a generalisation of the Banach
contraction principle by extending Wardowski (2012) results by introducing the concept
of F-Suzuki contraction and obtained some results. Batra er al. (2020) extended the
above concept using F-Kannan mappings and proved some results in metric space.
A unique idea of improving the Banach contraction principle is due to Samet e? al.
(2012), wherein authors introduced a good idea of admissible mappings enough to
extend, generalise and improve many existing results and also to yield constructive
results. Recently, Ali and Kamran (2016) proved fixed point results in metric space
by combining a-admissible, control function and F'-contraction to form a generalised

contraction.

Likewise, Aamri and El Moutawakil (2002) initiated the concept of (E.A.) property.
Sintunavarat and Kumam (2011) introduced the notion of common limit range (CLR)
property for single-valued mappings, which completely accommodated the conditions
of the closeness of the degrees of the detailed mappings and showed its superiority over
the (E.A.) property due to Aamri and El Moutawakil (2002). Motivated by this fact,
Imdad et al. (2014) established a common limit range property for a hybrid pair of
mappings and proved some fixed point results in symmetric (semi-metric) spaces. Also,
Imdad et al. (2015) established the joint common limit range notion and proved the

common fixed point theorem for a pair of non-self mappings in metric space.

Gopal et al. (2017) specified the fundamental properties for a fixed point theorem,
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ensuring a common fixed point for suitable assumptions. Those assumptions are
sufficient and include: conditions of commutativity, containment of ranges of mappings,
continuity of at least one mapping or weaker notion, contractive, and all essential
common fixed point theorem attempts to obtain or soften required values of one or more

such conditions.

Some special conditions on the pairs of mappings like weakly compatible mappings,
(E.A)-property, faintly compatible mappings, common limit range property (CLR),
coincidentally idempotent and joint common limit range property (JCLR) have been
utilised in different proofs by the researchers. One can see, Popa (1999), Imdad
et al.(2016), Popa and Patriciu (2016), Popa (2017), Gupta et al. (2020) and the
references therein. Researchers in this domain aimed at weakening one or more of these
conditions. The use of weak conditions of commutativity is to improve common fixed

point theorems in analysis.

With similar motivation, the study of nonlinear differential equations, integral equations
and fractional differential equations (Kilbas et al. (2006)) has been made extensively
among several nonlinear equations. In recent years, the theory of fixed points has led
to the detailed study of these equations. Ran and Reurings (2004) obtained a variant
of the Banach contraction principle for continuous monotone mappings in ordered
metric spaces and also presented some applications to a system of nonlinear matrix
equations. Afterwards, Nieto and Rodrigurz-Lopez (2005, 2007) slightly improved
Ran-Reuring’s fixed point theorem for monotone mappings (not necessarily continuous)
besides presenting some applications to ordinary differential equations. For the recent
advances, the reader referred to Harjani and Sadarangani (2010), Yan et al. (2012),
Gupta et al. (2017), X et al. (2019), Borisut et al. (2019), Qawaqgneh et al.(2019) and

the references therein.

2.2 Fixed-point Theorems for Single-valued Mappings

In this section, we have made an attempt to present the introductory concepts and a

brief survey about the development of fixed point theory. The track of the progress of
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fixed point theory has been indicated. Also some central results of great importance
which have relevance to the development of the fixed point theory as well as to our

investigations are listed.

Further, this section deals with contractive mappings, which are special types of contin-
uous functions defined on metric spaces. Contractive mapping plays an important role
in solving different applied mathematics problems, e.g., integral equations, differential

equations, matrix equations and fractional differential equations.

Following the discovery of Banach contraction principle, researchers have found the
ways to determine the fixed points of the maps by changing one or more conditions
such as contractive condition, continuity of the maps and completeness of the space etc.
Connell (1959) gave an example of a metric space X that is not complete where every

contraction on X has a fixed point.

Kannan (1968) used the concept due to Connell (1959), to provide an alternative
contractive condition different from the Banach contraction condition. As a result, the
Kannan mapping is not forced to be continuous on complete metric spaces. Kannan
(1968) used this new contractive condition and proved the following theorem for self
mappings in complete metric spaces due to a generalisation of the Banach fixed point

theorem.

Theorem 2.1 (Kannan 1968) Let (X,d) be a complete metric space and a self mapping
T : X — X be a mapping such that

d(Tx,Ty) < kK{d(x,Tx)+d(y,Ty)}, 2.1)

forallx,ye X and 0 <k < % Then T has a unique fixed point z € X and for any x € X
the sequence of iterate {T"x} converges to z.

An equivalent form of (2.1)
k
d(TX, Ty) < E{d(xa TX)+d(y, Ty)}7 (2.2)
for some k € (0,1).

Reich (1971) established the following result:
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Theorem 2.2 (Reich 1971) Let X be a complete metric space with metric d, and let
T : X — X be a function with the following property:

d(T(x),T(y)) < ad(x,T(x)) +bd(y,T(y)) +cd(x,y), (2.3)

for all x,y € X where a, b, c are nonnegative and satisfy a+b+c < 1. Then T has a
unique fixed point.

Note that a = b = 0 yields Banach’s fixed point theorem, while a = b,c = 0 yields

Kannan’s fixed point theorem.

Hardy-Rogers (1973) gave an interesting generalisation of Banach contraction principle

and Reich (1971) as follows;

Theorem 2.3 (Hardy and Rogers 1973) Let X be a complete metric space with metric
d,and let T : X — X be a function with the following property:

d(Tx,Ty) <Ad(x,Tx)+Bd(y,Ty) +Cd(x,Ty) + Ed(y,Tx) + Fd(x,y), (2.4

for all x,y € X where A,B,C,E, F are nonnegative and satisfyA+B+C+E+F < 1.
Then T has a unique fixed point.

If A+ B+ F < 1, we obtain Reich’s result. If A+ B < 1, we obtain Kannan mappings.

A classical proof was given by Ciri¢ (1974) for self-mapping, which is called gener-
alised Banach contraction mapping to quasi-contraction mapping. This theorem proved

for contraction map on complete metric space, which is stated below:

Theorem 2.4 (Ciri¢ 1974) Let T : X — X be a mapping of a metric space (X ,d) into
itself. Assume the following conditions are satisfied:

d(Tx,Ty) < qmax(d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)), (2.5
Vx,yeXand 0 < qg< 1. Then T has a fixed point.

Also, Subrahmanyam (1975) proved the converse of Banach fixed-point theorem using
Kannan mapping. Moreover, the assumption of continuity of the mapping and the
compactness condition on metric space is required for the existence of a fixed point for

a strict type Kannan contraction.

Rhoades (1977) gave 250 different types of contractive conditions and obtained relation-

ship amongst them which extends several ones from the literature. By using Rhoade’s
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concept, the generalisation of Ciri¢ (1974) contraction can be done in the following

form:
d(Tx,Ty) < AmaxMr(x,y),

where

’

Mr(x,y) = {d(X,y),d(x, Tx),d(y, Ty), d(x,Ty) —;d(y, Tx) }

Vx,y € X. In this thesis, we utilise the same setting in generalisation of various types of

mappings in abstract spaces.

Another way of generalising the Banach contraction principle is by using coincidence
fixed point theorems. Coincidence fixed point theorems concern two functions S, T
from set X into another set Y that, under certain conditions, admit a coincidence point.
A coincidence point is an element x € X such that its images under the functions S, T
are the same: in other words, Sx = Tx. Fixed point theorem consider one function S
from a set X into itself and give conditions for the existence of a fixed point, that is, an

element x € X such that Sx = x.

Jungck (1976) proved a fixed point theorem by using commutative maps to generalise

the Banach contraction principle, which is as follows:

Theorem 2.5 (Jungck 1976)
A continuous self mapping f of a complete metric space (X, d) has a fixed point if
and only if there exists a mapping g : X — X which commutes with f and such that

g(x) C f(x),
d(gx,gy) < Ad(fx,fy),Vx,y€X, (2.6)

where 0 < A < 1, furthermore, f and g have a unique common fixed point.

Sessa (1982) introduced the notion of the weak commutativity and relaxed it (point
to point mapping) to smaller subsets of the domain of mappings. However, due to
the reason that for commuting mapping, the proof of fixed point does not characterise
the metric completeness, he established the idea of weak commutativity for two self-
mapping S and T of a metric space (X,d). Jungck (1986) extended the concept of weak

commutativity of mappings to compatible mappings because two similar elementary
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functions are not weakly commutative. It was desirable to introduce a less restrictive
concept called compatibility, which requires that 7 and / commute on the potentially
large set by replacing the identity map with a continuous map on a compatible map as

follows:

Definition 2.1 (Jungck 1986)
A pair of self-mappings (T,I) of a metric space (X ,d) is said to be compatible if

lim,, e d(TIx,ITx,) =0,
wherever, {x,} is a sequence in X and

lim Tx, =lim Ix, = t, for some tc X.
n—soo n—soo

We will also use the following definitions in chapter 3 and 6 to prove some common
(coincidence) fixed point theorems for sequentially self-mappings in generalised metric

spaces.

Definition 2.2 (Jungck 1986) Let (S,T) be a pair of self mappings on a metric space
(X,d). Then coincidence point of the pair (S,T) is a point x € X such that Sx = Tx = x*,
then x* is called coincidence point of the pair (S,T). If x* = x, then x is said to be a
common fixed point.

Definition 2.3 (Sessa 1982, Jungck 1986) Let (S,T) be a pair of self mappings on a
metric space (X ,d). Then the pair (S,T) is said to be:

(i) Commuting if, for all x € X, S(Tx) = T (Sx),
(ii) Weakly commuting if, for all d(S(Tx), T(Sx)) < d(Sx,Tx),
(iii) Compatible if li_r}n d(STx,,TSx,) =0, whenever x, is a sequence in X such that

lim Tx,, = lim Sx,, =¢,
n—soo n—soo

(iv) Weakly compatible if, for all S(Tx) = T (Sx), for every coincidence point x € X.

The study for the applications of nonlinear equations in abstract spaces was initiated
by Ran and Reurings (2004). The following theorem was proved by Ran and Reurings

(2004) as a generalisation of the Banach contraction principle.
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Theorem 2.6 (Ran and Reurings 2004) Let X be a partially ordered set such that every
pair x,y € X has a lower bound and an upper bound. Furthermore, let d be a metric
on X such that (X ,d) is a complete metric space. If T is a continuous, monotone (i.e.,
either order-preserving or order-reversing) map from X into X such that

(i) I0<c<1:d(Tx,Ty) <cd(x,y),Vx >y,

(ii) Fxo € X : x9 < Txg or xo > Txo,

then T has a unique fixed point X. Moreover, for every x € X,

IimTx = x.
n—oo

Later, Suzuki (2008) proved two fixed point theorems, one of which is a new type of
generalisation of the Banach contraction principle and does characterise the metric
completeness. Furthermore, Rida et al. (2020) gave the generalisation of the Banach

contraction principle that characterises metric completeness.

Another noted attempt to extend Banach contraction principle is essentially due to

(Wardowski 2012).

The following explanations for developing the F-contraction definition were obtained

from Wardowski (2012), Wardowski and Van Dung (2014), and Cosentino et al. (2015).

Let F : R* — R be a mapping satisfying:

(F1) F is strictly increasing, i.e. for all a, 8 € RT, o < B implies F (o) < F(B);

(F2) For each sequence {a, },cn of positive numbers, lim,,_, 0, = 0 if and only if

limy, e F(04;) = —o0;
(F3) There exists k € (0, 1) satisfying limy_,o+ 0*F (at) = 0.
(F4) for each sequence {0, } C R™ of positive numbers such that
T+ F(s"o,) < F(04p-1),
foralln € N, s > 1 and some 7 € RT, then

T4+ F(s"0y) < F(s" Loy,_1),
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foralln € N.

We denote the family of all functions F satisfying conditions ((F1) — (F4)) by .Z.

Some examples of functions F € . are:

(1) Fi(a)=lna = 40500 < o,

d(x,y)
() B(a) =a+Ina = % < o~ THd(xy)—d(TxTy),
__ 1 d(Tx,Ty) 1
(3) F3(a) - \/a — d(x,y) S (1+T\/m)2

(4) Fya) =In(a?+a) = AL ooz,

Remark 2.1 (Rashwan and Hammad 2017) For p > 0 and a > 0, then the function

belongs to .%.

Wardowski (2012) introduced a generalisation of the Banach contraction principle in

metric spaces.

Definition 2.4 (Wardowski 2012) Let (X,d) be a metric space. A self-mapping 7 on
X is called an F-contraction mapping if there exists F € .% and 7 € R™ such that for
all x,y € X,

d(Tx,Ty) >0=1t+F(d(Tx,Ty)) <F(d(x,y)).

Wardowski (2012) proved the following fixed point theorem:

Theorem 2.7 (Wardowski 2012) Let (X,d) be a complete metric space and T : X — X
be an F-contraction mapping. If there exists T > 0 such that for all x,y € X, d(Tx,Ty) >
0, implies

T+ F(d(Tx,Ty)) < F(d(x,y)), 2.7)

then T has a unique fixed point.

Since then, several researchers have done their research on F'-contraction mappings for
single and multivalued mappings in various spaces. For more literature, one can consult

Consentino and Vetro ( 2014), Minak et al. ( 2014), Paesano and Vetro ( 2014), Altun et
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al. (2015), Durmaz and Altun (2016), Secelean (2016), Goswami et al. (2019), Lukacs

and Kajanto (2018) and the references therein.

Secelean (2013) gave the following Lemma and definition as the generalisation of

Wardowski (2012) notions.

Lemma 2.1 (Secelean 2013) Let F : R™ — R be an increasing function and {x,} be a
sequence of positive real numbers. Then the following hold:

(a) if,}i_{l;loF(an) = —oo, then nli_rgoc,, =0

(b) ifinfF = —oo and 1lim 0y, = 0, then lim F (o) = —oo.

n—oo n—oo

Let § be the set of all functions defined as F : R™ — R, which satisfy the following

conditions:

(F1) F is strictly increasing i.e., for all o, € R* suchthata < f = F(a) < F(B);

(F2") there is a sequence { &, },en of positive real numbers such that li_r>n F(ay) = —oo
n—roo

or infF' = —oo;

(F3") F is continuous on (0,0).
The following function F : R™ — R belongs to § ;

(i) Fi(z) =1Inz.
(i) F(z) =—1;
(iii) F3(z) =—1+z
Piri and Kumam (2014), extended the results of Wardowski (2012) by introducing

the concept of F-Suzuki contraction and obtained some interesting results, using the

concept from Secelean (2013) as follows:
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Definition 2.5 (Piri and Kumam 2014) Let (X,d) be a metric space. A mapping
T : X — X is said to be an F-Suzuki contraction if there exists T > 0, such that for all
x,ye X withTx# Ty

%d(x, Tx) < d(x,y) —> T+ F(d(Tx,Ty)) < F(d(x,y)),

where F € §.

Piri and Kumam (2014) established a generalization of Banach contraction principle,

which is as follows:

Theorem 2.8 (Piri and Kumam 2014) Let (X,d) be a complete metric space and
T :X — X be an F-Suzuki contraction. Then T has a unique fixed point x* € X and
for every xg € X, a sequence {T"xo }nen is convergent to x*.

Remark 2.2 (Piri and Kumam 2014) We denote by § the set of all functions satisfying
F-suzuki type contraction condition due to (Secelean 2016, Piri and Kumam 2014) and
denote by .7 the set of all functions satisfying F-contraction condition by (Wardowski
2012), then

(i) Z L3,
(i) §€ 7,
(ii) FNF 0.

For more details on F'-Suzuki contraction mappings, one can see Alsulami et al. (2015),

Budhia er al. (2016), Chandok et al. (2018) and the references therein.

Gopal et al. (2017) specified the fundamental properties for a fixed point theorem
which ensures the existence of a common fixed point for suitable assumptions. Those
assumptions are sufficient and include: conditions of commutativity, containment of
ranges of mappings, continuity of at least one mapping or weaker notion, contractive,
and all essential common fixed point theorem attempts to obtain or soften required

values of one or more such conditions.

Goswami et al. (2019) defined F-contractive type mappings in b-metric spaces and
proved some fixed point results with suitable examples. Recently, Batra et al. (2020)
noticed that the definition introduced by Goswami et al. (2019) is not meaningful in

general. Therefore, they provided suitable examples to support their opinion on this
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definition. Therefore, Batra et al. (2020) gave the notions of F'-contraction and Kannan
mapping to define a new class of contractions called F-Kannan mappings which is, in a

true sense, a generalisation of Kannan mappings.

Motivated by Batra et al. (2020), we use the following notations: Let X be a non empty
set and (X, d) denotes the metric space with metric d. Define the cardinality of a set A

by card{A} and FixT denotes the set of all fixed points of a mapping T'.

Batra et al. (2020) gave a new generalization family of contraction called F-Kannan

mapping and introduced the following definition:

Definition 2.6 (Batra et al. 2020) Let F be a mapping satisfying (F1) — (F3). A
mapping T : X — X is said to be an F-Kannan mapping if the following hold:

(K1)
Tx#Ty = Tx#xorTy#y. (2.8)

(K2) 3Y > 0 such that

Y+F(d(Tx,Ty)) <F (2.9)

d(x,Tx)+d(y,Ty) ]
2

forall x,y € X, with Tx # Ty.

The remark presented below is due to Batra et al. (2020).
Remark 2.3 (Batra et al. 2020) By properties of F, it follows that every F-Kannan
mapping T on a metric space (X,d), satisfies following condition:
d(x,Tx) +d(,Ty)
2 )

d(Tx,Ty)) <

for every x,y € X.

Further, it is concluded that Card{Fix T} < 1. Let T be a self map on a metric space

(X,d). Following Picard (1890), if T has a unique fixed point x* € X and li_r>n T"x = x*
n—roo

for each x € X, then T is called a Picard Operator (PO).

Then, the family of all functions F : R* — R satisfying the condition (F1) — (F3) is
denoted by .#.

One can use the following examples in Batra et al. (2020) of such functions F : RT —

R which satisfy (F1) — (F3):
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Example 2.1 (Batra e al. 2020) Let F; : R™ — R be defined as Fy(z) = In(z). Then
clearly, (F1) — (F3) are satisfied by Fj(z). In fact (F3) holds for every k € (0,1).
Indeed,

d(x,T dy, T
d(T.x, Ty) S e—T[ ('x? X)_2|— (y7 y)] (210)
for all x,y € X with Tx # Ty.
Thus, 7 : X — X is a Kannan mapping with constant k € (0, 1) satisfying
d(x,Tx)+d(y,T
d(Tx,Ty)Sk[ x, X>J2F 0, y)] @2.11)

for every x,y € X.

Example 2.2 (Batra et al. 2020) Let > : R* — R be defined as F>(z) = In(z) +2z,2 > 0.
Then, (F1) — (F3) are satisfied by F>(z).

d(Tx,Ty) d(Tox,Ty)— 4L d0I) -y (2.12)
(d(x,Tx)+d(y,Ty))/2 B ' |

for all x,y € X with T'x # Ty.

The following lemma was proved by Batra et al. (2020).

Lemma 2.2 (Batra et al. 2020) Let (X,d) be a metric space and T : X — X be an
F-Kannan mapping. Then d(T"x,T""'x) — 0 as n — oo for all x € X.

Batra et al. (2020) introduced an F-Kannan mapping using the properties by Subrah-
manyam (1975) which is an extension of Goswami et al. (2019) and Wardowski (2012)

results. They proved the following result.

Theorem 2.9 (Batra et al.) 2020) Let (X,d) be a complete metric space and suppose
T : X — X is a F-Kannan mapping, then T is an Picard operator (PO).

2.3 Some Types of Abstract Spaces
Now, we will introduce the abstract spaces on which our work is based.

The most natural and much-discussed fixed point theory and Banach contraction prin-
ciple in metric spaces have been generalised and improved by introducing several
variants such as metric spaces (Fréchet 1906), b-metric space (Bakhtin 1989, Czerwik
1993), partial metric space (Matthew 1999), generalised metric space (Branciari 2000),

G-metric space (Mustafa and Sim 2006), cone metric space (Huang and Zhang 2007),
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Beg et al. 2009), S-metric space (Sedghi et al. 2012), metric-like space (Amini-Harandi
2012), b- metric-like space, partial b-metric space (Shukla 2014), quasi-S;-metric space
(Gupta and Gautam 2015), weak partial b-metric space (Kanwal ef al. 2019) and several

others.

2.3.1 Metric spaces

This subsection includes some important results about metric spaces.

Fréchet (1906) introduced the notion of distance between two points in an abstract set.

This concept is known as metric space. The metric space is defined as follows:

Definition 2.7 (Fréchet 1906) Let (X,d) be a metric space, where X is a nonempty set
and d is a metric on X (or a distance function on X) that is a functional defined on
X X X such that for all x,y,z € X, we have

(i) d(x,y) >0, (real valued, finite and non-negative),
(ii) d(x,y)=0, <= x=y,

(iii) d(x,y) = d(y,x), (symmetric property),

(iii) d(x,y) <d(x,z) + d (y,2), (triangle inequality).

An abstract space is a class or set of elements of homogeneous nature but of any kind,
in which the notion of proximity has been defined among such elements (Fréchet 1951).
Thus, an abstract space is defined as an interaction of elements in the abstract set. Such

elements are sets, sequences, functions and all types of numbers.

2.3.2 b-metric spaces

In this subsection, we describe the b-metric space and some of its properties.

The concept of metric space was generalised by Bakhtin (1989) and Czerwik (1993) to
b-metric space due to some problems, especially the issue of convergence of measurable
functions to a measure led to a generalisation of a metric’s notion. Czerwik (1993)
established b-metric spaces by introducing a parameter s > 1 in the triangle inequality

as a coefficient and generalised Banach’s contraction principle to these spaces.
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Definition 2.8 (Czerwik 1993) Let X be a non empty set and s > 1 be a given real
number. A function dj, : X x X — [0,00) is called a b-metric on X if the following
conditions are satisfied:

(B1) dp(x,y) =0iff x=1y;

(B2) dp(x,y) =dp(y,x) and

(B3) dp(x,y) < sldp(x,2) +dp(z,y)], for all x,y,z € X.

Then, dj, is said to be b-metric, the pair (X,dp, s) is called a b-metric space. The number

s > 1 is called the parameter of (X,dp,s).

The following are some examples that satisfy b-metric space axioms:

Example 2.3 (Bakhtin 1989, Czerwik 1993) Consider the set X = [0, 1| endowed with
the function dy : X x X — [0,00) defined by dy(x,y) = |x —y|* for all x,y € X. Thus
(X,dp,2) is a b-metric space with parameter s = 2, but it is not metric space since
s# 1.

Example 2.4 (Chifu and Petrusel 2017) Let X =R and d : X x X — R4, dp(x,y) =
|x —y|3. Then (X,d,) is a b-metric space with constant s = 3.

Example 2.5 (Bota er al. 2011) Let p € (0,1), and Let
X = (R):= {x: {o} CR: Y [l < oo},
n=1

together with the functional d : I (R) x I”(RR)

aten) = (Lhonl)"

<=

1
where x = x,,,y = y,,. Then (X, d) is a b-metric space with s = 27.

Definition 2.9 (Bakhtin 1989, Czerwik 1993) Let (X,dy,s) be a b-metric space. Let
{xn} be a sequence in X. Then,

(i) a sequence {x,} C X converges to a point x € X if and only if

lim dj(x,,x) =0.

n—y+oo

(ii) a sequence {x,} C X is called a d,-Cauchy sequence if for each € > 0, there exists
some n(€) € N such that dy(x,,Xn) < € for all m,n > n(€).

(iii) a b-metric space (X,dp,s) is said to be complete if every Cauchy sequence {x,} is
convergent in X.
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We take note of the following lemmas:

Lemma 2.3 (Dukic et al. 2011). Let Let (X,dp,s) be a b- metric space with s > 1.
Suppose that {x,} and {y,} are b-convergence sequences to x and y, respectively. Then,

1 . . 2
— < < < .
Sdb(x,y) < ngrfwlnfdb(xn,yn) < ngrilw supdp(xn,yn) < s°dp(x,y)

In case x =y, we get

lim dp(x,,y,) = O.

n— oo
Moroever for each x € X,
1 .. . 2
Sdp(xy) < lim infdy(x,y) < lim supdy(x,y) < 5°dp(x,y).

Lemma 2.4 (Dukic et al. 2011, Radenovic et al. 2012). Let (X,d),s) be a b-metric
space with s > 1. Suppose that {x,} is a sequence in X such that

ngl}:loodb (xnaXnJrl) - O

If {x,} is not a b-Cauchy sequence, then there exists € > 0 and {x,, } and {x,, } two
sequences of positive intergers such that

€ <dp(xpm,xn,) < lm infdp (X, ,x,,) < lirE supdp (X, Xn, ) < SE.
n—s—+oo

n—r—+too
§ < dp (X Xny,,) < ngrfwinfdb(xmk,xnk+l) < nErJrrlmsupdb(xmk,xnkH) < s’e.
§ < dp(Xpy, X)) < nETooinfdb(kaH JXny) < nLITW supdp (Xmy., |, Xn,) < s’€.
s% <dp(Xmg, ) Xngy) < ngrfwinfdb(xmkﬂ Xngyy) < nngrrlmsupdb(xmk+1 Xnyy) < s,

Since then, several papers have been published on the fixed point theory of various
classes of the single and multivalued maps in b-metric spaces. One can see Czerwik
(1998), Czerwik (2001), Boriceanu et al. (2010), Kirk (2014), Roshan et al. (2016),
Kamran et al. (2017), Chifu and Petrusel (2017), Kajanto and Lukacs (2018), Alamgir
et al. (2019), Rasham et al. (2019b), Chifu and Karapinar (2020), Shoaib et al. (2020)

and the references therein.

2.3.3 Partial metric spaces

Matthews (1994) introduced non-zero self-distance, which is widely applied in com-

puter networking, data structure, and computer programming languages. The non-self
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distance generalises the metric to partial metric axioms, accommodating both metric
and topological properties of abstract spaces. Some of these properties are complete
spaces, Cauchy sequences and contraction fixed point theorem, which generalises the

Banach contraction principle.

Further, Matthews (1994) replaced self distance by non-zero value to use it in computer

semantics which is as follows:

Definition 2.10 (Matthews 1994) A partial metric space is a pair (X, p) consisting of
a non-empty set X together with a function p : X x X — R, called the partial metric,
such that for all x,y,z € X we have the following properties:

(P1) x =y ifand only if p(x,x) = p(x,y) = p(y,y);
(P2) p(x,x) < p(x,y);
(P3) p(x,y) < p(y,x); and

(P4) p(x,y) < p(x,2) +p(z,y) — p(2,2)

Then, the pair (X, p) is called a partial metric space.

In partial metric space, it is not necessary that p(x,x) = 0, for every x = y, while in
metric if x =y, then p(x,x) = 0. One can see important notions about partial metric

spaces in Oltra and Valero (2004), Oltra et al. (2002), Shahzard and Valero (2013).

Let (X, p) be a partial metric space. Then, the p-open ball, with center x € X and radius
€ >0, is defined by: B, (x,€) = {y € X : p(x,y) < p(x,x) + €}.

Similarly, the p-closed ball, with center x € X and radius € > 0, is defined by: B, [x, €] =

reX:ply) <plx,x)+e}.

The family of p-open balls for all x € X and € >0, U, = B,(x,€) :x € X,€ > 0, the
pair (R*, p), where p: X x X — R is defined as p(x,y) = max{x,y} forall x,y € R,

is a partial metric space.

Each partial metric p on X generates a T topology 7, on X which has a base being the
family of open balls {B,(x,€) : x € X,& > 0} where
Up(x,e) ={y € X : p(x,y) < p(x,x)+¢€} forallx € X and € > 0.
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A sequence {x,} in a partial metric space (X, p) converges to a point x € X with respect
to T, if and only if

lim p(x, %) = p(x,).

n—oo

Lemma 2.5 (Matthews 1994) If p is a partial metric on X, then the function p° :
X x X — R given by
p*(x.y) =2p(x,y) — p(x,x) = p(y,y),

forall x,y € X, is a metric on X.

Definition 2.11 (Matthews 1994) Let (X, p) be a partial metric space, then:

(i) a sequence {x,} in a partial metric space (X, p) is called a p-Cauchy sequence if
only if lir_r>1 p(xn,Xm) exists and is finite.
n,m—roo

(ii) a sequence {x,} is a Cauchy sequence in (X,p) if and only if it is a p-Cauchy
sequence in a metric (x, p°).

(iii) a partial metric space (X, p) is said to be p-complete if every p-Cauchy sequence
{xn} in X is p- convergent, with respect to T, to a point x € X such that

nygrgwp(xmxm) = p(x,x).
The success of partial metric in computer science lies in the fact that every partial
metric p induces a partial order <, on X (x <,y < p(x,y) = p(x,x)), in such a way that
increasing sequence of elements have a supremum with respect to <, and converges to
it with respect to the partial metric topology 7,. In recent years, several researchers ex-
tended metrical fixed point theorems to partial metric spaces see, Rus (2008), Shahzard

and Valero (2013), Karapinar et al. (2019) and the references therein.

2.3.4 Generalised metric spaces

This subsection explains a generalised metric space concept used in Chapter 3 to prove

a coincidence point using F-Kannan mapping.

Branciari (2000) introduced a class of generalised metric spaces by replacing triangular
inequality with similar ones which involve four or more points instead of three and

improved the Banach contraction mapping principle. Azam and Arshad (2008), using



31

the concept of Branciari (2000), investigated fixed points for the mappings given by

Kannan (1968) by applying the rectangular property in a generalised metric space.

Definition 2.12 (Azam and Arshad 2008) Let X be a non-empty set. Suppose that the
mapping d : X x X — R, satisfies:

(i) d(x,y) >0, forall x,y € X and d(x,y) =0 if and only if x = y;

(ii) d(x,y) =d(y,x), forall x,y € X;

(iii) d(x,y) < d(x,w)+d(w,z)+d(z,y), for all x,y € X and for all distinct points
w,z € X — {x,y} [rectangular property].

Then d is called a generalised metric and (X,d) is a generalised metric space.

This motivated several researchers to prove fixed point results in such spaces. For more
detail on fixed point theory of generalised metric spaces, we refer the reader to Sarma et
al. (2009), Samet (2010), Aydi et al. (2012), Shatanawi et al. (2012), Aydi et al. (2019)
and Souayah et al.( 2019).

2.3.5 D-metric spaces

Dhage (2000) introduced a new class of generalised metric spaces called D-metric

spaces, which is as follows:

Definition 2.13 (Dhage 2000) A function D : X x X x X — R is said to be a D-metric
on X if it satisfies the following properties:

(i) D(x,y,z) > 0 for all x,y,z € X and equality holds if and only if x = y = z (non-
negativity);
(i) D(x,y,z) = D(x,z,y) = (symmetry);

(iii) D(x,y,z) < D(x,y,a)+D(x,a,z)+D(a,y,z) forall x,y,z € X (tetrahedral inequal-
ity).

A nonempty set X together with a D-metric is called a D-metric space and is denoted

by (X,D).

Using this definition, Dhage (2000) proved the existence of a unique fixed point for

self-mapping satisfying a contractive condition.
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On the other hand, the existence of fixed points in D-metric spaces has been considered
by Rhoades (1996) to prove two fixed point theorems for the generalised metric spaces.
Dhage (1999) and Dhage et al. (2000) proved the results for a common fixed point
principle in D-metric spaces. Ahmad et al. (2001) introduced a fixed point theorem for
expansive mappings in D-metric spaces. Singh and Sharma (2002) and Sedghi et al.
(2007) proved common fixed point theorems under compatible and weakly commuting

mappings in D-metric spaces.

2.3.6 G-metric spaces

This subsection discusses the G-metric space concept, which will be applied in chapter

5 to prove fixed point theorems in these spaces.

Mustafa and Sims (2006) gave a generalisation of D-metric space to G-metric space soon
after identifying some shortcomings concerning the fundamental topological structure
on D-metric spaces. They defined several notions, such as continuity, completeness,
compactness, convergence, and product space in the G-metric space setting. In doing
so, they replaced the tetrahedral inequality with an inequality involving the repetition of

indices.

Mustafa and Sims (2006) formulated the axioms of G-metric spaces as follows:

Definition 2.14 (Mustafa and Sims 2006) Let X be a non empty setand G : X x X x X —
R be a function satisfying the following conditions:

(GI) G(x,y,2) =0 ifx=y=z

(G2) 0 < G(x,x,y), forall x,y € X withz #y;

(G3) G(x,x,y) < G(x,y,z) forallx,y € X withz#y;

(G4) G(x,y,z) = G(x,z,y) = G(y,2,x) = ... (symmetry in all three variables);
(G5) G(x,y,2) < G(x,a,a)+ G(a,y,z), forall x,y,z,a € X (rectangle inequality).

The function G is called a generalised metric or G-metric, and the pair (X,G) is called
a G-metric space.

The following example satisfies the above axioms:
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Example 2.6 (Mustafa and Sims 2006) Let X = R be the set of all real number. Define
G:R> = R* by
Glx,y2) = lx=yl+ly—2/+x—z],

for all x,y,z € X. Then it is clear that (X,G) is a G-metric space with a G-metric on X.

Note that if G(x,y,z) =0thenx =y =1z.

Mustafa and Sims (2006) proved the following proposition satisfying a G-metric prop-

erties.

Proposition 2.1 (Mustafa and Sims 2006) Let (X, G) be a G-metric space, then the
metric associated with G satisfies:

(i) G(x,y,2) < G(x,x,y) +G(x,x,2),
(i) G(x,y,y) <2G(y,x,x),

(iii) G(x,y,z) < G(x,a,a)+ G(y,a,a) + G(z,a,a),

for all x,y,z,a € X.

Mustafa and Sims (2006) established some topological properties such as convergence,

completeness and continuity in G-metric spaces as follows:

Definition 2.15 (Mustafa and Sims 2006) Let (X, G) be a G-metric space. A sequence
X, € X is said to be:

(i) G-convergenttox € X if for any € > 0, there exists k € N such that G(x,x,,x,) < €
for all n > k;
(ii) a Cauchy sequence if for each € > 0, there exists ng € N such that G(x,,, X, X)) <

g for all n,m, p > no, i.e., G(Xy,Xp,xp) — 0 as n,m, p — oo.

Definition 2.16 (Mustafa and Sims 2006) A G-metric space is said to be G-complete if
every G-Cauchy sequence in X is G-convergent. Every G-metric on X defines a metric

dG(xvy) :G(x,y,y)—f—G(y,x?x), (213)

for all x,y € X.

Proposition 2.2 (Mustafa and Sims 2006) Let (X, G) be a G-metric space. Then the
following properties are equivalent:
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(1) (x,) is G-convergent to x;

(2) G(xp,Xpm,Xn) — 0 as n,m — oo;
(3) G(xp,x,x) — 0asn— oo

(4) (x,) is a G-Cauchy sequence;

(5) For every € > 0, there exists k € N such that G(x,,, X, X,) < € for n,m > k.

Definition 2.17 (Mustafa and Sims 2006) Let (X,G) and (X/,G/) be two G-metric
spaces and let f : (X,G) — (X',G). Then, the map f is said to be G-continuous at
x € X if for € > 0, there exists 6 > 0 such that for all x,y € X and G(a,x,y) < 5, we
have G/( fa, fx,fy) < €. The function f is G-continuous if it is G-continuous for each
acX.

Proposition 2.3 (Mustafa and Sims 2006) Let (X,G) and (X',G) be two G-metric
spaces and let f : (X,G) — (X',G). Then the map f is said to be G-continuous at x € X
if and only if f is sequentially continuous, i.e., whenever (x,) is G-convergent to x, the
sequence fx, is G-convergent to fx.

Lemma 2.6 (Mustafa and Sims 2006) Let (X,G) be a G-metric space. Then, the
function G(x,y,z) is continuous in all it is variables.

Further, Mustafa er al. (2009) gave the existence of a fixed point for mapping in G-
metric spaces, which influenced many other authors. Since then, several researchers
have proved fixed point theorems in G-metric spaces. Chugh et al. (2010) proved the
results of property P in G-metric spaces. Shushanta (2011) proved property P of Ciric
operator on G-metric spaces. Rani ef al. (2012) introduced the version of common
fixed point theorems for compatible and weakly compatible maps in G-metric spaces.
Jleli and Samet (2012) gave some remarkable results on G-metric spaces. Moreover,
Agarwal et al. (2013) gave a theorem on couple fixed point results in asymmetric
G-metric spaces. For more details on G-metric spaces, one can see Mustafa and Obiedat
(2010), Shatanawi and Abbas (2012), Azam and Mehmad (2013), Agarwal et al. (2015),
Mustafa and Arshad (2017), Nagaraju (2020), Shoaib and Shahzad (2020) and the

reference therein.
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2.3.7 Cone metric spaces

Huang and Zhang (2007) introduced the structure of cone metric by replacing real
numbers with an ordering Banach space and established a convergence criterion for
sequences in a cone metric space to generalise the Banach fixed point theorem. Huang
and Zhang (2007) proved some fixed point theorem for Kannan type contractive condi-
tion in normal cone metric space; however, Rezapour and Hamlbarani (2008) omitted
this concept in some results by Huang. Several authors have investigated fixed point the-
orems and common fixed point theorems of self-mappings for normal and non-normal
cones in cone metric spaces. We refer the reader to Ili and Rakoevi (2008), Abbas and
Rhoades (2009), Sahin and Telci (2009), Radenovic (2009), Morales and Rojas (2010),
Kadelburg et al. (2011), Vetro and Radenovic (2018) and the references therein.

Beg et al. (2009) studied common fixed points for a pair of maps on topological vector
space (TVS) valued cone metric spaces by relaxing the normality conditions imposed
by Huang and Zhang (2007). They showed that the class of TVS cone metric spaces is
larger than the class of cone metric spaces, used in Azam and Beg (2013), Djordjevic et
al. (2011), Kadelburg et al. (2010), Kadelburg et al. (2012), Radenovic and Rhoades

(2009) and the references therein.

We will require the following definitions and preliminary results to prove our results.
Let (E, ) be always a topological space and P a subset of E. Then P is called a cone

whenever:

(i) P is closed, nonempty and P # {0};

(i) ax-+by € P for all x,y € P and nonnegative real numbers a, b;

(iii) PN (—P)={0}.

Let P C E be a given cone. If the interior of P (int P), is non empty, we say that P

is solid. If P is soilid cone, then P is a component of P, and in this case we use the
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notation x < y to indicate that y —x € intP. Note that if x < y and y < z, then x < 7 for

all x,y,z € intP.

The following are axioms that satisfy TVS-valued cone metric spaces:

Definition 2.18 (Beg et al. 2009) Let X be a non-empty set. Suppose that the mapping
p: X xX — E, satisfies:
(i) 0 < p(x,y), forall x,y € X and p(x,y) =0 if and only if x = y;

(i) p(x,y) =p(y,x), forallx,y € X;
(iii) p(x,y) < p(x,2) +p(z,y), forall x,y € X and for all x,y,z € X.

Then p is called a cone metric on X and (X,p) is called a topological vector space
valued cone metric space.

Example 2.7 (Schaefer 1971, Morales and Rojas 2010, Azam and Beg 2013) Let
E = (C[OJ],RZ),P ={(x,y) €EE:x,y>0} CR%, X =Rand p : X x X — E such that
p(x,y) =[x —y|ly(t), where y(t) = ¢€'. Then (X,p) is a TVS valued cone metric space.

2.3.8 S-metric spaces

Sedghi et al. (2012) gave a fascinating generalization of D-metric space and G-metric

space to S-metric space by formulating its properties as follows:

Definition 2.19 (Sedghi ef al. 2012) Let X be a non empty set. An S-metric on X is a
function §: X3 — [0,00) that satisfies the following conditions for all x,y,z,a € X.

(S1) S(x,y,2) > 0;
(S2) S(x,y,z) =0if and only if x =y = z; and

(S3) S(x,y,2) < S(x,x,a) +S(v,5,a) +S(z,2,a).

The pair (X, S) is called an S-metric space.

Some of the examples which satisfy the above axioms are:
(1) Let X =RR" and ||.|| a norm on X, then,

S(xy,2) = lly+z=2x[| + [y ==z,

is an S-metric on X.
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(2) Let X =R" and ||.|| a norm on X, then,
S(x,y,2) = llx—zl[ +[ly —zll,
is an S-metric on X.
(3) Let X be a non empty set, d is an ordinary metric on X, then
S(x,y,2) = d(x,2) +d(y,2),
is an S-metric on X.
Sedghi et al. (2012) proved that D-metric is S-metric, but in general the converse is not
true.
We give some of vivid illustrative example on S-metric spaces as follows:
Example 1.1 (Sedghi ef al. 2012) Let X = R2, d is an ordinary metric on X, therefore,
S(x,y,2) =d(x,y) +d(x,z) +d(y,2),

is an S-metric on X. If we connect the points x,y,z by a line we have a triangle and if

we choose a point @ mediating this triangle then the equality
S(‘x’y7z) = S(‘x7‘x’a) +S(y7y7a)+S<Z7Z7a)7
holds. Indeed,

S(x,y,z2) = d(xy)+d(x,z)+d(y,z)
< d(x,a)+d(a,y)+d(x,a)+d(a,z) +d(y,a)+d(a,z)

= S(x,x,a)+S(y,y,a)+S(z,z,a).

Also, Sedghi et al. (2012) proved the following Lemmas to satisfy S-metric:
Lemma 2.7 (Sedghi et al. 2012) In an S-metric space, we have

S(xaxay) = S(yvyax)'
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Lemma 2.8 (Sedghi and Van Dung 2014) Let (X,S) be an S-metric space. If there
exist sequences {x,} and {y,} such that li_r>n X, — x and li_r>n Yn — Y, then
n—oo n—oo

Hm S(x,, X5, yn) = S(x,x,y).

n—soo

Lemma 2.9 (Sedghi et al. 2018) Let (X,S) be an S-metric space. If there exist two
sequences {x,} and {y,} such that li_r)n S(xn,Xn,yn) = 0, whenever {x,} is a sequence
n—roo

in X such that lim x,, = ¢ for some ¢t € X, then lim y, =1.
n—yoo

n—soo

Definition 2.20 (Sedghi er al. 2012) Let (X, S) be an S-metric space. For r > 0 and
x € X, we define the open ball Bg(x,r) and closed ball Bg|x, r] with center x and radius
r as follows:

(B1) Bs(x,r)={yeX:Sy,yx)<r};

(B2) Bslx,r]={y€ X :S(,y,x) <r}.

The topology induced by the S-metric is the topology generated by the base of all open

balls in X.
Definition 2.21 (Sedghi et al. 2012) Let (X, S) be an S-metric space.

(i) A sequence {x,} € X converges to x if and only if S(x,,x,,x) — 0 as n — co. That
is for each € > 0, there exists ng € N such that for all n > ng, S(x,,x,,x) < €. We

denote this by lim x, — x.
n—oo

(ii) A sequence {x,} in X is called Cauchy sequence if for each € > 0, there exists
no € N such that S(x,,x,,x,) < € for each n,m > ny.

(iii) The S-metric space (X, S) is complete if every Cauchy sequence is a convergent
sequence in X.

Several researchers gave different generalized results in S-metric spaces. For more
details, one can see Sedghi and Van Dung (2014), Popa and Patriciu (2015), Chaiporn-
jareansri (2016), Kim et al. (2016), Chaipornjareansri (2018), Ansari ef al. (2019) and

the references therein.

Sedghi and Van Dung (2014) gave a generalisation of Kannan contraction in S-metric

space and proved the following result.
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Theorem 2.10 (Sedghi and Van Dung 2014) Let T be a self-mapping on a complete
S-metric space (X,S) and

S(Tx,Tx,Ty) < a(S(Tx,Tx,x)+S(Ty,Ty,y)),

for some a € [0, %] and all x,y € X. Then T has a unique fixed point in X.

2.3.9 Metric-like spaces

Amini-Harandi (2012) generalised the concept of partial metric space by introducing
the metric-like space. By this, we mean a pair (X, o), where X is a nonempty set and
0 : X x X — R satisfies all of the conditions of a metric except that o(x,x) may be
positive for x € X. This notion will be utilised in chapter 6 to prove common fixed point

theorem.

Amini-Harandi (2012) gave a generalization of partial metric spaces to metric-like

spaces by introducing the following properties:

Definition 2.22 (Amini-Harandi 2012) A metric-like space is a pair (X, o) consisting
of a non-empty set X together with a function 6 : X x X — R™, called the partial metric,
such that for all x,y, z € X, the following conditions hold:

E)
Q

(X,y):() = X=Y;
(02) o(x,y) =o(y,x); and

(03) o(x,y) < o(x,)+0(,2).
Then o is called a metric-like space on X, so a pair (X, o) is called a metric-like space.

The metric-like on X satisfies all of the conditions of a metric except that & (x,x) may

be positive for x € X. The following are some characteristics of metric-like spaces:
Definition 2.23 (Amini-Harandi 2012) Let (X, 0) be a metric-like space.

(i) Each metric-like o on X generates a topology Ts on X whose base is the family
of open c-balls

Bs(x,e)={ye X :|o(x,y) —o(x,x)| < e},Vx€ X and € > 0.

(ii) A sequence {x,} in metric-like space (X,0) converges to a point x € X if and

only if

lim o(x,;,x) = o(x,x).
n,m—oo
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(iii) The sequence {x,},_ is said to be o-Cauchy if the limit

lim o (x,,x)
n,m—soo

exists and is finite.

(iv) The space (X,0) is called complete if for every 6-Cauchy sequence {x,}; _,
there exists some x € X such that

lim 6/(5,,%) = 6(x.%) = lim 0 (x,,%,).
(v) A sequence {x,} in (X, o) is said to be 0-6-Cauchy sequence if li_r)n o (xn,Xm) =0.
n—oo
The space (X, 0) is said to be 0-c- complete if every 0-c-Cauchy sequence in X
converges in (Tg) to a point x € X such that 6(x,x) = 0.

(vi) A mapping T : X — X is continuous if the following limit exists (finite) and

lim 6(x,,x) = o(Tx,x).
N—o0

Remark 2.4 (Amini-Harandi 2012) It is easy to see that a metric space is a partial
metric space and each partial metric space is a metric-like space, but the converse is
not valid.

Remark 2.5 (Amini-Harandi 2012) Every partial metric space is a metric-like space.
This can be illustrated by the use of the following example:

Example 2.8 (Amini-Harandi 2012) Let X ={0,1} and 6 : X x X — R be defined
by

2, ifx=y=0,

1, otherwise.

o(x,y) = {

Then (X, o) is a metric-like space, but is not a partial metric space since ¢(0,0) #

0(0,1), then (X, o) is not a partial metric space.

Later, several authors gained interest in working in metric-like spaces, one can see Aydi
et al. (2015), Aydi and Karapinar (2015), Khammahawong (2017), Joshi et al. (2017)

and the references therein.

2.3.10 Partial h-metric spaces

Shukla (2014) gave an extension by combining partial metric space and b-metric space

concepts to partial b-metric space.

Definition 2.24 (Shukla 2014) A partial b-metric on a non-empty set X is a function
b:X x X — R" such that for all x,y,z € X:
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(Pb1) x =y if and only if b(x,x) = b(x,y) = b(y,y),
(Pb2) b(x,x) < b(x,y),
(Pb3) b(x,y) =b(y,x) and

(Pb4) there exist a real number s > 1 such that b(x,y) < s[b(x,z) +b(z,y)] — b(z,z).

A partial b-metric space is a pair (X, b) such that X is a non-empty set and b is a partial

b-metric on X. The number s > 1 is called the coefficient of (X, ).

Mustafa et al. (2013) gave an extension of partial b-metric space as follows:

Definition 2.25 (Mustafa et al. 2013) Let X be a non empty set and s > 1 be a given
real number. A function pp : X x X — R is called a partial b- metric if for all x,y,z € X
the following conditions are satisfied:

(PB1) x =y <= pp(x,x) = pp(x,y) = pp(»,¥),

(PB2) pp(x,x) < pp(x,y),

(PB3) pp(x,y) = pp(y,x) and

(PB4) py(x,y) < s[pp(x,2) + Pu(2,¥) — pb(2,2)] + 152 [Po(x,) + po(3,¥)]-

The pair (X, pp) is called a partial b-metric space. The number s > 1 is called the

coefficient of (X, pj).

Example 2.9 (Shukla 2014) Let X =R™, g > 1 be a constant and pj, : X x X — R™ be
defined by

pb(xay) - [max{x,y}]q+ |x_y|q=

for all x,y € X. Then, (X, pp) is a partial b-metric space with the coefficient s =27 > 1,
but it is neither a b-metric nor a partial metric space.

2.3.11 Weak metric spaces

We start by introducing weak metric spaces, which will be important in developing our

main results in chapter five and chapter six of this thesis.

Beg and Pathak (2018) gave a generalized notion of weak partial metric space as

follows:
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Definition 2.26 (Beg and Pathak 2018) Let X be a non empty set. A function q :
X x X — R™" is called a weak partial metric on X if for all x,y,z € X the following
conditions are satisfied:

The pair (X, q) is called a weak partial metric space.

Some examples of weak partial metric spaces are the following
Example 2.10 (Beg and Pathak 2018)

(1) (RT,q), where q: Rt x Rt — R is defined as

q(x,y) =|x—y[+1,
forall x,y € RT.

(2) (R*,q), where q: RT x Rt — R™ is defined as

q(x,y) = %\x—yl +max{x,y},
forall x,y € RT.
(3) (R*,q), where g : RT x Rt — R™ is defined as
g(x,y) = max{x,y} +e* 141,

forall x,y € RT.

Kanwal et al. (2019) gave a generalised concept from weak partial metric space to weak

partial b-metric space as follows:

Definition 2.27 (Kanwal et al. 2019) Let M # 0 and s > 1, a function pp, : M x M — R
is called a weak partial b-metric on M if for all x,y,z € M, following conditions are
satisfied:

(WPBl) pb(xvx) = pb(x7y) = X=Y,
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(WPBz) pb(xvx) < pb(x7y)’
(WPB3) Pb(x,Y) = p;,(y,X) and

(WPB4) py(x,y) < s[pp(x,2) + pu(z,)]-

The pair (M, pp) is called a weak partial b-metric space.

Some of the examples of weak partial b-metric space are the following:
Example 2.11 (Kanwal et al. 2019)
(1) (RT,pp), where pp, : RT x RT — R is defined as
po(x,y) =[x =y +1,
forall x,y € R™.

(2) (RT,q), where pp : RT x RT — R is defined as

1
pb(xay) = §|X—y|2 —I—max{x,y},

forall x,y € RT.

Definition 2.28 (Kanwal et al. 2019) A sequence {x,} in (M, pp) is said to converge
to a point x € X, if and only if

P (x,x) = lim Py (x,, ).

Definition 2.29 (Kanwal et al. 2019) Let (M, py,) be a weak partial b-metric space.
Then

(i) A Cauchy sequence in metric space (M, p;) is Cauchy in M.

(ii) If the metric space (M, p}) is complete, so is weak partial b-metric space (M, py).
Remark 2.6 (Kanwal et al. 2019) If pp, is a weak partial b-metric on M, the function

Py M x M — R given by

PR(e) = Pr(63) — 3w, )+ py(v3)]

define a b metric on M. Further, a sequence {s,, } in (M,pj}) converges to a point s € M,

if

Jim pp(x,y) = Hm py(sn;s) = Ps(s,5)-



44

Another weak partial metric space introduced by Gupta and Gautam (2015). The

property of quasi-partial b-metric space defined as follows:

Definition 2.30 (Gupta and Gautam 2015) A quasi-partial b-metric space on a non
empty set X is a mapping qpp, : X x X — R™T such that for some real number s > 1 and
allu,v,ze X:

(QPb1) qpp(u,u) = qpp(u,v) = qpp(v,v) = u=v,
(OPb2) qpp(u,u) < qpp(u,v);

(QPB3) qpp(u,u) < qpp(v,u); and

(QPb4) qpy(u,v) < slgpy(u,z) +qpp(v,2)] — qpp(z,2)-

A quasi-partial b-metric space is a pair (X,qpyp) such that X is a non-empty set and
(X,qpp) is a quasi partial b-metric on X. The number s is called the coefficient of

(X, qpp).

For a quasi-partial b-metric space (X,qp;), the function d,p), : X x X — R™ defined by

dqp, (u,v) = qpp(u,v) +qpp(v,u) — qpp(u,u) — gpp(v,v) is a b-metric on X.
Lemma 2.10 (Gupta and Gautam 2015) Every quasi-partial metric space is a quasi-
partial b-metric space. However, the converse does not need to be true.

Lemma 2.11 (Gupta and Gautam 2015) Let (X,qpp) be a quasi-partial b-metric
space and (X,dy, ) be the corresponding b-metric space. Then (X,d,),) is complete if
(X,qpp) is complete.

An immediate example of quasi-partial b-metric space is given in Gupta and Gautam

(2015) and Gautam and Verma (2021).

Motivated by the works of Czerwik (1993) and sedghi ef al. (2012), Nizar and Nabil

(2016) introduced the notion of S,-metric space.
Definition 2.31 (Nizar and Nabil 2016) Let X be a non empty set and let s > 1 be a

given number. A function Sj, : X X X x X — [0,0) is said to be S,-metric if and only if
for all u,v,z,t € X the following conditions hold:

(Sl) Sb(M,V,Z) > 0;

(S2) Sp(u,u,v) = Sp(v,v,u) for all u,v € X; and

(S3) Sp(u,v,z) < s[Sp(u,u,t)+Sp(v,v,1) + Sp(z,2,1)].

The pair (X, S}) is called an Sj,-metric space.
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2.4 Multivalued Mapping Notions in Some Abstract Spaces

Pompeiu (1905) defined the concept of distance between two closed sets, in the context
of complex analysis, in his PhD thesis. Later, Hausdorff (1914) considered all the basic
concepts introduced by Pompeiu in his book Grundzuge der Mengenlehre, but in the
general setting of a metric space, and adopted an alternative way to symmetrise the
asymmetric distances D(A,B) and D(B,A), by defining what is currently denoted by
H(A,B) and commonly named Hausdorff metric. The Hausdorff metric notion deals

with the measures of distance between two sets A and B of CB(X).

We introduce some measures of Hausdorff metric in some spaces which will be con-
sidered in this thesis, specifically in chapter 4, to prove some results on multivalued

contraction mappings:

2.4.1 Multivalued mappings in metric spaces

Nadler (1969) introduced multivalued contraction mappings using the Hausdorff metric
and extended Banach’s contraction principle (Banach 1922) from single-valued to
multivalued mappings. Since then, several researchers have generalised these results
for multivalued mappings in various spaces. Thus, the multivalued mappings theory
has many applications in diverse areas, such as control theory, approximation theory,

differential equations and economics.

Definition 2.32 (Nadler 1969) Let (X ,d) be a metric space. Amap T : X — CB(X) is
said to be a mult-valued contraction if there exists 0 < A < 1 such that

H(Tx,Ty) < Ad(x,y), (2.14)
forall x,y € X.

We denote closed and bounded sets by CB(X), which is the class of all non-empty
closed and bounded subsets of X. Let x € X and A C X, then

d(x,A) = inf{d(x,a) ta EA}.
For A, B € CB(X), the function H : CB(X) X CB(X) — [0,0) such that

H(A,B) = max{supd(a,B), supd(b,A)},
acA beB
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1s said to be Hausdorff distance.

2.4.2 Multivalued mappings in b-metric spaces

This subsection gives the insights for Multivalued mappings in b-metric spaces, utilised

in chapter 4, section 4.5, to prove some fixed point results.

We obtain the description and properties of the partial Hausdorff b-metric from Czerwik

et al. (2001).

Let CB”(X) be the family of all non-empty, closed and bounded subsets of a h-metric
space (X,dp), induced by the b-metric dj,.

We state some properties of the partial Hausdorff metric Hj,.

Lemma 2.12 (Czerwik et al. 2001) Let (X ,dp,s) be a b-metric space. For all A,B,C €
CB’(X), and x,y € X, we have

i) dy(x,B) < dp(x,y);
ii) 8,(A,B) < Hy(A,B);

iii) dp(x,B) < Hy(A,B) forany x € A;

v) Hb(A>B) = Hb(BvA);

(
(
(
(iv) Hp(A,A) =0;
(
(vi) Hyp(A,C) < s[Hy(A,B) + Hy(B,C));
(

V”) db(va) < s[db(x7y) +db(y7A)]

Remark 2.7 (Czerwik ef al. 2001) Let (X,d,,s) be a b-metric space. The function
Hy, : CB” x CB” — [0, ) is a generalized Hausdorff b-metric, that is

max{(sb(AuB)uéb(BvA)}v A#®%37
Hy,(A,B) = 0, A=0=B,
o0, otherwise.

It is easy to see that H,(A,B) =0 — A = B.

Lemma 2.13 (Czerwik et al. 2001) Let (X, d},s) be a b-metric space. For A € CB?(X)
and x € X, we have
dy(x,A) =0 xc A=A,

where A denotes the closure of A with respect to the b-metric dj,.
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Lemma 2.14 (Czerwik er al. 2001) Let (X,dp,s) be a b-metric space. For A,B €
CB’(X). Then for each h > 1 and for each a € A there exists b € B such that dj(a, b) <
hH,(A,B).

2.4.3 Multivalued mapping in G-metric space notion

We introduce some concepts on multivalued G-metric space, which will be applicable

in chapter 5 to prove the coincidence fixed point results.

Kaewcharoen and Kaewkhao (2011) established the multi-valued notion in G-metric
space by extending the results due to Mustafa and Sim (2006). Let X be a G-metric
space. Denote by CB(X) the class of all non-empty, closed and bounded subsets of
X. Let Hg(., .,.) be the Haursdorff G-distance on CB(X), that is, for A, B,C € (CB(X))
define:

Hg(A,B,C) = max{squ(x,B,C),squ(x,C,A),squ(x,A,B)}, (2.15)

XEA XEB xeC
where,
G(x,B,C) = dg(x,B)+dg(B,C)+dg(x,C), (2.16)
d(x,B) = inf{dG %,y),y € B} 2.17)
dG(A,B) = inf{dG acAbe B}, (2.18)
do(x,y,C) = inf{G(x,y,z),z e c}. (2.19)

Lemma 2.15 (Kaewcharoen and Kaewkhao 2011) Let (X,G) be a G-metric space and
A,B € CB(X). Then for each a € A, we have

G(a,B,B) < H;((A,B,B)).

Tahat et al. (2012) gave the following lemma in G-metric space setting.

Lemma 2.16 (Tahat et al. 2012) Let (X,G) be a G-metric space and A,B € CB(X),
then for each € > 0, there exists b € B such that

Gla,b,b) < Hg((A,B,B)) +¢.

2.4.4 Multivalued concept in partial metric space

We introduce a multivalued partial metric space analogue, which will help in proving

our results in chapter 4, sections 4.3 and 4.4.
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We obtain the description and properties of the partial Hausdorff metric from Aydi et al.

(2012).

Let CB?(X) be a family of all non-empty, closed and bounded subsets of a partial metric
space (X, p), induced by the partial metric p. Furthermore, the set A is said to be a
bounded subset in (X, p) if there exists xo € X and N > 0 such that for all a € A, we
have a € B)(xo,N). That is,

p(xo,a) < p(a,a) +N.
For all A,B € CBP(X) and x € X, we define:
p(x,A) = inf{p(x,a):a€A};
0p(A,B) = sup{p(a,B):acA};
0p(B,A) = sup{p(b,A):bc B}.
Note that,
p(x,A) =0 = p*(x,A) =0, (2.20)

where

p’(x,A) =inf{p*(x,A),x € A}.

We define the partial Hausdorff metric H, : CB? x CB? — R as

Hy(A,B) = max{8,(A,B),5,(B,A)}.

We state some properties of the partial Hausdorff metric H,,.

Lemma 2.17 (Aydi et al. 2012) Let (X, p) be a partial metric space, A,B € CB?(X)
and h > 1. For any a € A, there exists b(a) € B such that

p(a,b) < hH,(A,B).
Proposition 2.4 (Aydi et al. 2012) Let (X, p) be a partial metric space, then for any
A,B,C € CB?(X), we have
(i) 8,(A,A) = sup{p(a,a) :a € A};
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(iii) 8,(A,B)=0—AC B;
(iv) 6p(A,B) = 0,(A,C) +6,(C,B) —inf.cc p(c,c).

Proposition 2.5 (Aydi et al. 2012) Let (X,p) be a partial metric space. For all
A,B,C € CB?(X), we have

(H1) H,(A,A) <H,(A,B);
(HZ) HP(AvB) :HP(BvA);

(H3) H,(A,B) < H,(A,C)+H,(C,B)— inf p(c,c).

c— C

It is easy to see that H,(A,B) =0=A =B.

Remark 2.8 (Altun and Simsek 2012 ) Let (X, p) be a partial metric space and A be a
nonempty subset of X. Then a € A if and only if

p(a,A) = p(a,a),

where A denotes the closure of A with respect to the partial metric p. Note that A is
closed in (X, p) if and only if A = A.

2.4.5 Multivalued mappings for weak partial b-metric spaces

This subsection gives some concepts on multivalued mappings for weak partial b-metric

spaces, which will be used in chapter 5 to prove the main results.

Beg and Pathak (2018) proved Nadler’s theorem on weak partial metric spaces with
homotopy results. Later, Kanwal et al. (2019) defined the notion of weak partial
b-metric spaces and weak partial Hausdorff b-metric space along with the topology
of weak partial b-metric space. Moreover, they generalised Nadler’s theorem using
weak partial Hausdorff b-metric space in the context of a weak partial b-metric space.
Motivated by Kanwal et al. (2019), we define multivalued notion in weak partial
b-metric space, which is an extension of the concept given by Aydi et al. (2012) in

partial metric space.

Let (M, p,) be a weak partial b-metric space and CBP>(M) be a class of all non-empty,
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closed and bounded subsets of (M, p,,). For A,B € CBP*(M) and x € M, define:

pb(x7A> = inf{pb(x7a) rac A};
0p,(A,B) = sup{py(a,B):acA};

0p,(B,A) = sup{py(b,A):bc B}.

Note that
pp(x,A) =0 = p;(x,A) =0, (2.21)

where
pp(x,A) =inf{pj(x,A),x € A}.

Remark 2.9 (Kanwal et al. 2019) Let (M, py,) be a weak partial b-metric space and A
a nonempty subset of M, then

acA <= pb(aaA) = pb(aaa)‘
Definition 2.33 (Kanwal et al. 2019) Let (M, py,) be a weak partial b-metric space.
For A,B € CBP*M) | the mapping %’ﬁ' : CBPb x CBP? — [0, 0) defined by

it (4.B) = 5 (8, (A.B) + 8, (B.A)}.

is called %’ﬁ:—lype Hausdorff metric induced by pp.

2.5 Hybrid Mappings and Related Concepts

This section gives some notions on hybrid contraction mappings, which will be used in

chapter 5 to prove the main results.

Hybrid fixed point theory involving pairs of single-valued and multivalued mappings is
a relatively new extension in nonlinear analysis. The concepts of commutativity and
weak commutativity extended to hybrid pair of mappings on metric spaces. Thus, fixed
point theory has been studied, generalised and enriched in different approaches such
as metric, topological and order theoretical. The method of hybrid fixed point can be
applied to derive another classical fixed point theorems results and prove the existence

of a bounded solution for functional equations.

Naimpally et al. (1986) generalised Goebel (1968) result in a hybrid of multivalued and

single-valued maps satisfying a contractive condition. For the historical development of
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the hybrid fixed point theorem, one may refer to Mishra et al. (1995). Consequently,
several fixed point theorems for multivalued maps were extended by Naimpally et al.
(1986). Recently, Nashine et al. (2018) established a proof on common fixed point
theorem for hybrid generalised (F, y)-contraction under common limit range property
in metric spaces. Chauhan et al. (2014) proved unified common fixed point theorems for

a hybrid pair of mappings via an implicit relation involving altering distance function.

Several researchers use the following methods to prove common fixed point theorems

for hybrid pairs of mappings initiated by Sintunavarat and Kumam (2011).

Sintunavarat and Kumam (2011) introduced the notion of common limit range (CLR)
property for single-valued mappings, which completely accommodated the conditions
of the closeness of the degrees of the detailed mappings and showed its superiority over
the (E.A) property due to Aamri and El Moutawakil (2002). Motivated by this fact,
Imdad et al. (2014) established a common limit range property for a hybrid pair of
mappings and proved some fixed point results in symmetric (semi-metric) spaces. Zoran
et al. (2014) proved a common fixed point theorem for hybrid pair of mappings by using
the notion of limit range property along with occasionally coincidentally idempotent
property. Also, Imdad et al. (2016) established the joint common limit range notion and

proved the common fixed point theorem for a pair of non-self mappings in metric space.

Some special conditions on the pairs of mappings like weakly compatible mappings,
E.A. property, faintly compatible mappings, common limit range property (CLR),
coincidentally idempotent and joint common limit range property (JCLR) has been
utilised in different proofs by the researchers. One can see Popa (2016), Popa (2017).

Gupta et al. (2020) and the references therein.

Aamri and El-moutawakil (2002) introduced the (E.A) property for pair of self mappings
defined on metric spaces, which contains compatible and non-compatible mappings in
metric spaces and utilised the same to prove common fixed point theorems under strict

contractive conditions.

Definition 2.34 (Aamvri and El-moutawakil 2002)
A pair of self-mappings (T,I) of a metric space (X,d) is said to be non compatible if
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{xn} is a sequence in X such that

lim Tx, = lim Ix, =1,
n—so0 n—so0

for some t € X. But limy,_,ood (T Ix,,ITxy), is either non-zero or non-exist.

Definition 2.35 ( Aamri and El-moutawakil 2002)
A pair of self-mappings (T,I) of a metric space (X,d) is said to satisfy the property
(E.A) if there exist at least one sequence {x,} in X such that

lim Tx, = lim Ix, =t, (2.22)
n—oo Nn—yoo

for somet € X.

Imdad ef al. (2015), extended the notion of (E.A) property to Common limit range
property (CLR) and joint common limit range (JCLR) property in metric spaces for

hybrid pairs of mappings as follows:

Definition 2.36 (Imdad et al. 2015) Let (X,d) be a metric space and [ : X — X,
F:X — CL(X), (f,F) has common limit range (CLR) if there exists a sequence {x, }
in X such that

lim fx, = fu€A= lim Fx,, (2.23)

n—oo

foru e A(X) and A € CL(X).

Definition 2.37 (Imdad et al. 2015) Let (X,d) be a metric space and f,g: X — X
, F,G:X — CL(X), the pair (f,F) and (g,G) are said to have joint common limit
range (JCLR) if there exist two sequences {x,} and {y,} in X and A, B € CL(X) such
that
lim Fx, = A, lim Gy, = B, lim fx, = lim gy, =1, (2.24)
n—oo n—oo n—oo

n—soo

such thatr € ANB € f(x) Ng(x), i.e, there exist u,v € X such thatt = fu=gv € AN B.

2.6 Implicit relation and related concepts

We commence this section with a brief discussion on the concept of the implicit relation,
which will be applicable in chapter 6 to formulate the prove of the common fixed point

theorem.

Popa (1997) initiated implicit function and proved several interesting fixed point theo-
rems satisfying suitable implicit relation. For proving such results, Popa consider 7 to

be the set of all continuous functions F : RT® — R satisfying the following conditions:
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(F1) F is non-increasing in ts and f,

(F,) there exists i € (0,1) such that for u,v > 0,

(Faq) F(u,v,v,u,u+v,0) <0,

(Fp) F(u,v,v,u,0,u+v) <0 = u < hv,

(F3) F(u,u,0,0,u,u) <0, foru>0.

Later, Popa (1999) introduced an implicit relation to cover several well-known contrac-
tions conditions of the existing literature in one go besides admitting several new ones.
Imdad et. al. (2002) modified results due to Popa (1999) by removing the assumption

of continuity, relaxing the ’compatibility’ to ’coincidentally commuting property’ and

replacing the completeness of the space with a set of four alternative conditions.

Recently, Ahmadullah et al. (2016a) proved the results for unified relation-theoretic

metrical fixed point theorems of mappings satisfying implicit contractive conditions.

They considered the family .# of all continuous real functions F : ]R?r — R+ and the

following conditions:

(F1) F is non-increasing in the fifth variable; and F (u,v,v,u,u+v,0) <0 for u,v >0
implies that there exist A € [0, 1) such that u < Av;

(F2) F(u,0,u,0,0,u) >0, for all u > 0;

(F3) F is non-increasing in the sixth variable and F (u,u,0,0,u,u) < 0 for all u > 0.

In that way, Ahmadullah ez al. (2016a) used this to unify and extend various findings in

the literature.

We give some examples of functions that satisfy the above implicit relation conditions.

Example 2.1 The functions of F' € .# satisfying the properties (F1) - (F3) (see, Ah-
madullah et al. (2016a)) are the following.
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(i) F(uy,up,u3,uq,us,uq) = u; — kup, where k € [0,1);
(ii) F(uy,up,u3,uq,us,uq) =u; —k{uz+uys}, where k € [0, %)
(ili) F(u1,up,us,us,us,ue) = uy —k{us+ug}, where k € [0,1);

(v) F(ui,uz,u3,us,us,ue) =uy —ajuy —az(u3+us) —az(us+ue), where ay,az,as €

[0,1) and a; 4 2a; +2a3 < 1;

(V) F(uy,up,us,uq,us,ug) = uy —kup — L min{us, us,us,uq,us}, where k € [0,1) and

L>0;
(Vi) F(u1,uz,u3,u4,us,ug) = uy — (ayuy + auz +azug + as(us + ug)),
where a;,ay,a3,a4 > 0and ay +ax + a3 + a4 < 1;

Us + Ug
2

(vii) F(u1,up,u3,us,us,ug) = uy —kmax {uz,us,um } —Lmin{u3, ug,us,ug} ,

where k € [0,1) and L > 0;
(viii) F(uy,up,u3,us,us,ug) = u; —kmax{uy,u3,us,us,uc} where k € [0, %),

(x) F(uy,uz,u3,us,us,ue) = uy — (ajuz +ayu3 +azus+asus +asue) ), where a;*, > 0

(fori=1,2,3,4,5) and ¥'3_,a; < 1;

(x) F(uy,up,us,uq,us,ug) = u —kmax{uz,u3,u4,”—25,%} , where k € [0,1);

(xi) F(uy,up,us,uq,us,ug) = u; —kmax {uy,uz,us} — (1 —k)(aus + bug), where k €

I
[0,1)and 0 < a,b < 5.

(xii) F(up,un,u3,uq,us,ug) = u% —uj(ajup + apus + azus) — aqusug), where a; > 0;

az,az,as > 0; a1 +ax+az <landa)+ag4 < 1;

(xiii) F(uy,up,u3,uq,us,ug) = u% —a max{u%, u%, uﬁ} —ap max{usus, usig } — azusug,

where a/f,> 0 (fori = 1,2,3); a1 +2ap < l and a; + a4 < 1;

(xiv) F(ul,uz,u3,u4,u5,u6) = u% —k{u%—f—ug —Hti —Htg +Mg}, where k € [07 1—11)
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2.7 Relation-theoretic in metric-like spaces

This section explains relation theoretical notions in metric-like spaces concept, which

will be used in chapter 6 to develop the main results.

Alam and Imdad (2015) introduced a novel variant of the Banach contraction principle
on complete metric space endowed with binary relations, which under universal relation
reduces to Banach contraction principle. This concept extended several results in the
literature by weakening them to the extent of an arbitrary binary relation. In this context,
the contraction condition is relatively weaker than the normal contraction. It must
hold only on those elements related to the underlying relation rather than the whole
space. Later, Ahmadullah et al. (2016c¢) extended the Banach contraction principle to

metric-like spaces (not essentially complete) equipped with an arbitrary binary relation.

Next, we present some relevant relation-theoretic notions in metric-like spaces.

Definition 2.38 (Ahmadullah et.al. 2016¢) Let (X, o) be a metric-like space and % a
binary relation on X. We say that (X, o) is Z-complete if every Z-preserving Cauchy
sequence {x,} in X, there is some x € X such that

n}rilrl)lwc(xn,xm) =o(x,x) = Ji_r)r()lod(xn,x).

Recall that the limit of a convergent sequence in metric-like spaces is not necessarily

unique.
Definition 2.39 (Ahmadullah et.al. 2016¢) Let (X, o) be a metric-like space. Then a
mapping f : X — X is said to be continuous-like at x if fx;, to, fx for any sequence

{xu} with x, 29 x. As usual, f 1s said to be continuous-like if it is continuous-like in
the whole space X.

Definition 2.40 (Ahmadullah et.al. 2016¢) Let (X, o) be a metric-like space and % a
binary relation on X. Then a mapping f : X — X is said to be Z-continuous-like at x if

fxn Lo, fx for any Z-preserving sequence {x,} with x, %o, x. As usual, f is said to be
Z-continuous-like if it is Z-continuous-like in the whole space X.

Definition 2.41 (Alam and Imdad 2015) Let (X, ) be a metric-like space and Z-binary
relation on X. Then & is said to be o-self closed if for any &% -preserving sequence

{x,} with x,, = x, there is a subsequence {xn,} of {x,} such that [x,,,x] € Z, for all
ke N.

Definition 2.42 (Samet and Turinici 2012) Let (X, o) be a metric-like space and %-
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binary relation on X. Then a subset D of X is said to be #-directed if for every pair of
point x,y € D, there is z in X such that (x,z) € #Z and (y,z) € Z.

The following definition was given by Kolman et al. (2000).

Definition 2.43 (Kolman et al. 2000) Let (X,d) be a metric-like space, #Z a bi-
nary relation defined on X and x,y a pair of points in X. Then a finite sequence
{z0,21,22,.--,21} € X is said to be a path of length [(where [ € N) joining x to y in Z
if z0 =x,z; =yand [z;,z;+1] € Z foreachi € {1,2,3,..1 — 1}.

Observe that, a path of length / involves (I + 1) elements of X that need not be distinct in
general. Given a metric-like space (X, o), a self-mapping 7 on X and a binary relation
Z on X, we employ the following notations:

(i) F(f): the set of all fixed points of f;

(ii) X(f,Z): the collection of all points x € X such that (x,Tx) € Z%;

(iii) y(x,y,Z): the family of all paths joining x to y in Z.



57

CHAPTER THREE

COMMON FIXED POINT THEOREMS FOR F- KANNAN MAPPINGS IN
GENERALISED METRIC SPACES WITH SOME APPLICATIONS

3.1 Introduction

Kannan (1968) introduced a generalisation of the Banach contraction principle. In this
extension, he replaced the distance function on right-hand side in the Banach contraction
inequality by the sum of the distance between the point and its image. Later, several

authors used this contraction condition and generalised it to other abstract spaces.

Branciari (2000) introduced a fixed point theorem of Banach-Caccippoli type on a class
of generalised metric spaces. Later, Moradi and Alimohammadi (2011) generalised
Kannan’s results (Kannan 1968) using the sequentially convergent property and rect-
angular property in metric space. Since then, several researchers have investigated
Kannan’s contraction mappings using rectangular property in different abstract spaces.
For more details, one can see Azam and Arshad (2008), George et al. (2015), Malceski
et al. (2016), Rasham et al. (2019a), Kari et al. (2020) and the references therein.

On the other hand, Beg et al. (2009) studied common fixed point for a pair of maps on
topological vector space (TVS) valued cone metric spaces by relaxing the normality
conditions imposed by Huang and Zhang (2007). They showed that the class of
TVS valued cone metric spaces is larger than the class of cone metric spaces used in
Radenovic and Rhoades (2009), Kadelburg ef al. (2010), Djordjevic et al. (2011),
Azam and Beg (2013) and the references therein. For more detail, we refer the reader to

subsection 2.3.7.

This chapter uses the basic properties of generalised metric spaces defined in subsection
2.3.4 and TVS valued cone metric space defined in subsection 2.3.7 and therefore forms
a basis for the remaining chapters. We denote, (X,d) as a generalised metric space

and (X,p) as a TVS valued cone metric space. Section 3.2 deals with the basic of
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definitions and theorems, which are required to establish some necessary and sufficient

conditions for common fixed point theorem for generalised metric spaces.

In section 3.3, we extend and generalise the results due to Batra ef al. (2020) and
Morandi and Alimohammadi (2011) using a pair of two self-mappings for F'-Kannan
contraction mappings in a generalised metric space, by considering the maps to be
sequential convergent. In addition, some examples are provided to validate the results.
In section 3.4, we investigate, extend and generalise the results due to Batra ef al. (2020),
Filipovic et al. (2011), Morales and Rojas (2010), Rahimi et al. (2013) and Wangwe
and Kumar (2021) using a pair of two self-mappings in F-Kannan-Suzuki type mapping
in TVS valued cone metric space, where we consider a map to be sequential, one to one

and continuous by considering P to be a solid cone.

Finally, section 3.5 discusses some applications of the proved theorems, which are
divided into five parts. The first part deals with the existence of a solution for the
Volterra type integral equation. The second part establishes the existence of a solution
for Caputo type nonlinear fractional differential equations. The third part focuses on the
existence of a common solution of ordinary differential equations for damped forced
oscillations. Further, the fourth part introduces the solution for the nonlinear Riemann-
Liouville type fractional differential equation. Finally, the fifth part demonstrates the

existence of a coincidence solution for the nonlinear Volterra-integral equation model.

We will require the following definitions and preliminary results to prove our results in

this chapter.

3.2 Preliminaries

In this section, we will recall important definitions, lemmas and theorems, which will

be used to prove the main results of this chapter.

Definition 3.1 (Branciari 2000) Let (X,d) be a metric space. A mapping 7 : X — X
is said to be sequentially convergent if we have, for every sequence {y, }, if {Ty,} is
convergence then {y, } is also convergent. Furthermore, T is said to be subsequentially
convergent if we have, for every sequence {y,}, if {Ty,} is convergent then {y,} has a
convergent subsequence.
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Definition 3.2 (Munkres 1970) Let X be a topological space. If (x,) is a sequence
of points of X, and if nj <np < --- <m; < ... is an increasing sequence of positive
integers, then the sequence (y;) defined by setting y; = x,, is called a subsequence of
the sequence (x,). The space X is said to be sequentially compact if every sequence of
points of X has a convergent subsequence.

One can see more details on the sequentially convergent property (Buskes and Van

Rooij 1997, Freiwald 2014).

Morandi and Alimohammadi (2011) investigated and extended the Kannan’s mapping
(Kannan 1968) by using the concept due to Branciari (2000), proved results on two self

mappings as follows:

Theorem 3.1 (Morandi and Alimohammadi 2011) Let (X,d) be a complete metric
space and T,S : X — X be mappings such that T is continuous, one-to-one and subse-
quentially convergent. If L € [0, %) and

d(TSx,TSy) < A[d(Tx,TSx)+d(Ty,TSy)], (x,y € X) (3.1)

then S has a unique fixed point. Also, if T is sequentially convergent then for every
X0 € X, the sequence of iterates {S"xo} converges to this fixed point.

The following definition is due to Beg et al. (2009):

Definition 3.3 (Beg et al. 2009) Let (X, p) be a topological vector space valued cone
metric space, and let x € X and {x, },>1 be a sequence in X. Then

(i) {xn}n>1 converges to X whenever for every ¢ € E with 0 << c there is a natural
number N such that p (x,,x) << c for all n > N. We denote this by

lim x, =x & x, — x.
n—soo

(ii) {xn}u>1 is Cauchy sequence whenever for every ¢ € E with 0 << c there is a
natural number N such that p (x,,x,) << c for all n,m > N.

(iii) (X,p) is called topological vector space valued cone metric space if every Cauchy
sequence is convergent.

Morales and Rojas (2010) gave the following definition on cone metric space by

considering P be a solid cone.

Definition 3.4 (Morales and Rojas 2010) Let (X,d) be a cone metric space, P be a
solid cone and T : X — X. Then
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(i) T is said to be continuous if

limx, =x = lim Tx, = Tx,
n—yoo n—oo

forall x, € X,

(ii) T is said to be sequentially convergent if we have, for every sequence (y,), if Ty,
is convergent, then y, is also convergent,

(iif) T is said to be subsequentially convergent, if we have for every sequence (y,) and
Ty, is convergent implies y, has a convergent subsequence.

Filipovic et al. (2011) generalised Theorem 3.1 and Theorem 3.5 from (Morales and
Rojas 2010 ) by using the sequentially convergent mappings in cone metric space and

considered P to be a solid cone. They proved results on two self mappings as follows:

Definition 3.5 (Filipovic et al. 2011) Let (X ,d) be a cone metric space and T, f : X —
X two mappings. A mapping f is said to be T-Hardy-Rogers contraction if there exist
a; >0,i=1,...5with Zlea,- < 1 such that for all x,y € X,

d(Tfx,Tfy) < aid(Tx,Ty)+axd(Tx,Tfx)+asd(Ty,Tfy)
+asd(Tx,T fy) +asd(Ty, T fx). (3.2)

Theorem 3.2 (Filipovic et al. 2011) Let (X,d) be a complete cone metric space and
P a solid cone, in addition let T : X — X be a one-to-one, continuous mapping and
f:X — X a T-hardy-Rogers contraction. Then,

(i) For every xg € X, the sequence T f"xq is Cauchy.

(ii) There is vy, € X such that nlgrolo T f"xo = vy,

(iii) If T is sequentially convergent, then (f"x) has a convergent, subsequence.
(iv) There is a unique uy, € X such that fuy, = uy,.
(v) If T is sequentially convergent, then for each xy € X the iterate sequence (f"x)

converges to Uyy-

Definition 3.6 (Jeong and Rhoades 2007) Let F (T) denote the fixed point set of a map
T. Amap T has property P if F(T) = F(T") for each n € N. We shall say that a pair
of maps T and f has property Q if F(T)NF(f) = F(T")NF(f") for each n € N.

The following theorem was given by Filipovic et al. (2011):
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Theorem 3.3 (Filipovic et al. 2011) Let (X,d) be a complete cone metric space and
P a solid cone, in addition let T : X — X be a one-to-one, continuous mapping and
f:X — X such that F(f) # 0 and that

d(Tfx,Tf>x) =< Ad(Tx,Tfx), (3.3)

holds for some A € (0,1) and for all x € X,x # fx. Then f has property P.

3.3 Coincidence Point Results for /'-Kannan Mapping in a Gener-
alised Metric Space

We present the main result of this section by assuming a map to be sequentially conver-
gent with a pair of two self-mappings of F-Kannan contraction mappings. We shall start
with the extension of the Definition 2.6 using a pair of two self mappings in F'-Kannan

mapping setting.
Definition 3.7 Let F be a mapping satisfying (F1) — (F3). A pair of two self mappings
T,S:X — X is said to be an F-Kannan mapping if the following hold:

(FK1)
TSx#TSy = TSx#xorTSy#y. (3.4)

(FK2) there exists Y > 0 such that

d(Tx,TSx) +d(Ty, TS
T+ F(d(Tsx,Tsy)) < F | L5 x); (T TS) | (3.5)

forall x,y € X, with TSx £ TSy,

By extending Remark 2.3 in Batra et al. (2020), we present the remark as below:

Remark 3.1 By properties of F, it follows that every F'-Kannan mapping 7 on a metric
space (X,d), satisfies the following condition:

d(Tx,TSx)+d(Ty, TSy)
2 )

d(TSx,TSy)) <

for every x,y € X.

We give the following examples from Batra et al. (2020) in the context of a pair of two

mappings:
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Example 3.12 Let F; : RT — R be defined as Fy (z) = In(z). Then clearly, (F1) — (F3)
are satisfied by Fi(z). In fact, (F3) holds for every k € (0, 1). Moreover, condition (3.5)
above takes the form:

d(Tx,TS. d(Ty, TS
d(TSx,TSy)) < &7 |25 x);L (7y, y>] . (3.6)
for all x,y € X with T'Sx # T Sy.
Thus, if 7,5 : X — X is a Kannan mapping with constant k € (0, 1) satisfying
d(Tx,TS. d(Ty, TS
d(TSx,TSy)) < k[ (T, x>; (Ty, y)]. (3.7)

for every x,y € X. Then it also satisfies (3.6) and (3.5) with Y = In1.

Example 3.13 Let /5 : R™ — R be defined as F>(z) = In(z) +z,z > 0. Then, (F1) —
(F3) are satisfied by F>(z). Condition (3.5) above takes the form:

d(TSX, TSy) d(TSx.TSy)—d<Tx’TSX)’2Ld(T)"TSy) < -Y
’ e .
(d(Tx,TSx)+d(Ty,TSy))/2 -

(3.8)

for all x,y € X with T'Sx # T Sy.

We proof the following lemma by extending lemma 2.2, which will be useful in the

prove of the main theorem.
Lemma 3.1 Let (X,d) be a metric space and T,S : X — X be an F-Kannan mapping.
Then

d(TS'xo, TSHle) —0asi— oo

forall x € X.

Proof. Let xy € X be arbitrary. If TS'xg = TS !x, for some i € N, then the sequence
{x;},en converges in X and hence the sequence d(TSx, TS 'xg) — 0 as i — oo for
all x € X.

Assume that TS'xg # TS+ xq for any i € N. Then, by (3.5) with Y > 0 we get

j j d TSi_l TSi d TSi Tsi-H
Y+F<d(TSlx0,TSl+1XO)) S F ( X0, XO);— ( X0, xO) .

(3.9)

From Remark 3.1 we have

d(T S 'xp, TS'xg) +d(TS'xo, TS x0)
5 :

d(TS'xo, TS xg) < (3.10)
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Using (3.10) in (3.9), as results yields to
Y+ F(d(TS'x, TS x0)) < F(d(TS'x, TS xp)). (3.11)
Letting i — oo in (3.11), we get

T+0
T

IA A

0,

which is a contradiction. Hence d(T S'xq, TS+ 'xg) — 0 as i — oo. O

Now we give an existence results based on sequentially convergent property. Motivated
by Morandi and Alimohammadi (2011) and Batra et al. (2020), we prove the extended
version of Theorem 3.1 and Theorem 2.9 using F'-Kannan mappings with a pair of two

self mappings in generalised metric space.

Theorem 3.4 Let (X,d) be a complete generalised metric space and T, S : X — X be an

F-Kannan mapping such that T is continuous, injection and subsequentially convergent.
IfA€(0,3), Y >0and

d(Tx,TSx)+d(Ty,TSy)

Y+ F(d(TSx,TSy)) < F . :

(3.12)

then S has a unique fixed point. Also if T is subsequentially convergent then for every
X0 € X the sequence of iterates {S'xy} converges to this fixed point.

Proof. Assume xo € X be an arbitrary point in X. Let the sequence {x;};> be defined
by x;+1 = Sx; and x; = S'xg, fori=1,2,...

Using inequality (3.5), we obtain

d(Txi, Txi+1) = d(TSx,-_l y TS)C,').

d(Txi—1,TSx;—1) +d(Tx;,TSx;)
2 b

T+F(d(Tx,~,Tx,~+1)) < F
_d(Txi_l,TSxi_l)+d(Txi,Tle~)_
2

F(d(Txi,TxiH)) S F

Since F is strictly increasing, we deduce

d(Txi_l s Tle'_l) + d(Txi, TSX,')
2 b
d(Txi_l , Txi) + d(Txi, Txl'_H)
2 )

d(Txi,TxiH) <

d(Txi,TxiH) <
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and hence

2d(Tx,-,Tx,-+1)—d(Txi,Tx,-H) < d(Tx,-,l,Tx,-),
d(Tx,-,Tx,-H) < d(Txi,l,Tx,-),

By (F1), this implies that
F(d(Tx;,Txi+1)) < F(d(Txi—1,Tx;)).
Consequently, we get
Y+F(d(Txi,Txi+1)) < F(d(Txi—1,Tx;))
S0,
F(d(Txi, Txis1)) < F[d(Txi_l,Tx,-) 'y (3.13)

Similarly, we obtain
d(Tx,-+1 y Txi+2) = d(TSx,', TSxi_H)

F(d(Txi1 Txps) < F | OIS0 AT TSN) |y

Which implies that

F(d(Txiy1,Txi2)) < Fld(Tx;,Txi11)]—T. (3.14)
Applying (3.13) in (3.14) we obtain

F(d(Txiy1,Txi2)) < Fld(Txj—1,Tx;)] —2Y, (3.15)
by (F1).
Using induction and (3.13) we deduce

F(d(Tx;,Txi+1)) < F[d(Txi—1,Tx;)] —1iY. (3.16)

Letting i — oo in (3.16) and using condition (F2) of F results in

1imd(Tx,~,Tx,~+1) = 0.

n—yoo

By Lemma 3.1, we have d(Tx;,Tx;y1) — 0 as i — o. Denote d(Tx;,Tx;+1) = @, for
alli=1,2,3,... and i € N, for F-Kannan mappings.
Using condition (F3) of the function F there exists k € (0, 1) such that

lim (o)*F () = 0. (3.17)

n—oo
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From (3.16), for every i € N, we have

(o) F (o) < v < (o) F(ai1) — il (04)",
(06) F (04) — (04)*F (04—1) < —iX(aw)",
() [F (o) —F(oi-1)] < —iY(oy)k <O0. (3.18)
On taking limit as i — oo in (3.18), we get
limi(o4)k = 0. (3.19)

i—»oo
From (3.19), there exist i; € N such that i(ai)k <1, for all i > i;, which follows that
oy < ik Vi> . (3.20)
Therefore, > d(Tx;, Tx;+1) converges.

By (3.20), we prove that {T'x;} is a Cauchy sequence since (X,d) is complete. Consider
i,j € N suchthat j > i,

d(Tx,',ij) < d(Txi,Txit1) +d(Txiy1, Txiy2) +d(Txiv2, Txi43) + ...
-l—d(ij,l,ij),
@+ O] + Qipo + -+ Q1
j—1
= Zd(Txi,Tx,ur])
i

) o

=i

< ir%.
i=1

IN

IN

. U | C
This shows that the series } ;> ;i ¥ converges, which implies that

limd(Tx;, Txj) = 0.

F

So, Tx; = Tx;j for every j > iin X. Hence {Tx;} is a Cauchy sequence in X. The
completeness of X ensures the existence of x* € X such that

d(Tx",x*) = iljiglwd(Txi,ij):O,
= limd(Tx;,x") = 0. (3.21)
i—$oo

By (3.21) it follows that x; 1] — x* as i — co. By continuity of S and 7', we have

x* = limx; = limx; ; = lim Sx; = Sx*.
[—oo i—oo i—oo

x* = limx; = limx;; = limTx; = Tx".
i—oo i—o0 i—»oo
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Since X is a complete metric space, there exists x* € X such that

imTx, = x". (3.22)

—o0
Now, we prove that x* is a fixed point of 7. Thus, by (iii) of Definition 3.3 we have
d(x*,Tx") < d(x",Tx;)+d(Tx;,Txir1)+d(Txiy1,Tx"), (3.23)
By Remark 3.1, it implies that

d(Txi, Txi+1) +d(Txi+1, Tx*)

d(TXH_],TX*) < 3

(3.24)

Applying (3.24) in (3.23), we obtain

d(x*, Tx*) +d(x*, Tx")
5 .

Letting i — oo and using Lemma 3.1 in above inequality, we get

d(x*,Tx") < d(x",x")+d(x",x")+

d(Txi, Tx; d(Txi 1, Tx*
dx*,Tx") < d(x*,Tx;)+d(Tx;,Txiy1)+ (Tx X‘H)—; (Txit1 x)’

d(x*,x*) +d(x*,Tx*)

< d(xFxF) +d(x X7 + > ;
* Tk
d(x*,Tx*) < Ma
2d(x", Tx") < d(x*,Tx"),
2d(x*,Tx*) < d(x*,Tx"),
d(x*,Tx") < 0.

That is, 7x* = x*.

Next, we prove that x* is a unique fixed point of 7. Assume the contrary, i.e, there
exists w* € Card{Fix T} such that x* # w*. Let Tx; — w* and w* is a fixed point of
T. Using Remark 3.1 and Lemma 3.1, it follows that x* = w* which is a contradiction.
Thus, 7 is a PO on X.

Moreover, T is a subsequentially convergent, {x;} has a convergent subsequence, there
exists w* € X and {x;( };_ so that ]}im Xj(x) = w". Since T is continuous and
—>00

lim x; = w".
k—ro0 i(k)

Due to the continuity of 7', it implies that

. _ *
klglc}oTxi(k) = Tw".

By (3.22), we conclude that
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Using Remark 3.1 and (ii) of Definition 3.3, we get

d(Txi, Txi+1) == d(TSx,'_l y TSxi),
A(d(Txi—1,TSxi—1)+d(Tx;, TSx;)),
A(d(Txi,I,TSxifl) -l-d(Tx,-, Tx,-H)),

IN

A
md(Txi,l,TSxi,l). (325)

Thus, using Equation 2.9 and (iii) of Definition 2.12 we have
Y+ F(d(Txit1,Txiz2)) = Y+F(d(TSx;,TSxit1))-
F(d(TSw",Tw")) < F(d(TSwW*,Tx;)+d(Tx;,Txi+1)+d(Txi+1),Tw")).

IN

As F is sequentially increasing, this implies that
d(TSW*, TW*) < d(TSW*, Tx,-) + d(Tx,', Txi+1) + d(Txi+1 , TW*),
d(TSw*, Tw") < d(TSw*, TS Wxg) +d(TS®xg, TS+ x)
+d(TS O+ xo, Tw*). (3.26)

By Lemma 3.1 when T'S'xq # TS !xo for any i € N and (3.25), we obtain

d(TSw*, TS Wxo) < A[d(Tw*, TSw*) +d (TS M~ xy, TS ®) xp)]
A

i(k)—1

. . i(k
d(TS 0+, 75K x) < (%) ® (T, Txo). (3.28)

Using (3.27) and (3.28) in (3.26), we obtain

d(TSw*, Tw*) < Ad(Tw*,TSw )+/l(—> d(Tx0,Tx1)

-2

A i) .

+(+55)" A0, Tao) + d(Txgey 0, Tw)

Which follows
A ik) A iR+
d(TSw*,Tw*) < (m) d(TX(),TXl)‘i‘(m) d(TxlyTXO)
1 k
+(1 _;L>d(Txi(k>+1aTW )- (3.29)

Letting k — oo in (3.29), we obtain
d(TSw*,Tw*) = 0.

Since T is injection, Sw* = w*. So, S has a fixed point. As T is sequentially convergent,
we conclude that {x;} converges to the fixed point of S. Implies that Sx C X and Tx C X,
then, there exists a point w* C X such that w* € Sw* N Tw*, that is, w* is a common
fixed point of S and 7. which satisfies all fundamental properties of Definition 2.3. [
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Dasgupta et al. (2014), and Moradi and Alimohammadi (2011), in their work, con-
sidered an example in which Kannan Theorem is not applicable. At the same time,
generalised Kannan mappings imply the existence of a fixed point for the considered

mapping. We use one more example of this type in this work, which satisfies F-Kannan

mapping.

Example 3.14 Consider the sequence X = {0}U{1,3,%,...} and d be an Euclidean
metric on X. Then (X,d) is a complete metric space. Let the mapping S : X — X be
determined as follows:

S0) = 0

1
S(1 = .
(1) = —
for n > 1. Let there exists A € [0, 3), so that for all x,y € X condition (2.1) is satisfied
although is not true for every A > 0. Which is a contradiction, hence Kannan’s theorem
can not be applicable.

The mapping 7 : X — X be determined as

TO) = 0
T(1/n) = ni

For all n > 1, T is continuous, injection, and subsequentially convergent.

Now, let m,n € N, m > n. Then, we prove that (T,S) is an F-Kannan mappings with
respect to F>(z) =Inz+zand Y = 1.

By using (KF2) with F»(z), we note that (3.12) becomes

d(TSx,TSy) d(TSx.TSy)~[ATEISONTSN) -y (3.30)
[d(Tx,TSx)+d(Ty, TSy)]/2 -

To see this, we now calculate d(Sx, Ty) for x = %, y= %, n>1.

d(TSx,TSy) = d(TS(1/m),TS(1/n)),

< (n+11)n+1 _(m+11)m+1 . 3.31)
d(Tx,TSx) — d(T(%),M(%)),

< %‘%—m (3.32)
ATy TSy) = d(T().TS()

< %}l—m (3.33)
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Applying (3.31),(3.32) and (3.33) in (3.30) becomes

|TS(1/m), TS(1/n)| DITS(1/m) (1) LTS T )5 )

e V.
(1T GR)s TSGOI+IT (), TS(R)))/6 =

By Theorem 3.4, S has unique fixed point that is x* = 0.

3.4 Existence Results for /'-Kannan-Suzuki Type Mappings in TVS
Valued Cone Metric Spaces

Now, we obtain a more general version of Definitions 2.5 and 2.6 using a pair of two
self mappings in F-Kannan-Suzuki type mapping setting. Let (X,p) denote a TVS

valued cone metric space.

Definition 3.8 Let F be a mapping satisfying (F1) — (F3). A pair of two self mappings
G, f : X — X is said to be an F-Kannan-Suzuki type mapping if the following hold:

(FKS1)

Gfx#Gfy = Gfx#xorGfy#y. (3.34)
(FKS2) there exists & > 0 such that

1
Ep(xu GX) < p<x7y)

p(Gx,Gfx)+p(Gy,Gfy)
2

— 9+F(p(Gfr,Gfy) < F , (3.35)

forall x,y € X, with Gfx# Gfyand F € §.

The following remark is motivated by the work of Batra et al. (2020) given below:

Remark 3.2 By properties of F, it follows that every F-Kannan-Suzuki type mapping
G on a TVS-valued cone metric space (X, p), satisfies following condition:

p(Gx,Gfx)+p(Gy,Gfy)
2 )

p(Gfx,Gfy)) <

forevery x,y € X.

We give the following examples in the context of a pair of two mappings:

Example 3.15 Let Fy : Rt — R be defined as Fy(z) = In(z). Then clearly, (F1),(F2")
and (F3") are satisfied by Fy(z). Moreover, condition (3.35) above takes the form:

p(Gfx.Gfy)) < e® p(Gx,Gfx) ;Lp(Gy, G| (3.36)
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forall x,y € X with Gfx # Gfy.

Thus, if G, f : X — X is a Kannan mapping with constant k € (0, 1) satisfying

p(Gr.GIy) <k p(Gx,Gfx);p(Gy,ny) . (3.37)

. . . 1
for every x,y € X. Then it also satisfies (3.36) and (3.37) with ¥ = In.

Example 3.16 Let F, : Rt — R be defined as F(z) = —1,2> 0. Then, (F1),(F2")
and (F3") are satisfied by F>(z). Condition (3.35) above takes the form:

p(Gx,Gfx) +p(Gy,Gfy) _  p(Gfx,Gfy)
2 ~ 1-9p(Gfx,Gfy)’

forall x,y € X with Gfx # Gfy.

Example 3.17 Let F5 : RT — R be defined as F3(z) = —% +2,2>0. Then, (F1),(F2")
and (F3") are satisfied by F3(z). Condition (3.35) above takes the form:

(3.38)

p(Gx,Gfx) +p(Gy,Gfy))?
p(GrGFx) +p(Gr.Gry) _ PLGIxGI(| 2 [-1)
2 N p(Gfx,Gfy)+9(p(Gfx,Gfy)*— 1)

(3.39)
for all x,y € X with Gfx # Gfy.

Motivated by Filipovic et al. (2011) and Batra et al. (2020), we prove the extended
version of Theorem 2.8, 2.9 and 3.2 using F-Kannan-Suzuki type mappings with a pair

of two self mappings in TVS-valued cone metric space.

Theorem 3.5 Let (X,p) be a complete TVS-valued cone metric space and P a solid
cone, in addition let G : X — X be a one-to-one, continuous mapping and f : X — X a
G-F-Kannan-Suzuki type contraction. Then

(i) Forevery xy € X, the sequence G f"x is convergent.

(ii) If G is sequentially convergent, then for each xy € X the iterate sequence (f"x)
converges to u*.

(iii) There is a unique u* € X such that fu* = u*.

(iv) There is v* € X such that li_r)n Gf"xp =v"
n—oo

(v) If G is sequentially convergent, then (f"xo) has a convergent subsequence.

Proof. We start by constructing a Cauchy sequence using (i) as follows: Let xop € X be
arbitrary. If G f"xo = G f"*1xq for some n € N, then sequence {x, },cn converges in X



71

and hence the sequence p (G f"xo, G " xg) — 0 as n — oo for all x € X. Suppose that
Gf"xo # Gf"1xq for any n € N. Then, by (3.35) with & > 0 we get
1

Y+ F(p(Gf'xo Gf"+]x0)) < F p(Gf" xo,Gf"x0) +p(Gf"x0, G x0) |

2
(3.40)
From Remark 3.2 we have
n—1 n n n+1
0(Gf"x0, G xg) < p(Gf xo,Gfxo)erP(Gfxo,Gf Xo)’
2p(Gf"x0,Gf"'xg) < p(Gf"'x0,Gf"x0) + p(Gf'x0,Gf " xp),
p(Gf'x0,Gf"x) < p(Gf" 'x0,Gf"xo). (3.41)

Using (3.40) in (3.41), we get

O +F(p(Gf'x0,Gf"'x)) < F

[ 0(Gf"'x0,Gf"x0) + p(G f"xo, Gf"“xo)]
—_ 2 b

n—1 n
% +F(p(anx07an+]X0)) < F 2P(Gf x0,Gf XO)

— 2 )
O+F(p(Gf'x,Gf" 1) < F[p(Gf" 'x,Gf™)]. (3.42)
Letting n — oo in (3.42), we get
9+0 < 0,
D < 0,

Since ¥ > 0 is a contradiction. Hence p(Gf"xo,Gf""'xo) — 0 as n — oo. Thus
{Gf"xp} converges.

Since G is sequentially convergent, using condition (ii) we prove that the iterate of
a sequence f"x( converge to a fixed point «#* in X. To see this, suppose xg € X be an
arbitrary point in X. Let the sequence {x,},>1 be defined by x,,, | = fx, = f""lxg =
ff'x and x, = fx,—1 = f"xo = ff" 'xo, for n > 1 € N. Thus , we have

p(xnaxn—H) < p(fxn—lafxn) = p(fnx07fn+1x0) = p(ffn_1x07ffnx0)'
Equivalently to

p(Gxn,Gan) < p(GfxnflyGfxn):p<anx(),an+]x0)
= p(GFf" 'x0,Gff"x0).
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Let x = f"!xp and y = f"xo, using inequality (3.35), we obtain

1
Ep(xn,Gxn) < p(xn,Gx,) =

9+F(p(GFf" x0.Gff"x0) < F 5

p(Gxn—lann) +p<Gxn; Gxn—i—l)

F(p(Gun Gins1)) < F .

Since F is strictly increasing, by using Remark 3.2, we deduce

p(Gff" 'x0,Gf f"x0) <

- 0.

P(GS"'x0, Gf £ 'x0) + p(Gf"x0, G f"x0)

2

Gx,_1,Gx,) + p(Gxy,, Gxy,
(G, Gony1) < p(Gxp—1 n)zp( n +1)7

and hence

2p(Gxn,Gxn+1)—p(Gxn,Gan) < p(Gxn,l,Gxn),
P(Gxn,Gxpy1) < p(Gxp—1,Gxp),

By (F1), this implies that
F(p(Gxp,Gxy11)) < F(p(Gxy—1,Gxy)).
Consequently, we get
O+ F(p(Gxn, Gxpi1)) < F(p(Gxp—1,Gxn))
S0,

F(p(Gxy,Gxy11)) < F(p(Gxp—1,Gxy,)) — 0.

By induction and (3.43) we deduce

F(p(Gxn+17Gxn+2))
F(p(Gxn+27Gxn+3))
— F(p(Gxy,Gxpy1))

IA AN IA

Letting n — oo in (3.44), we find that

lim F(p(Gx,,Gxpy1)) = —co.

n—yoo

Cosequently, using Lemma 2.1 and condition (F2”) of F results in

lim p(Gx,,Gx,+1) = O.

n—yeo

F(p(Gxy—1,Gxy)) —29.
F(p(Gxy—1,Gx,)) —39.
F(p(Gxp—1,Gxy)) —nd-.

[ 0(G " 'x0,Gf " x0) + p(Gfxo, fo"xo>]

Y

(3.43)

(3.44)

(3.45)
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Thus, there exists n € N such that
P(Gx,,Gxni1) < p(Gxn,G?x,) < cp (X, Gxp) < p (%0, Gxy),
which is a contradiction. Hence, we have

lim p(x,,Gx,) = 0.

n—oo

Therefore, we have p(Gx,,Gx,+1) — 0 as n — oo. Denote &, = p(Gx,,Gx,+1) =0,
foralln > 1 and n € N, for F-Kannan-Suzuki type mappings.

By (3.45), we prove that {Gx, } is a Cauchy sequence since (X, p) is complete. Consider
n,m € N such that m > n. Assume on the contrary, that there exists ¢ > 0 and sequences

{p(n)};5, and {g(n)},% | such that
p(n) > Q<n) >n, p(pr(n)vaq(n)) > ¢, P(pr(n),l,qu(n)) <c,VneN.

Using (iii) of Definition 2.18, we get

p(pr(n) ) qu(n)) < p (pr(n) ) pr(n)—l) +p (pr(n)—l ) qu(n)>7
< p(pr(n)anp(n)fl) +c.
It follows from (3.45) and above inequality

lim p(pr(n),qu(n)) =cC. (3.46)

n—o0

From (F3”), (3.46) and (3.35), we get

P(Gxp(n)—1,GXp(n)) + P(GXp(n) GXy(n))
5 .

O+ F(p(Gxp(n), Gxgn))) < F

Equivalently to

Y+ F(c)
v

F(e),

<
< 0,

which is a contradiction. So, Gx, = Gx,, for every m > n in X. Hence {Gx,} is a
Cauchy sequence in X. The completeness of X ensures the existence of u* € X such
that

d(Gu*,u*) = lirg P (Gxy, Gxpy) =0,
= 1im p(Gxp,u*) = 0. (3.47)
n—>o0

From (3.47), (iii) and Definition 3.4 it follows that Gx,; — u* as n —» oo. By
sequential continuity of f and G, we have

u* = lim f"xp = lim x, = lim x,,,| = lim fx, = fu".
n—oco n—yco n—yoco n—soo

u* = lim Gf"xy = lim Gx, = lim Gx, 4| = lim Gx, = Gu*.
n—oo n—oo n—oo U—roo
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Since X is a complete metric space, there exists u* € X such that

lim Gx, = Gu*=u". (3.48)

n—oo

Now, we prove that u* is a fixed point of G. Thus, by (iii) of Definition 2.18 and
p(u*,Gu*) > 0, we have

pu*,Gu*) < pu*,Gxys1)+p(Gxpy1,Gu™), (3.49)
By Remark 3.2, it implies that

Gy, Gx, Gy 1, Gu”
p(Grir,Gut) < PLOF "“);”( Xt G (3.50)

Applying (3.50) in (3.49) we obtain

p(u*,Gu*) < p(u*,erH_])+p(TXn,GXn+1);p(Gxn+1,Gu )

Letting n — oo and using in above inequality, we get

p(u*,Gu*) + p(Gu*,Gu*)

p(u',Gu) < p(u’,Gu")+

2 Y
p(u”,Gu*) < p(u*,Gu*HM’
ol Gu*) < 2p (u*, Gu )2+p(u ,Gu ),
2p(u",Gu*) < 2p(u”,Gu*)+p(u*,Gu"),
2p(u*,Gu™) =2p(u*,Gu*) < d(u*,Tu"),
0 < p(u*,Gu"),

which is a contradiction. Hence Gu™* = u*.

Next, using (iv) we prove that u* is a unique fixed point of G. Assume on contrary, that
there exists v* € int(P) such that u* # v* or Gu* # Gv* . Let Gx,, — v* and v* is a fixed
point of G. Using Remark 3.2 and (3.35), it follows that u* = v* or Gu* = Gv* which
is a contradiction. Thus, ©* is a unique fixed point of G.

Moreover, G is a subsequentially convergent, using (v), {f/"xo} has a convergent
subsequence, there exists v* € X and { f™xo};”_, such that

lim f™xo = v*.
k—yoo

Due to the continuity of G, using (d) it implies that

lim Gf*xy = Gv'.

k—boo

By (3.48), we conclude that
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Using Remark 3.2, we get

p(Gff™ " x0,Gff"xo)

A(p(Gf™ x0, GEf™ x0) + p(Gfxo, Gf f™x0),
A(p(Gf™ Txo, GEf™ x0) + p(GLf™1x0, Gf f™x0),
Ap(GF™ xo, GFF™ 'x0) + Ap (GF f'x0,Gf f"x0),

A
mp(Gf”k*Ixo,fo"k—lxo). (3.51)

VANRVANVAN

IN

Thus, using (iii) of Definition 2.18, we have

p(GH*,GvY) < p(GHv',Gf " xg) +p(Gf ™ xy, GvY), (3.52)

By Remark 3.2,

dp(Gfv',Gf"xg) = d(Gfv*,Gffxp)

< A|p(Gv',Gfv)+p(GFf™'x0,Gf f"x0)] - (353)

Using (3.53) and (3.51) in (3.52), we obtain

p(GFV',Gv) <

IN

IN

IN

IN

Suppose that

A [P(Gv*,va*) +p(fo"k—1xo,fo"kxO)} +p (G, Gv®),

A
A dp(GV*,Gfv) + TP (G0, G "1 x0) |
+p(Gf™*xg,Gv*),

A ng—1
Ap(Gr G )+ A (7)) PG 0, GF M x0)
+p (G xg, GVY),

A A -1 g —1 7 —1
m(m) P(Gf™ x0, GFf™ "x0) +
1
nk+1 *
T PG x0,Gv),

(25)" P (G x0.Gr o)

1
+mp(G £y, G xg). (3.54)

(%)nkp(ank—le,fonk—lx()) _

1
TP (Gf™x0,Gf"x0) =

(3.55)

O O

(3.56)

Letting k — oo and using Definition 3.3, (3.55) and (3.56) in (3.54), we obtain

pGH",Gv') < =+

C
27

N
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which follows
p(Gfv*,Gv*) < c.

Since G is one to one and continuous, fv* =v*. So, f has a fixed point. As Gf"xy
is sequentially convergent, we conclude that {G f"xo} converges to the fixed point of

f. O

Next, we prove our second main result by extending Theorem 3.3 using an F'-Kannan-

Suzuki type mapping in TVS-valued cone metric space.

Theorem 3.6 Let (X,p) be a complete TVS-valued cone metric space and P a solid
cone. In addition let G : X — X be a one-to-one, continuous and sequentially convergent
mapping and f : X — X be such that F(f) # 0, ¥ > 0 and that

1
Ep(xan) < p(xvy)
— O +F(p(Gfx,Gf’x)) < F(p(Gx,Gfx)), (3.57)

holds for some A € (0,1) and for all x € X,x # fx. Then f has property Q.

Proof. By Definition 3.6, let u € F(G")NF(f") for some n € N. If u = fu, then u is a
unique fixed point of G and f. Hence, the proof is completed. On contrary, we suppose
u# fu. Letx=u= f"'uand y = fu= ff" 'u such that f*~! # "~ and using
(3.57), we get

1
Ep(quu) < p(uvfu)v
p(u,Gu) < 2p(u,fu),
— 0+F|p(Gr u G )| < Flplof"uGrf ),
O+F|p(GF " 'u,Gff'w)| < F|p(Gr''u,Gw).

Consequently, we get

Flo(GrruGrfw)| < FldGruGf'w)| -,

Repeating the same argument several times, we finally obtain

Flp(Gr1"u,Grfw)| < F[p(GF"'u,Gf'w)| —no.

By following similar procedure as the proof of Theorem 3.5, we can conclude that
p(Gu,Gfu) = c, i.e., Gu = Gfu. Since G is one to one and sequentially convergent,
then u = fu, which is a contradiction. Hence u € F(G") N F(f"). O
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We give an example where generalised Kannan mapping will not be applicable. How-

ever, F-Kannan-Suzuki type mapping is applicable.

Example 3.18 Consider the sequence X = {0,1}U{},3,1,...} and d be an Euclidean
metric on X. Then (X,d) is a TVS-valued cone complete metric space. Let the mapping

f: X — X be determined as follows:

f(0)=0

Fn) = —.

for n > 2. Let there exists A € [0, 1), so that for all x,y € X condition (2.1) is satisfied
although is not true for every A > 0. That is a contradiction, hence Kannan’s theorem
can not be applicable.

Next, let the mapping G : X — X be determined as

G(0) =0

G(1/n) = 21

Here, for all n > 2, G is continuous, one to one, and subsequentially convergent.

We consider a sequence {x, } in X and assume that X is sequentially compact in complete
TVS-valued cone metric space. By assumption X is sequentially compact with € =1 we
can cover the space X with finitely many balls of radius 1; then one of them contain’s
many {x,} for n > 2; i.e,. There is a ball B; of radius 1 so that there is a subsequence
of {x,} whose members all belongs to B;. We denote this subsequence by {x,, } thus
all {x,, } belongs to Bj.

Similarly by sequentially compactness conditions with € = %, we can find a subsequence

{xn,} of {x,, } and a ball B, of radius § so that all {x,, } belongs to B,. Continuing this
way, we obtain for any k > 2 a subsequence {x,, } of {x,, 1} and a ball By of radius
27k 50 that all {x,, } belongs to By.

Now, let m,n € N, m > n. Then, we prove that (f,G) is a F-Kannan-Suzuki type
mapping in TVS -valued cone metric space with respect to F>(z) = —% and ¥ > 0. By
using (FKS2) and F>(z) we have

1
EP(X’GX) < p(xvy>

. p(Gx, Tfx)+p(Gy.Gfy) _ _ p(GfxGfy)

2 = 1-0p(Gfx,Gfy)’ 3-8
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To see this, we now calculate p(fx,Gy) for x = %,y = %,n > 1.

p(Gx,Gfx) = p(G(1/n),Gf(1/n)),

< }2—171—2L|et. (3.59)
p(Gfx,Gfy) = p(Gf(1/n),Gf(1/m)),

< 2wt —2m el (3.60)
p(Gy.Gfy) = p(G(1/m),Gf(1/m)),

< |om —2mle. (3.61)

Applying (3.59),(3.60) and (3.61) in (3.58) becomes

1
Ep(x7 Gx) < p(x,y)

%p(l/n,G(l/n)) < p(1/n,1/m)
p(1/n,G(1/n)) < 2p(1/n,1/m)

11, 11,
PR VI L
2" —n|, ‘m—n ;
e < 2 m|e
2".n n
__ P(G(/n),Gf(1/n)) +p(G(1/m),Gf(1/m)) _  p(Gf(1/n),Gf(1/m))
2 — 1=9p(Gf(1/n),Gf(1/m))
7~ 2’111 e + [27 — 2777 e 2T — 2w |f
2 T 1— B2 — 2w el

The inequality (3.58) and all conditions imposed in Theorem 3.5 are satisfied. Hence,

G and f has unique fixed point that is v =0 in {P C E} € X, where P is a solid cone.

3.5 Some Applications

In this section, we will provide five applications of the theorems proved in the previous

sections.

3.5.1 Existence of a Solution for an Integral Equation

In this section as motivated by Nashine ef al. (2011), we establish an application of

Theorem 3.4 to get a common solution of the following Volterra type integral equation:
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This problem is equivalent to the integral equation:
b
W) = h{t)+ / F(t,5,u(s))ds,¥ t,5 € [a,b]. (3.62)
a

where f : [a,b] X [a,b] x R — R and h : [a,b] — R are continuous functions. Let
X = C([a,b],R) be the space of all continuous functions defined on C|a, b]. Notice that
Cla,b] endowed with metric

d(x,y) = |lx = ylle = max |x(r) —y(z)], (3.63)

t€la,b)
is a complete metric space and X can be equipped with the partial order < given by

xyeX,(xxy) = (x(t) 2y(t) and ||x]|co, || V|| < 1), 01 (x(t) = y(¢)) forall t € [a, D).

It was shown by Nieto and Rodrigurz-Lopez (2005) that (X, <) is regular. For more
applications to non linear integral equations one can see (Hussain and Adeel 2019,

Kanwal ef al. 2019, Zhitao 1996) and the references therein.
Now, we define a mapping S : X — X by
Sx(t) = h(1) + / " F(t5,x(s))ds, 1 € [a,b]. (3.64)
a
If x € [a,b] is a fixed point of S, then x € [a,b] is a solution of (3.62).

We prove our results by establishing the existence of a common fixed point for a pair of

self mappings:

Theorem 3.7 Let S,T : C([a,b]) — C(|a,b]) be self maps of a metric space (X,d)
such that the following conditions hold:

(1) forallt,s € [a,b] and x € C|a,b], we have
b
Ft,s,u(t)) < f(t,s/ f(s,r,u(r))dr+h(t)),

(2) there exist two functions fi, f> : [a,b] x X x X — X with constants o such that,
forallt € [a,b], we have

|f1(tvs7x)| - |f2(t,s,y)| < e_Yoc(t,s)q|x—y|,
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(3) fort,s € [a,b] we have

b
sup oft,s)ds < 1.
t€la,b]/a

(4) there exists T € S and ./ such that

d(Tx,TSx)+d(Ty+TS
M) = ( )2 (Ty+TSy)

Vx,y € X.
Then the integral equation (3.62) has a solution x* € C(|a,b],R).

Proof. From (1), for all ¢,s € [a, D], we have

b
Sx(r) = h(1)+ / F(t,5,x(s))ds,¥ t,5 € [a,b].

IN

b b
/a f(t,s / (s, r,x(r))dr+h(s)>ds+h(t)

b
— )+ / F(t,5,Sx(s))ds,¥ 1,5 € [a,b]
— S(Sx)(1). (3.65)
Therefore, Sx < §(Sx) for all x € [a, b].

By using conditions (2), (3) and (4) of Theorem 3.7, we obtain
b
Sv) =Sy = [ 1a(05,56) = fi0..5()ds,
b
< o [Nlatt)glastalxo) -0,

b
= e Tq(wy) [ lale.s)ds
< e Y (x,y).

By taking the natural logarithms on both sides of the above inequality and the property
of F with g < 1, we get

Y+F(d(Sx,Sy)) < F(A(x,y)),

where
d(Tx,TSx)+d(Ty+TSy)

M(x,y) = 7 ,

for all x,y € X. Hence x = x* is a common fixed point of S and 7, also a solution to
integral equation. Then, the integral equation (3.62) has a solution x* € C([a,b],R). [
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3.5.2 Existence of a Solution for Nonlinear Fractional Differential Equation

The purpose of this section is to provide an application of Theorem 3.4 to get a common
solution of a nonlinear fractional differential equation, where we can apply F-Kannan

mappings in metric spaces.

Here, we investigate the Caputo derivative with the fractional order of the non-linear
fractional differential equation. This form of fractional derivative for a continuous

function f : [0,00) — R is given as:

(CD®)f(t) = : ) /t(t—s)no‘lf“(s)ds, (n—1<o,n=[o]+1),

Fn—a)
where [a] denotes the integer part of the real number o (see (Baleanu et al. 2013,
Kanwal et al. 2019)). Also, the Riemann-Liouville fractional integral of order « is
given by
U0 = = ) =961 (> 0)

The Caputo fractional differential equation has several applications in mathematics,
1.e., in image processing, Digital data processing, electrical signal, acoustics, physics
and probability theory (one can see in Zolzer et al. (2002)). The following nonlinear

fractional differential equation is inspired by Delbosco and Rodino (1996), Kilbas et al.
(2006) and Budhia et al. (2020).

CD%x(t) = f(t,x(t)), t € (0,1),1 < < 2,
(3.66)
x(0) =0,x(1) = [y x(s)ds (0 < v < 1)
where D% denotes the Caputo fractional derivative of order & and f: [0,1] — X is a

continuous function.

Consider the space X = C(I)(I = [0, 1]) of the continuous function defined on /. Suppose
that (X, ||.||) is a Banach space, and I := [0,T],T > 0. Let C(1,X) be the Banach space
of all continuous functions from 7 into X with the norm ||x|| := sup |x(¢)| = L,t € I for

x € C(I1,X) (one can see in (Zhou 2016).
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This space defines the metric by
d(x,y) = sup {|x(t) —y(1)[} (3.67)
t€[0,T]

Vx,y € X. This is a complete metric space.

The nonlinear fractional Equation 3.66 can be written as follows.

x(t) = ﬁ [ =5 fsx(5))ds -

@_éﬁfol(l —5)% 1 fs,x(s))ds +

2 I a1
e §—2z z,x(z))dz|ds. 3.68
BV [/()( )% f(2.4(2)) (3.6
A function x € C(I,X) is a solution of the fractional differential integral equation (3.66)

if and only if x is a solution of the non-linear fractional differential equation (3.68).

Now, we prove the following theorem.
Theorem 3.8 Suppose the following conditions hold:

(i) feC(IxX,X) is sequentially continuous;

(ii) there exists a continuous function f :[0,1] x R — Ry, such that

[£(t,x(5) = f(2,¥(5)| < e TLIx(s) = y(s)],

forallt € 0,1] and for all x,y € X such that d(x(t),y(t)) > 0 and a constant L
and K such that

Lx <1,
and
. 12 —=v2)(a+1)+2t(a+v*H 1)
B Q2-v)Ir(a)a(a+1)

Then, the fractional differential equation (3.66) has a common solution as a fixed
point x* € C(I,X).

Proof. Let us define T, S : C(I) — C(I) by
TSx(t) = Iﬁ /Ot(t — )% (s, x(s))ds —

1
@_éﬁ/o (1 =) f(s,x(5))ds +

@—viﬁ/ov [/OS(S_Z)“If (2,x(2))dz|ds,  (3.69)
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fort € [0, 1], then T'S is sequentially continuous. Suppose that

Sx(t) = /Os(s —2)% 1 f(z,x(z))dz,

this implies that S € 7'S and S posses a fixed point x* € T'S. To prove the existence of
fixed point of 7'S, we prove that 7'S is sequentially continuous and contraction. To show
TS is sequentially continuous, let 7Sx # TSy, for all x,y € [0, T]. By condition (ii), we
have

ST = e 0= (o)
v 9 s+
aoerah [ [ =2 etz as
e = 505

b ) (190 (s -
@ [ [ 5= e v(e))de| s,
< Frar o =9 5 9) = Flony(s) s +
v (19 (o) = FGs(6) s, +
e [ 5= 1z —f(z,y<z>)|dz] ds,
< Far =97 o) —s(o)as+
o 19 (o) (6l +

e b [/os“—@“l +(2) —y(z)\dz] ds,
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-
e 'L d o1

= X —V||oo t—s ds+
F(OC)H vl /0( )

2te YL 1
e | A 1—5)%"1g
(2—v2)r(a)Hx vl /O( s)*ds+

2te L v $ o—
ml\x—yllw/o [/O (s—2)% 'dz

e TLt? N 2te 1L N 2te TLyot]
ol (o) T @ v)ar(@) | @ viala+ D@

ds,

||x_y||°°7

P N 2t N 2tvoHl e
e X — V|0,
= al(a) " 2—vDal(a)  2—v)a(a+ ) (a)|™
,YL"ta(z—VZ)(a+1)+2r(a+va+1+1) ey
= e X — 0y
2—-v)I'(o)o(o+1) Y
< e TLK|x — Y. (3.70)
This implies that
I78%, TSyl < e Lic|x— ]
Since Lk < 1, we have
ITSx, TSVl < € =yl
Thus, for each x,y € X, we have
d(TSx,TSy) < e TM(x,y). (3.71)

Taking logarithms on both sides of (3.71) using Fj(z) = In(z) and the property of F,
we get

In(d(TSx,TSy)) < In(e TM(x,y)).
Equivalently to

Y+ F(d(TSx,TSy)) < F(M(x,y)).
For Lx € [0,1), Y > 0 and M(x,y) is an F-Kannan mapping. Therefore, T'S is a
contraction mapping on X. Since all the conditions of Theorem 3.8 are satisfied.

Therefore, there exists x* € C(I) a common fixed point of 7 and S, that is, x* is a
solution to fractional nonlinear differential equation (3.66). ]
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3.5.3 Existence of Common Solution of Ordinary Differential Equations for
Damped Forced Oscillations

This section investigates the solution of the forced damped oscillations differential
equations problem in the setting of metric spaces. Nieto and Rodriguez (2005) initiated
the proof of the existence of a solution of an ordinary differential equation. Since then,
several authors are interested in this line of research. In details, one can see the literature
in Borisut et al. (2019), Gupta et al. (2017), Harjani and Sadarangani (2010), Kilbas et
al. (2006), X et al. (2019), Yan et al. (2012) and the references therein.

Shoaib et al. (2020), considered the forced damped oscillations differential problem
of an object of mass m moving to and fro on the x-axis around an equilibrium position

x = 0. The object has position x(¢) at time 7, it undergo the applied force f(¢) such that

d*x dx
— +b— +kx= f(t). 3.72
m— g +b— ke = f(1) (3.72)

where m, b, k are constant positive numbers. If the intial conditions are assumed to be
x(0) =0, x'(0) =0,
then problem (3.72) can be written as
T
X(1) = / G(t,)K(1,x(s))ds,¥ 1,5 € [0,T], (3.73)
0
where T > 0. Let X = C(I)(I = [0,T)).
The green function for forced damped oscillation is defined by

—SeT(T+'Y_t),

0
G(t,s) =
0

—tet(t=s)

IN
IN
IN

s<t<T,
t<s<T,

IN
IN
IN

Y
where T can be written in terms of b, k and m.

Inspired by Shoaib er al. (2020) and Gupta et al. (2017), we find the common solution

of a forced damped oscillations differential equation using fixed point method.

Theorem 3.9 Suppose the following assumptions hold:
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(i) there exists a continuous function K : [0,T]* — [0,0), such that

fort,s €[0,T], Y >0and x,y € R, where;

xX—y 2

Y

\/ln[(x —y)2+1]  d(Tx,TSx)+d(Ty,TSy)

(ii) there exists a functon G : I x I — R, such that
r 1

sup G*(t,5)ds < —
ref0,7]/0 T

Then, the problem (3.73) has a fixed point x* € X, which is a solution of (3.72).

Proof: Let TS : C'([0,1]) — C'([0,1]) be an operator defined by
T
TSx(1) = / G(1,)K (1,5, x(s))ds. (3.74)
0

Consider x >y, for all x,y € C(I) and (3.73), we have

|TSx(t) —TSy(t)] = tes;pl} OTG(t,s)[K(t,s,x(s))—K(t,s,y(s))]ds,

< sup [ e 'TG(t,s)
t€[0,7]/0

" \/ln[(x(s)—)’(s))z"'l]ds,
(3.75)

Recall Cauchy-Schwartz inequality defined by

<) 2 oo co
(Z ’xiyi!> < (Z Ixz'|2> (Z |yi|2>- (3.76)
i=1 i=1 i=1
Applying (3.76) in (3.75), we obtain
T In[(x(s) —y(s))* + 1]
(/o e G(”)V EORR ) :

| N
) . (3.77)

T T oy [Inf(x(s) —y(s)2+ 1]
(/0 G(“”) </o [ \/ x(5)—(s)
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Then
e . 3.78
| e = 4 (378)
The second integral gives
[ [erinlte) a2l I
0 x(s) = y(s) [1x(s) = y(s)l
(3.79)
Using (3.78) and (3.79) in the R.H.S of (3.77), we get
1\3( orlnf(d(x,y))* +1] 2
= (T) (e d(x,y) XT) ’
Hence from (3.75),
—r [ In[(d(x,y))* +1]
d(TSx,TSy) < e \/ d(x,y) . (3.80)

Taking logarithms on both sides of (3.80) using Fj(z) = In(z) and the property of F,

we get

In[(d(x,y))* +1]
d(x,y)

In(d(TSx,TSy) < 1n(e—Y\/ ). (3.81)

This implies that

In[(d(x,y))* +1]
Y+ F(d(TSx,TSy)) < F<\/ A0y )

Let us choose a map Sx = In[(d(x,y))? + 1], it is obvious, S € TS.

Thus, we conclude that for x > y all conditions of Theorem 3.9 are satisfied. Hence T'S

has a unique common fixed point x* which is the solution of integral equation (3.73).

3.5.4 Existence of a Solution for Nonlinear Riemann-Liouville Type Fractional
Differential Equation

The nonlinear fractional differential equation is used as convolution mapping. Convolu-
tion and associated functions are found in many applications in science, engineering,

and mathematics.
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(i) In image processing: In digital image processing, convolutional filtering plays
an important role in many important algorithms in edge detection and related
processes. In optics, an out-of-focus photograph is a convolution of the sharp
image with a lens function. The photographic term for this is bokeh. In image

processing applications, such as adding blurring.

(ii) In digital data processing: In analytical chemistry, Savitzky-Golay smoothing
filters are used for the analysis of spectroscopic data. They can improve the signal-
to-noise ratio with minimal distortion of the spectra. In statistics, a weighted

moving average is a convolution.

(iif) In acoustics: Reverberation is the convolution of the original sound with echoes
from objects surrounding the sound source. In digital signal processing, con-
volution is used to map the impulse response of a real room on a digital audio
signal. In electronic music, convolution is the imposition of a spectral or rhythmic
structure on a sound. Often this envelope or structure is taken from another sound.

The convolution of two signals is the filtering of one through the other.

(iv) In electrical engineering: The convolution of one function (the input signal) with
a second function (the impulse response) gives the output of a linear time-invariant
system (LTT). At any given moment, the output is an accumulated effect of all the
prior values of the input function, with the most recent values typically having
the most influence (expressed as a multiplicative factor). The impulse response
function provides that factor as a function of the elapsed time since each input

value occurred.

(v) In physics: Wherever is a linear system with a "superposition principle," a con-
volution operation makes an appearance. For instance, in spectroscopy, line
broadening due to the Doppler effect on its own gives a Gaussian spectral line
shape and collision broadening alone gives a Lorentzian line shape. When both
effects are operative, the Line shape is a convolution of Gaussian and Lorentzian,

a Voigt function. In time-resolved fluorescence spectroscopy, the excitation signal
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can be treated as a chain of delta pulses and the measured fluorescence is a sum

of exponential decays from each delta pulse

(v) In computational fluid dynamics: The large eddy simulation (LES) turbulence
the model uses the convolution operation to lower the range of length scales

necessary in computation, thereby reducing the computational cost.

(vi) In probability theory: The probability distribution of the sum of two independent

random variables is the convolution of their distributions.

(vi) InKkernel density estimation: A distribution is estimated from sample points by

convolution with a kernel, such as an isotropic Gaussian.

(vii) In radiotherapy: Most parts of all modern codes of calculation apply the

convolution-superposition algorithm in the treatment of planning systems.

The above applications of a convolution show that the fractional derivative as convo-
lution has multiple purposes. It can portray the memory, as in the case of the theory
of elasticity. Second, it can be considered as a filter. In particular, the Caputo and
Caputo-Fabrizio type can be viewed as a a filter of the local derivative with power and

exponent functions (one can see in Zolzer et al. (2002)).

The purpose of this section is to provide an application of Theorem 3.5 to get a common
solution of a nonlinear fractional differential equation, where we can apply F-Kannan-

Suzuki type mappings in complete TVS valued complete cone metric spaces.

Here, we investigate the Riemann-Liouville derivative fractional integral of order ¢ > 0.
This form of fractional derivative for a continuous function g : [0,0) — R denoted by

D2 f, is given by

d

w) 000 = g () oo

(g )e(t) = (

where [o¢] denotes the integer part of the real number ¢ and n = [¢t] + 1, provided that

the right hand side is pointwise defined on (0,0). (see Podlubny (1999), Baleanu et al.
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(2013), Cabada and Wang (2012), Henderson and Luca (2016), Zhou (2016), Kanwal et

al. (2019)). Also, the Riemann-Liouville fractional integral of order « is given by

1

)30 = Fro | (0= )% g(s)ds,

for o > 0. The notation [ stands for largest interger not greater than . If @ =m € N,

then (D )g(t) = g"(t), for t > 0 and if &t =0, then (D), )g(r) = g(¢) for ¢t > 0.

The following nonlinear fractional differential equation with integral boundary valued
conditions is inspired by Kilbas et al. (2006), Cabada and Hamdi (2014), Cabada and
Wang (2012).

(
D x(t) +g(t,x(t)) =0, 0<t < 1,

x(0) =x'(0), (3.82)

(1) =A ) x(s)ds, 0 < A < 1,

\

where D, denotes the Riemann-Liouville fractional derivative of order « and g :

[0,1] — X is a continuous function.

We recall the following lemmas from Bai and Lu (2005).

Lemma 3.2 Let o > 0. If we assume x € C(0,1)NL(0,1), then the fractional differen-
tial equation

Dg,x(t) =0,
has
x() =Ct* 4 Cpt* 2 - Oy,
G eR,i=1,2,...N, as unique solution.

For p>1and d € N, L” = L”((a,b),R?) denote the classical Lebesgue space of p-

integrable functions endowed with its usual norm ||.||z». We denote |.| the Euclidean
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norm of R? and C = C((a,b),R¥) the space of continuous functions endowed with the

usual norm ||.||.

Since Df I, x(t) = x for all x € C(0,1)NL(0,1). From Lemma 3.2 we deduce the

following lemma.

Lemma 3.3 Assume that x € C(0,1)NL(0, 1), with fractional derivative of order o. > 0
that belongs to x € C(0,1) NL(0,1). Then

I8, DS x(t) = x(t) + Crt® '+ Cpt* 2 4 - Ot * N,

forsome C; € R, i =1,2,...N, as unique solution.

The unique solution of (3.82) is given by

x(1) ::‘Kijﬁ,ﬂg(Lu(ﬂ)d& (3.83)

Recall that the Green function related to the problem (3.82) is given by
191 (1—5)% 1 (@—A+As)— (a—A)(t—s)®

(a=A)I"(a)
Gr(t,s) = (3.84)

1 1 (1=5)*a—A+As)
(- 2)T@)

-1
,0<s<1 <1,

0<t<s<l

Consider the space X = (C[0, 1],R"), E = C|0, 1] be endowed with the ordering x <y if
x(t) < y(t) forallt € C[0,1] and define P € E by P = {(x,y) € E : x(¢),y(t) > 0} C R?,
X =R.

This space defines the metric p : X X X — E such that

p(x.y) = SEPI]{W) —y(O)[w(r) (3.85)

Vx,y € X and y(t) = €' . Then (X, p) is a TVS valued cone metric space.

A function x € C([0,1],X) is a unique solution of the fractional differential integral
equation (3.83) if and only if x = u* is a solution of the nonlinear fractional differential

equation (3.82).

Now, we prove the following theorem:

Theorem 3.10 Suppose the following conditions hold:
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(i) Gp(t,s) € C([0,1] x [0,1],X) >0 forallt,s € [0,1];
(ii) Jo Gs(t,s) < y(s) forallt,s € [0,1];

(iii) g € C([0,1] x X,X) is sequentially continuous;

(

iv) there exists a continuous function g : [0,1] x R — R, such that
g(1,x(5)) —g(t,5(5))| < e ¥(5)Ix(s) = ¥(s)],
forallt €[0,1] and © > 0, such that

% Nar+a(o+1)] — (o + 1)[ou® 4 A1Y]
B alo+1)(a—A)M(«)

¥(s)

Then, the fractional differential Equation 3.82 has a common solution as a fixed
point x* € C(]0,1],X).

Proof. Letus define amap G, f : P — E by

1
Gfx(t) = / G(t,5)g(s,u(s))ds., (3.86)

0
forz € [0,1], then Gf"xy is sequentially continuous. This implies that f € G f"x( and
f"xo posses a fixed point u* € Gf. To prove the existence of fixed point of Gf, we

prove that G f is sequentially continuous and contraction. To show G f is sequentially
continuous, let G fx # Gfy, for all x,y € [0, 1]. By condition (iv), we have

1 1
|Gfx—Gfy| = ‘/0 Gf(t,s)g(s,u(s))ds—/o Gr(t,5)8(s,y(s))ds|,
1
< [ Gyl |gls.x(6) = (5,30 s,

% (1— )% (o — A+ As) — (& — A)(r — )"

: /0 (06— ) (ax) ds
o=l — )% o — A + As) _ .

T (a~ M) (@) ds]eﬂ!m—y(s)e,

1% Had +a(o+1)] — (a+1)]or® + A%
o(a+1)(a—A) ()

e () —y(s)],

This implies that
Gfx,Gfyl < e Py(s)l—yle"
Since y(s) < 1, we have

Gfx,Gfyl < e Plx—yle.
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Thus for each x,y € X, we have
p(Gfx,Gfy) < e °M(x,y). (3.87)

Taking logarithms on both sides of (3.87) using Fj(z) = In(z) and the condition of F,
we get

In(p(Gfx,Gfy)) < In(eM(x,y)).
Equivalently
O+ F(p(Gfx,Gfy)) < F(M(x,y)), (3.88)

where

M(ey) = PLORORITP(GGy) .59)

Using (3.89) in (3.88) and applying F-Kannan Suzuki type conditions leads to

L oGr) < plxy)

2
p(Gx,Gfx)+p(Gy,Gfy)
2 )

— 0+F(p(Gfx,Gfy)) < F (3.90)

For y € [0,1), ¥ > O satisfies F-Kannan-Suzuki type mapping. Therefore, T f is a
contraction mapping on X. Since all the conditions of Theorem 3.10 are satisfied.
Therefore, there exists u* € C([0, 1]) a common fixed point of G and f, that is, u* is a
solution to fractional nonlinear differential equation (3.82). [l

3.5.5 The Existence of Coincidence Solution for Non-linear Volterra-Integral
Equations

This section investigates the coincidence solution for nonlinear Volterra-integral equa-
tions in the setting of TVS valued cone metric spaces. Nieto and Rodrigurz-Lopez
(2005, 2007) initiated the study of the existing solution of an ordinary differential
equation. Since then, several authors have utilised his ideas to find the solution of ODE.
In detail, one can see the literature in Kilbas ef al. (2006), Harjani and Sadarangani
(2010), Yan et al. (2012), Gupta et al. (2017), Borisut et al. (2019) and the references

therein.

Integral equation methods are very useful for solving many research problems in applied
mathematical sciences like mathematical economics and optimal control theory because

this problem is often reduced to integral equations.
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Integral equations appear in several forms. However, in this section we are interested
with the integral equation, namely; Volterra integral-differential equation which is of
the form

X d"u
u'(t,x) = f(t,x)+/ K (x,t,u(t))dt, where u" = =
a

X

The following integral equation is inspired by Corduneanu (1991), Pachpatte (2010),
Azam and Beg (2013), Abbas et al. (2016) and Nashine et al. (2011)

u(ny) = Uwey)+ [ glvyeauley)de
X[y
+/O/Oh(x,y,c,r,u(o,r))dedc, (3.91)

where [, g, h are given functions and u is unknown function to be found.

Let C(G, f) be the class of continuous functions from the set G to the set f. We
denote E =R™ xR, E; = {l(x,y,5): 0 < s <x <o,y e RT} and E; = {I(x,y,s,1) :
0<s<x<o,0<t<y<o}. Werequire that [ € C(E,R), g € C(E; x R,R) and
he C(E; x R,R)

Denote by X the space of functions z € C(RT x R, R) satisfying

2w 1)| = O,
where A is a positive constant, that is,

2(ey)| < Mo(e*), (3.92)
for constant My > 0. Let (X, ||.||) be a Banach space. Define a norm in the space X by

Zlx = sup [|z(x,y)|e(*“x+y>>]. (3.93)
(x,y)€E

Define the mapping G, f : X X X — [0, ) by

Gf'ulxy) = 10x3)+ [ gleyeule.y)de

Xy
+/ / h(x,y,0,t,u(0,7))dedo, (3.94)
0 Jo
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and
X
Gf'vxy) = 1wy)+ [ gly.eviey)de
X ry
+/ / h(x,y,0,1,v(0,7))dedo, (3.95)
0 Jo

foru,v € X.

The coincidence fixed point of G f"u and G f"v is also a solution of the Volterra integral-

differential equation 3.91.

Now, we prove the result by establishing the existence solution of a coincidence fixed

point for a pair of self mappings:

Theorem 3.11 Suppose the following conditions hold:

(i) for the continuous functions g,h € X, we have
|g(x,y, € u(e,y)) —g(xy.&,v(€,9)| < 1(xy,€)lu—vl,
and
|h(x,y,0,t,u(0,7)) —h(x,y,0,7,v(0,7))] < nxy0,7)|u—y|,
where 71 € C(E,[0,00)) and 1» € C(E;,[0,0)).
(ii) there exists a non-negative constant 8 such that 6 < 1 and

X Xy
/Vl(ﬁy,g)el(g”)dﬁ'/ / n(x,y,0,7)eM drde < §AHIP
0 0 Jo

forall x,y,e,0,7 € E{UEy;

Then, the nonlinear Volterra-integral equation (3.91) has a unique solution in E; UE;
which is the coincidence fixed point of (3.94) and (3.95).

Proof. Let G, f : X — X be two operators such that Gf"u € X and Gf"v € X. Now
we verify that the two operators are contractive maps in X. Let u,v € X. On contrary
we claim that G and f are not contractive maps in X. From (3.94) and (3.95), using
condition (7) and (if) of Theorem 3.11 we have

X
Gf'u—Gf'vx = l(x,y)+/0 g(x,y,€ u(e,y))de
X[y
+/ / h(x,y,o,t,u(0,1))dtdo
0 JO
X
~1(xy) - [ glry.ev(e)de

Xy
—/ / h(x,y,0,1,v(0,7))dtdo,
0 Jo
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t
< [ leleneutey) - slxye.vie.y)de

Xy
+/ / |h(x,y,0,7,u(0, 1)) —h(x,y,0,7,v(0,7))|dtdO,
0 Jo

IN

/ " (x7y7 S)el(x+y)d€ +
0

Xy
/ / »(x,y,0,7)e" " Ddtdo | |u—v|x,
0 JO

SN0y |y,

5el(x+Y)_6|u—v|X,

Se P u—v|xer ),
Se O M(u,v), (3.96)

IGf"u—Gf'v|x
p(Gfu,Gfv)

IA N AN CIA

which is a contradiction. Hence u is a common fixed of G and f, also a solution to
integral equation (3.91).

From (3.96), since § < 1 and using (FKS2) of Definition 3.8, where

M(u,v) p(Gu,Gfu) ;rp(Gv, va>, (3.97)

we have
p(Gfu,Gfv) < e "M(u,v). (3.98)
Using Fj(z) = Inz by taking naural logarithms in both sides of (3.98), we get
3+p(Gfu,Gfv) < M(u,v). (3.99)

By (3.97) and (3.97), we obtain an F-Kannan Suzuki contraction as defined in Defini-
tion 3.8. Thus, all conditions imposed in Theorem 3.5 and Theorem 3.11 are satified.
Hence, ™ is a common fixed point of G and f in X U
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CHAPTER FOUR

FIXED POINT THEOREMS FOR MULTIVALUED MAPPINGS WITH SOME
APPLICATIONS

4.1 Introduction

Nadler (1969) extended the Banach principle to multivalued mappings in complete
metric spaces by using Hausdorff concept of taking a measure of distance between
elements of two sets. For more details of this concept, we refer the reader to subsection
2.4.1. The multi-valued mappings theory has many applications in diverse areas, such

as in control theory, approximation theory, differential equations and economics.

Similarly, Ali and Kamran (2016) proved a multivalued fixed point in metric spaces by
combining the concepts of ar-admissible mappings, control functions (Mohammadi ef al.
2013, Sintunavarat W 2015) and F'-contractions (Wardowski 2012) to get a generalised
contraction named o-F-contraction. For more details, one can refer to Abbas et al.
(2016), Durmaz and Altun (2016), Secelean (2016) and Gopal ef al. (2017). Later,
Chifu and Petrusel (2017) proved fixed point results for multivalued Hardy Rogers

contraction mapping in b-metric space.

Furthermore, Sgroi and Vetro (2013) initiated and proved some fixed point results for
closed multivalued F'-contractions or multivalued mappings that satisfy an F'-contractive
condition Hardy-Rogers-type, in the setting of complete metric spaces or complete

ordered metric spaces.

Recently, Qawaqneh et al. (2019) presented some fixed point results by characterising
a weak contractive condition based on using C-class function (Ansari 2014) and «-
admissible, named; (o-F)-admissible multivalued mapping type S in the setting of
b-metric spaces, where F' € C. Rao et al. (2020) presented some fixed point theorems
for self mappings satisfying generalised (¢, y)-weak contraction conditions in partially

ordered complete b-metric space with parameter s > 1, y generalising the results due to
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Gupta and Dass (1975) and Jaggi (1977).

This chapter is divided into five sections, giving the results for fixed point theorems
using multivalued mappings with their applications to integral and differential equations,
by extending the concept of Banach contraction principle to multivalued notion using

Nadler (1969) concept.

In section 4.2, we discuss some preliminary results; definitions, theorems and lemmas.
In section 4.3, we prove a fixed point theorem for multivalued weakly o-F admissible
mappings in partial metric spaces, which generalise several results in the literature,

especially the main results of Theorem 4.8 by Ali and Kamran (2016).

Inspired by the work due to Sgroi and Vetro (2013), in section 4.4, we prove fixed point
theorem for multivalued Hardy-Rogers F-contraction in ordered partial metric spaces

by extending Theorem 4.6 by Sgroi and Vetro (2013).

Section 4.5 is motivated by the results due to Qawaqneh et al. (2019), Rao et al. (2020),
Shoaib et al. (2020) and Hammad (2020). Using these results, we investigate the conse-
quences of multivalued mapping using Jaggi-Hardy-Rogers type-F -F-contraction in
partially ordered b-metric space as defined in subsection 2.3.2. By extending Theorem
4.3 due to Qawaqgneh er al. (2019) and Theorem 4.4 due to Rao et al. (2020). In
our results, we prove the fixed point theorem using Jaggi-Hardy-Rogers type F-Fy
multivalued mapping in b-metric spaces, where ¢ is a C-class function (Ansari 2014)
and F-contraction (Wardowski 2012). For a brief discussion on multivalued b-metric

space, we refer the reader to subsection 2.4.2.

These results extend and generalise several other works in the literature. We provide
examples of the use of theorems proved. Also, corollaries are introduced for extensions

of the results established.

In section 4.6 covers some applications of the proved theorems in the above sections.
We provide a solution of the Volterra integral equation as an application for Theorem

4.7. We also prove the existence of a solution to the first-order periodic problem and the
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existence solution of the ordinary differential equation using b-metric space concept as

an application for Theorem 4.8.

4.2 Preliminaries

This subsection gives some definitions, lemma and fundamental theorems, which will

be utilised to prove, extend and generalises the results.

Jaggi (1977) gave a generalisation of the Banach contraction principle by extending the

results due to Dass and Gupta (1975) in metric space as follows:

Definition 4.1 (Jaggi 1977) Let (X,d) be a complete metric space. A continuous self-
mapping T on a set X is called Jaggi contraction type if

d(x,Tx).d(y,Ty)
d(x,y)

forallx,y € X, x #y, and some o, 3 € (0,1) with x+ 3 < 1.

d(Tx,Ty) < o

+Bd(x,y), 4.1)

Khan et al. (1984) established some fixed point theorems by altering the distance

between the points and proved their results in complete and compact metric spaces.
Definition 4.2 (Khan et al. 1984) A self map ¢ defined on [0,+oo) is said to be an

altering distance function, if the following properties are satisfied:
(i) ¢(t)=0<1=0,

(ii) ¢ is monotonically non-decreasing,

(iii) ¢ is continuous.

Remark 4.1 Let @ and ¥ be define as follows:

(1) Let us denote the set of all altering distance function on [0,c) by ® .

(2) Similarly, Let us denote the set of all lower semi-continuous function on [0,0) by
Y with y(t) =0 if and only ift = 0.

Example 4.1 (Khan et al. 1984) The following is an example which saisfies the
condition of altering distance functions:
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If ¢ is a comparison function, then, it satisfies the following properties:

Definition 4.3 (Berinde 1993) Let s > 1 be real number. If ¢ : [0, +-c0) — [0, +o0) is b
comparison function, then we have the following:

(1) the series Y5, s*¢*, converges for any r € R*

(2) the function Sj, : [0,+00) — [0, 4c0) defined by
Sp="Y 50"t €[0,400),
k=0

is increasing and continuous at 0.

Definition 4.4 (Samet et al. 2012) Let T : X — X and o : X x X — [0, +0). We say
that T is oi-admissible if x,y € X, a(x,y) > 1 = a(Tx,Ty) > 1.

Ansari (2014) gave a generalisation concept of C-class functions:
Definition 4.5 (Ansari 2014) A mapping Fg : [0,00) x [0, 4o00) — R is said to be a C-
class function if it continuous and for s,t € [0,0), Fy satisfies the following properties:

(i) Fg(rt) <r;

(ii) Fg(r,t) =0 = that either r =0 ort = 0.

We denote the set of C-class functions by €. The following are examples which satisfies

Fy functions:

Example 4.2 ( Ansari 2014, Ansari and Kaewcharoen 2016) The following functions
Fy : RT x RT — R are elements of, € for all s,t € R*;

such that y(t) =0 <t =0;

(6) Fy(s,t) = ¢(s),Fg(s,t) =s =0, where ¢ : RT™ — RT is a continuous function
such that ¢(0) =0, and ¢(t) > 0 fort > 0.

Definition 4.6 (Ali and Kamran 2016) Let f be a self mapping on a non empty set X
and o : X x X — [0,00) be a mapping. We say that T is weakly a-admissible if the
following conditions hold:
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(i) forx € X with a(x,Tx) > 1,

(ii) there exists Tx for x € X with o.(Tx,TTx) > 1.

From Ali and Kamran (2016), we get the following definition of an «-F-weakly

contraction mapping as follows:

Definition 4.7 (Ali and Kamran 2016) Let (X,d) be a metric space and ¢ : X X X —
[0,0) be function. A mapping T : X — CB(X) is a-F-contraction if there exists a
continuous function F in .# and t > 0 such that

T+ F(a(x,y)H(Tx,Ty)) < F(M(xy)),
for each x,y € X, whenever min{a(x,y)H(Tx,Ty),M(x,y)} > 0, where

d(x,Ty) +d(y,Tx)
2

M(x,y) = max{d(x,y),d(x,Tx),d(y,Ty), }+Ld(y,Tx)

and L > 0.

We consider the following theorem by Ali and Kamran (2016):

Theorem 4.1 (Ali and Kamran 2016) Let (X ,d) be a complete metric space and let
T : X — CB(X) be an a-F-contraction satisfying the following conditions:

(i) T is strictly o-admissible mapping;
(ii) there exists xg € X and x| € Txy with a(xg,x1) > 1;

(iii) for any sequence {x,} C X such that x,, — x as n — oo and 0.(x,,x,+1) > 1 for
each n € N, we have o/(x,,x) > 1 for each n € N.

Then T has a fixed point.

In this study, we use the following observation from Cosentino et al. (2015).

Remark 4.2 (Cosentino et al. 2015) Given sets A, B. For every T > 0 thereis h > 1
such that
F (hsHy(A,B)) < F (sHy(A,B)) + 7.

Definition 4.8 (Cosentino et al. 2015) Let (X,d,s) be a b-metric space. A multivalued
mapping T : X — CB(X) is called an F -contraction of Nadler type if there exists F € F
and T € R such that

2T+ F(sHp(Tx,Ty)) < F(d(x,y)) 4.2)

forall x,y € X with Tx # Ty.
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We recall the definition for the relation of two maps in partially orderd metric space

from Beg and Butt (2010) as follows:

Definition 4.9 (Beg and Butt 2010) Let A and B be two non-empty subsets of (X, <),
the relation between A and B are denoted and defined as follows:

(1) A <y B: ifforevery a € A there exists b € B such that a < b,
(2) A <y B: if for every b € B there exists a € A we have a =< b,

(3) A<3B:ifA<;Band A <, B.

Kumar (2019) extended the results due to Durmaz et al. (2016), where he introduced the
following definition and theorem on ordered partial metric spaces using two compatible

mappings:
Definition 4.10 (Kumar 2019) Let(X, =, p) be an ordered partial metric space and
T : X — X be a mapping. Also letY = {(x,y) € X x X : x <y, p(Tx,Ty) > 0}. We say
that T is an ordered F -contraction if F € .% and there exists T > 0 such that for all
(x,y) €Y, we have

T+ F(p(Tx,Ty)) < F(p(x,y)). (4.3)

Theorem 4.2 (Kumar 2019) Let (X, =) be partial ordered set and suppose that there
exists a partial metric space on X such that (X, p) is a complete partial metric space.
Suppose T and g are continuous self F-contraction mappings on X, T (X) C g(X), T is
monotone g-non decreasing mapping and

T+ F(p(Tx,Ty)) < F(M(x,y)),

where

0(1.y) = max{ (g, 9). 5. 7). (e ). 5l (e Ty) + plenT]

for all x,y € X for which gx and gy are comparable and T > 0. If there exists xy € X
such that gxo =< Txog and T and g are compatible, then T and g have a coincident point.

The ideals of the following definition is taken from Sgroi and Vetro (2013), and

Cosentino et al. (2015).

Definition 4.11 Ler (X,d,s) be a b-metric space. A multivalued mapping T : X —
CB(X) is called an F-contraction of Hardy-Rogers type if there exists F € % and
T € R" such that

2T+ F (sHp(Tx,Ty)) < F(od(x,y)+Bd(x,Tx)+yd(y,Ty)+
od(x,Ty)+Ld(y,Tx)),

for all comparable x,y € X with Tx # Ty, where o, 3,7,0,L >0, a+B+y+25 =1
and y# 1



103

Qawagqneh et al. (2019) proved the following theorem by considering F as a C-class

function.

Theorem 4.3 (Qawagneh et al. 2019) Let (X,d,s) be a complete b- metric space with
aconstant s > 1 and T : X — CB(X) be an a-F-Multivalued mapping. Assume that
there exists a : X — [0,00), y € ¥ and ¢ € P such that

a (6o, 01)Hy,(f60,f01) < F(y(M(60,6)),(M(60,61))),

where

dp(6o, f60) dy(61, f61)
"1+dy(60,f60)" 1 +dy(61,16,)

M(6y,0)) = {db(90,91)

1

z[db(emfel) +db(917f60)]}7

for all 6y, 6; € X assume that:

(i) fis a-admissible of type s and v is continuous;
(ii) there exists 8y € X and x| € Ty with a(6p,0;) > s;
(iii) {6,} a sequence in X with 6, — 6 as n — oo and ¢(6,,6,11) >s Vne NU{0},

then o/(6,,0) > s forall n € NU{0}.

Then f has a fixed point.

Rao et al. (2020) proved the following theorem in partially ordered b-metric spaces

with parameter s > 1.

Theorem 4.4 (Rao et al. 2020) Let (X,d, s, <) be a complete partially ordered b-metric
space with parameter s > 1. Let T : X — X be continuous non decreasing mappings
with regard to < such that there exists xo € X with xo < Txg. Suppose that

¢(sd(Tx,Ty)) < 9(M(x,y)) — y(M(x,y)),
where ¢ € &,y € ', for any x,y € X with x <y, and

d(x,Tx)[1+d(y,Ty)] d(x,Ty)[1+d(y,Tx)
1+d(x,y) ’ 1+d(x,y)

Mxy) = { ],ﬁdu,y)},

Then T has a fixed point in X.
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4.3 Existence Results for Multi-valued o-F Contraction Mappings
in Partial Metric Spaces

We start our first result by slightly modifying the Definitions 4.4 given in (Samet et al.

2012).

Definition 4.12 Ler o : X X X — [0,00) be a function in a partial metric space (X, p).
A mapping T : X — CBP(X) is said to be strictly o.-admissible if for each x € X and
y € Tx such that a(x,y) > 1 we have o.(y,z) > 1 for each z € Ty.

In order to develop our main result, we modify Definition 4.7 as follows:

Definition 4.13 Ler (X, p) be a partial metric space and o : X x X — [0,00) be a
function. A mapping T : X — CBP(X) is an o-F-contraction if there exists a continuous
function F in F and t© > 0 such that

T+ F(a(x,y)Hp(Tx,Ty)) < F(M(x,y)), (4.4)
for each x,y € X, whenever min{o(x,y)H,(Tx,Ty),M(x,y)} > 0 and q,r >0,

where

M(x,y) = max{ p(x,y), 2 (. Tx) ;rp(y, y) pl1y) 4’: p(y,Tx) }

By extending Theorem 4.1, we prove following result:
Theorem 4.5 Let (X, p) be a complete partial metric space, and T : X — CBP(X) be

an a-F-contraction satisfying the following conditions:

(i) T is strictly o-admissible mapping;

(ii) there exists xo € X and x| € Txo with a(xg,x1) > 1;

(iii) for any sequence {x,} C X such that x,, — x as n — oo and 0.(x,,X,+1) > 1 for
each n € N, we have o(x,,x) > 1 for eachn € N.

Then there exists x* € X such that Tx* = x* and p(x*,x*) = 0. x* is a fixed point of T.

Proof. Let xop € X be an arbitrary point and choose x| € Txq such that o(xg,x;) > 1. If

x1 € Txy, then x is a fixed point of 7" and the proof is completed.

If however x| ¢ Tx, then apply (4.4) with x = xp and y = x; as follows:

’L'+F(Oc(xo,x1)Hp(Txo,Tx1)) < Fmax{M(xp,x1)}], 4.5)
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where
M(x()axl)
= max{p(xo,x] ), p(x0, Txo) j]-p(thm) , p(x0, Txy) —:‘—p(thxO) }
< max{p(xo’xl), p(x0,x1) JrqP(Xh Tx)) 7 p(xo, Txl)r-l-p(xl,xl) }

because x; € Txg,x>» € Txy, we have

< maX{p(xo,xl), p(x0,x1) + p(x1,x2) , p(x0,x2) + p(x1,x1) },
q r

by (P4) of Definition 2.10, we have
T
< max{p(xo,m),p<x0’xl)+p(xl’ xl),
q

p(anxl) +p(-x17x2> _p(-xluxl) +p(-x17-x1) }

.
using (P1) and (2.20) in above inequality, we get

< max{p(xo,xl), pxo,x1) + plxxz) ;

q
p(xo,x1) + p(x1,x2)
r 9
= M(xg,x1) < p(xg,x1). (4.6)
We substitute (4.6) into (4.5) and get
T+F(Ot(xo,x1)Hp(Txo7Tx1)) < F(p(xo,xl)). 4.7)

As o(xp,x1) > 1, by Lemma 2.17 there exists x, € Tx; such that
p(x1,x2) < a(xo,x1)Hy(Txo, Tx1). (4.8)
As F is an increasing function we have

F(p(xl,xz)) < F(a(xo,xl)Hp(Txo,Txl)). 4.9)

Inserting (4.8) in (4.7) we get

T—i—F(p(xl,xz)) < F(p(xo,xl)). (4.10)

Since T is strictly a- admissible, according to Definition 4.12, we have a(xg,x1) > 1 =
o(x1,xp) > 1. If xo € Txy, then x; is a fixed point and the proof is completed. Suppose
xp ¢ Tx,. We apply Equation 4.4 with x = x;,y = x; and get

T+F(Oc(x1,x2)Hp(Tx1,Tx2)) < Flmax{M(x1,x2)}], “4.11)
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where

M(x1,x7)

p(x1,Tx1)+p(x2,Txa) p(x1,Txz) + p(x2, Txp)

=max{p(x1,x2), q )

= M(x1,x2) < p(x1,x2).
On applying (4.12) to (4.11) we get

T+ F(a(x,x)Hy(Tx1,Txy)) < F(p(x1,x2)).

As a(xj,xp) > 1, by Lemma (2.17) there exists x3 € Tx, such that
p(x2,x3) < ot(x1,x2)Hp(Tx1,Tx2).
F is an increasing function, therefore
F(p(xz,x3)) < F(Ot()q ,xz)Hp(Txl,sz)).
On applying (4.15) to (4.13), we get

T+ F(p(x2,x3)) < F(p(x1,x2)).

Therefore (4.16) becomes

T+ F(p(xa,x3)) < F
= F(p(x2,x3)) < F(p(x1,x2))— 7
= F(p(x2,x3)) <F

}

(4.12)

(4.13)

(4.14)
(4.15)

(4.16)

(4.17)

Continuing in the same manner, we form a sequence {x,} which reaches one of the
following scenarios. Either x,, € Tx,, for some n € N. In this case, x, is the fixed point

and the proof is completed.

Otherwise, we have for all n € N, x,, ¢ Tx,,x, € Tx,—1,
o(xy—1,%,) > 1 and

F(p(xn,xn+1)) < F(p(xo,xl)) —nt.
We determine the limit n — o of (4.18) and get

lim F(p<xnaxn+l)) = -

n—yoo
By condition (F), this implies

r}glf}op(xmxn—H) =0.

(4.18)

(4.19)
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Let o, = p(xy,x,+1) for each n € N. By condition (F3), there exist k € (0, 1) and such
that

lim o*F (0,) = 0.

n—oo

From (4.17) we have

o*F (o) — ofF (o) < —natft < 0 for each n € N. (4.20)

Letting n — oo in (4.20) we get

lim nat = 0. (4.21)

n—oo

This implies there exists n; € N such that naX < 1 for all n > ny. Therefore we have

(4.22)

We now show that {x,} is a p-Cauchy sequence. Consider m,n € N;m < n < n;. By
(P4) of Definition 2.10, we have

n—1

PXmxn) < Y p(xiyxisn) Z p(xi,x;)

i=m i=m+1
n—1
<Y plxixis1)
i=m
< Z p(xi,xit1)
i=m
i=m
|
< Z 7 from (4.22).

The series Y-, 5 converges as it is a p-series with an exponent greater than one.
i

This implies limy, —yeo p(Xm,X,) = 0. This makes {x,} a Cauchy sequence by (iii) of
Definition 2.11.

As (X, p) is complete, there exists x* € X such that x, — x*. By (4.19), this means
p(x*,x*) = 0. Also by condition (iii) of Theorem (4.5), we have o (xp,x*) > 1 for all
eN.

S

We claim that x* is a fixed point of T, that is p(x*,Tx*) = p(x*,x*) = 0. Suppose
p(x*,Tx*) > 0. Then there exists ng € N such that p(x,,Tx*) > 0 for all n > ny. By
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definition (4.13), for all n > ng and ¢g,r > 0, we have

’L’—I—F(p(xn+1,Tx*))
< T+ 0%, x*)F (Hy(Txp, Tx*))

< (max { oy ), P EPLETED) plon T EREET0) )
q r
(4.23)
We let n — oo in (4.23) and get
T+F(p(x*,Tx")) < F(p(x*,x¥)). (4.24)
since T > 0, the above inequality yield a contradiction. Hence p(x*,Tx*) = 0. [

Example 4.3 Consider the partial metric space (X,p) where X ={0,1,2,...} and
p(x,y) = |x —y| + max{x,y} for all x,y € X. Define the multivalued function T : X —
CB?(X) as
{0,1} for0<x<1;
Tx=
{x—1,x} forx>1.

Let a: X x X — [0,00) be defined as

2 ifx,ye{0,1};
axy)=4 5 ifxy>1;
0 otherwise.

Now, we show that T is strictly a-admissible with the following cases:

Case 1 Assume that x = xy and y = x1. Let xo = 0 and x| = 1, then x; € Txo = {0,1},
such that o(xg,x1) > 1. Also we choose x; such that x, € Txy, x, =0 € Tx; = {0, 1},
thus o(x1,x3) > 1.

Case 2 We define F (x) =x+1n(x),x € (0,00). Under this F, the Equation (4.4) simplifies
to
a(xay)HP(Tx7 Ty) ea(xy)H,,(Tx,Ty)—M(x,y)) <

M(x,y) <e " (4.25)
We now calculate H,(Tx,Ty) for x >y > 1and q,r > 2.
Tx={x—1,x}, Ty={y—1,y}h
px—1,y—1)=2x—y—1, plx—1,y)=2x—y—2
plx,y—1)=2x—y+1, px,y)=2x—y.

p(x—1,Ty) = min{p(x— 1,a),a € Ty}
=min{p(x—1,y—1),p(x—1,y)}
=min{2x—y—1,2x—y—2}
=2x—y—2.
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In the same manner we get

p(x,Ty)=2x—y, p(y—1,Tx) =2x—y—1, p(y,Tx) =2x—y—2.

6p(Tx,Ty) = max{p(a,Ty),a € Tx}

= max{p(x—1,Ty), p(x,Ty)}

=max{2x—y—2,2x—y}

=2x—y.
Similarly

Op(Ty,Tx) =2x—y—1.
Hence
HP<Tx7 Ty) = maX{SP(Txa Ty)a SP(Tya TX)}

=max{2x—y,2x—y—1}
=2x—y.

We note that for x >y > 1, min{a(x,y)H(Tx,Ty),M(x,y)} > 0 and M(x,y) > p(x,y) =
2x —y. Hence (4.25) becomes

l . 2x—y L (2x—y)—M(x,y) < l . 2x—ye%(2JC—)’)—(2x—)’)
2 M(x,y) T2 2x—y

1
< 56_3/2, because x >y > 1,

3
<e “fort> 5

3
forT > 5

This shows that 7' is a multivalued a-F-contraction with contractive factor T = % and
F(a) =1na+a. For xo =0 and x; € Txg = {0, 1}, we obtain @(0,1) > 1. Furthermore,
we see that T is strictly - admissible map and for any sequences {x,} C X such that
X, — x as n — oo and o (x,,x,11) > 1 for each n € N, we have a(x,,x) > 1 for each

n € N. Therefore, by Theorem 4.5, T has a fixed point in X.

4.4 Fixed Point Theorems for Multi-valued F-Contraction Map-
pings in Ordered Partial Metric Spaces

The following theorem for multivalued mapping in ordered metric spaces is due to Sgroi

and Vetro (2013).
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Theorem 4.6 (Sgroi and Vetro 2013) Let (X ,d, =) be an ordered complete metric space
and Let T : X — CB(X). Assume that there exists F € % and T € R such that

20+ F(H(Tx,Ty)) < F(ad(x,y)+Bd(x,Tx)+yd(y,Ty)+
od(x,Ty)+Ld(y,Tx),

for all comparable x,y € X with Tx # Ty, where o, 3,7,6,L>0, a+B+7+26 =1
and y # 1. If the following condition are satisfied:

(i) there exists xo € X such that {xo} <1 Txo;
(ii) forx,y € X, x Xy implies Tx <, Ty ;

(iii) X is regular.
Then T has a fixed point.

We give the extended version of Definitions 4.8, 4.10 and 4.14 to an ordered multi-valued

Hardy-Rogers F-contraction in partial metric spaces as follows:

Definition 4.14 Let (X, =, p) be an ordered partial metric space and T : X — CBP(X)
be a multi-valued mapping. We say that T is an ordered multi-valued Hardy-Rogers
F-contraction if F € § and there exists T > 0 such that for all x,y € X, we have

2T+ F (Hy(Tx,Ty)) < F (M(x,y)), (4.26)
where
M(x,y) = ap(x,y) + Bp(x, Tx) +vp(y,Ty) + 6 p(x, Ty) + Lp(y, Tx)
forxyeTx=<Ty a,B,7,6,L>0,0+B+y+6=1and y# 1.

By extending Theorem 4.6, we prove the following theorem:

Theorem 4.7 Let (X, <) be a partial ordered set and suppose that there exists a partial
metric p such that (X,p) is a complete partial metric space. Let T : X — CBP(X)
be a multi-valued map. Assume that there exists F € § and T € Ry such that T is a
multi-valued Hardy-Rogers-type F-contraction which satisfy the following conditions:
(i) there exists xo € X such that xy <1 Txo,

(ii) forx,ye X, x Xy = Tx=<,Ty;

(iii) if x, — x is a non decreasing sequence in X, for all n and
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2T+ F(Hp(Tx,Ty)) < F(M(x,y)), (4.27)

where

M(x,y) = ap(x,y) + Bp(x,Tx) +vp(y, Ty) + 8 p(x,Ty) + Lp(y, Tx)

forx,yeX, t>0,0,B,7,0,L>0, a+B+y+0=1and y# 1. Then T has a fixed
point.

Proof. From assumption (1), there exists xo € X such that xy <1 Txp. Choosing x| € T'x,
by (ii) we have xg < x; = Txg <2 Tx;. If x; € Tx; then x; is a fixed point of 7" and we
have completed our proof.

Suppose x| ¢ Txp, then Txy # Tx;. Since F is continuous from the right, there exists a
real number i > 1 such that

F(hH,(Txo,Tx1)) < F(H,(Tx0,Tx1))+ 7.

Now, from F (p(x1,Tx1)) < F(H,(Txo,Tx1)) and Txg <2 Tx1, by this case we choose
xp € Tx; such that F(p(x1,x2)) < F(H,(Txo,Tx1)) and by using Lemma 2.17 as a
result, we get

p(x1,x2) <hH,(Txo0,Tx1) < Hy(Tx0,Tx1)+ 7,

F(p(x1,x2)) < F(hHy(Tx0,Tx1)) < F(Hy(Tx0,Tx1)) + 7,
we apply (4.27) with x = xp,y = x1 to get

21+ F(p(x1,x2)) 2T+ F(Hy(Txo,Tx1)) + 7,
F(M(xo,xl)) +7,
F(ap(xo,x1) + Bp(xo0, Txo) +¥Yp(x1,Tx1),

+0p(xo,Tx1) —|—Lp(x1,Tx0)) +7,

<
<

from x; € Txg,x» € Txy, we have
< F(ocp(xo,x1),+ﬁp(xo,x1)+yp(x1,x2),
+8p(x0,x2) + Lp(x0,x1)) + T,
by (P4) of Definition 2.10, we get
< F(ap(xo,x1)+Bp(xo,x1) +yp(x1,x2),
+8p(x0,x1) + 8p(x1,x2) — 8p(x1,x1) + Lp(x1,x1)) + T
= F((a+B+8+L)p(xo,x1) +(Y+8)p(x1,x2))
+71,
using (P1) and (2.20), we get
< F(ap(xo,x1)+ Bp(xo,x1) +yp(x1,x2),
—|—5p(x0,x1)+5p(x1,x2)) +7T

= F((o+B+8)p(x0,x1) + (v+8)p(x1,x2))
+T.
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T+F(p(x1,x2)) < F((a+B+8)p(xo,x1)+ (y+8)p(x1,x2)).

As F is an increasing function, by (F}) (4.28) implies

= F(p(x1,%2)) < F((+ B +8)plxo,x1) + (v+8)p(x1,x2))

= p(x1,x2) < (@+ P +90)p(xo,x1) + (y+8)p(x1,x2)
= (1=y—90)p(x1,%2) < (a+ B+ 5)p(x0,x1).

From the assumption we have
a+B+y+0=1,L=0implyingl —y—56 =0+ +9.
Hence, (4.29) implies

p(x1,%2) < p(x0,%1).
Using (4.30) in (4.28) we get

F(p(x1,x2)) < F(p(x0,x1)) — 7.

(4.28)

(4.29)

(4.30)

(4.31)

If xo € Tx, then x; is a fixed point of 7 and the proof is completed. However, suppose
x3 & Txp. As Txg < Txy, x1 € Txp and xp € Txy, we have x| <x; = Tx; <, Txy. Let

us choose x3 € Tx;. Therefore, by Lemma 2.17, we get

p(x2,x3) <hH,(Tx1,Tx2) < Hy(Tx1,Tx2)+ 7.

F(p(x2,x3)) < F(hH,(Tx1,Tx2)) < F(Hy(Tx1,Tx2)) + 7.

We apply (4.26) with x = x|,y = xo, we get

21+ F(p(x,x3)) < 2t+F(Hy(Tx1,Tx2))+7,

F(M(xl,xz)) +7,
F(op(x1,x2),+Bp(x1,Tx1) 4+ yp(x2, Txz),
+0p(x1,Txz) —i—Lp(xz,Tx])) +7,

IN

Similarly, one obtains,
T+F(pl,x)) < ((0+B+8)p(x1,x)+(v+8)p(x,x3))
As F is an increasing function, by (F}), we get
p(x2,x3) < plxi,x2).
Using (4.32) in (4.28) and (4.31) we get

F(p(x2,x3)) < F(p(x1,x2)) — T < F(p(xo,x1)) — 27.

(4.32)

(4.33)
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Continuing in the same manner we get the sequence {x,} with x; <x; <x3.... If
xn € Tx, for some n € N, then x, is a fixed point of 7T and the proof is completed.
Suppose x,, ¢ Tx, for all n € N. In this case we have

F(p(xn,xn41)) < F(p(x0,x1)) —n7. (4.34)

We notice that (4.34) is identical to (4.18). Next, proceeding as in the proof of Theorem
4.5, we obtained that {x, } is Cauchy sequence. Also, since (X, p) is a complete partial
metric space, there is x* € X such that x, — x*, and p(x*,x*) = 0.

We claim that x* is a fixed point of 7. We do this by showing that p(x*,Tx*) =
p(x*,x*) = 0. Suppose p(x*,Tx*) > 0. Then there exists some ng € N such that
p(x,, Tx*) > 0 for all n > ny. By (4.27) we have

2T+ F (p(xns1,Tx")) <21+ F (Hp(Txp, TX")) + 7T
< F (M(x4,x%))
= F(ap(xp,x*) + Bp(xn, Txy)
+yp(x*, Tx*) + 8 (p(xn, Tx*) + p(x*, Txy)) + Lp(x*, Tx) +7.  (4.35)
Taking n — oo in (4.35) and applying the fact that F is an increasing function, we get

2T+ F (p(x*,Tx"))
< F(ap(x*,x*) + Bp(x*,Tx*) +yp(x*,Tx*) + 28 p(x*, Tx*)
+Lp(x*,Tx")) + 7,

2T+ F (p(x*,Tx") < F(p(x*,Tx")) +7,
2T+ F (p(x*,Tx") < F(p(x*,Tx")) +7,
F(p(x*,Tx*) < F(p(x*,Tx")) — 1.

Since T > 0, the above inequality yields a contradiction. Hence p(x*, Tx*) = 0 making
x* a fixed point of 7. The proof is completed. 0

Now, we give an example to illustrate the use of Theorem 4.7.

Example 4.4 Consider partial metric spaces (X, p), where set X = {0,1,2,...} and

1 1
p(x,y) = 7 he—y|+ 5 max{x,y}.
for all x,y € X. Let (X, <) be a partially ordered set where
y=x = x>y

Define the multivalued function 7' : X — CBP(X) as
{x=2,x—1}, forx >2,
Tx=
{0,x+1}, forx € {0,1}.
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We note that x > 2, x < Tx, x Xy = Tx <, Ty and x ¢ Tx. We define F € .7 as
F(a) =Ina+ a. The condition (4.27) becomes

Hy(Tx,Ty) p,(rx1)-Mxy) < ;=27 (4.36)

M(x, y) -
We now calculate H,(Tx,Ty) for x >y > 2.

Tx={x—2x—1}Ty={y—-2,y—1,}.

3x—y 1 3x—y 1

—1ly—2)= — —1y—1)= — .
plx—1,y=2) 1 4,p(x ,y—1) 1 3
3x—y 3x—y 5
plx—=2,y=2)= -1, px—=2,y—1)= 771

p(x—2,Ty) = min{p(x—2,a);a € Ty}
= mln{p(x_zvy_1)ap<x_2ay_2)}7

B min{Sx_y—l 3x—y_5
N 4 T4 4%’
_ 3x—y 5
4 4
In a similar manner, we calculate
3x—y 1
—1.Ty) = ——.
p(x—1,Ty) 1 3
3 —
p(x—2,Tx) = x4y_1.
3x—y 5
—1.T = ——.
p(y—1,Tx) yR)

0p(Tx,Ty) = max{p(a,Ty);a € Tx}

- max{p(x_zaTy)vp(x_lva)}a

3x—y_5 3x—y_1}
4 4" 4 27

3x—y 1

4 2

= max{

Similarly

0p(Ty,Tx) = max{p(a,Tx);a € Ty}
= max{p(y—2,Tx),p(y—1,Tx)},
3x—y 3x—y 5
| _-
4 T4 b
3x—y

= ~1.
4

= max{
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Hy(Tx,Ty) = max{8,(Tx,Ty).8,(Ty.Tx)},

3x— 1 —
= max al y__73x y—l ,
4 2" 4

3x—y 1
4 2

We note that

3x—y
YRR

M(x,y) = ap(x,y) = p(x,y) =

Applying to (4.36) we get

—3x—y—2e_% <e T
3x—y -

which is true for T = Al‘. The mapping has a fixed point at x = 0. This shows that 7" is a
multivalued Hardy-Rogers-type F'-contraction with contractive factor 7. Hence, satisfy
Theorem 4.7.

4.5 Multivalued Jaggi-Hardy-Rogers Type-F-F, Contraction Re-
sults in Partially Ordered »-Metric Spaces

To prove the results of this section we start by combining the concept of definitions

(4.1) and (4.11) as follows:

Definition 4.15 Let (X,d,s) be a partially ordered b-metric space with constant s > 1.
A mapping T : X — CB(X) is said to be a multivalued generalized Jaggi-Hardy-Rogers
type F-contraction if there exists F € .% and T € R such that

Hy(Tx,Ty) >0 =

ndb(xa Tx)‘db(ya Ty)
db<x7y)

Yy (3. 5) + 8y (. Ty) + Ly (3, T) ). (4.37)

21+ F(sHy(Tx, Ty)) < F( + pdy(x,y) + By (x, Tx) +

for all comparable x,y € X with Tx # Ty, where n,,B,7,6,L>0,n+u+p+y+
s6 <landy#1.

We prove the following theorem.

Theorem 4.8 Let (X,dp,s) be a partially ordered b-metric space with coefficient s > 1.
LetT:X — CB’ (X) be a continuous non dencreasing multivalued mappings satisfying
a generalized Jaggi-Hardy-Rogers F-F- contraction, such that there exists xo € X with
xo € Txgand F € %, 7 € R". Assume that

2+ F(@(sHp(Tx,Ty))) < F(¢(M(x,y)) = y(M(x,y))), (4.38)
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for g € @,y € ¥ and Fy(¢,y) = ¢ — v, where

r’db(xa TX) 'db(y7 Ty)
db(xvy)
Ydy(y,Ty) + 8dp(x, Ty) + Ldy(y, Tx),

for all comparable x,y € X with Tx # Ty, where n,u,B,y,8,L>0,n+u+p+vy+

s6 < 1landy# l,l:%< 1 =A and sA < 1. Then T has a fixed point in X.

+fudb(x7y) +ﬁdb(x7Tx) +

M(x,y)

Proof. Let xq be arbitrary point of X, there exists xo € X such that xy <; Txg. Choosing
x1 € Txy, we have xo < x; = Txg <2 Txy. If x; € Tx then x; is a fixed point of T and
we have completed the proof.

Suppose x| ¢ Txp, then Txg # Tx). Since F is continuous from the right, there exists a
real number i > 1 (Remark 4.2) such that

F(hHy(Txo,Tx1)) < F(Hp(Txp,Tx1)) + 7.

Now, from F(dp(x1,Tx1)) < F(Hp(Txp,Tx1)) and Txg <2 Tx1, by this case we choose
xp € Txy such that F(dp(x1,x2)) < F(Hp(Tx0,Tx;)) and by using Lemma 2.14 as a
result

dp(x1,x2) < hHy(Tx0,Tx1) < Hp(Tx0,Tx1) + 7,

implies that
F(sdp(x1,x2)) < F(shHp(Tx0,Tx1)) < F(sHy(Tx0,Tx1)) + 7, (4.39)
we apply (4.38) and (4.39) with x = xp,y = x; to get

2T+ F (9 (sdp(x1,x2))) < 2T+ F(¢(sHp(Txp,Tx1)))+ T,
< F(¢(M(x0,x1)) — w(M(x0,x1))) +7, (4.40)

where

dp(x0,Txq).dp(x1,Tx

Mlxo.n) = 7 i Odb(?C?) xbl()1 1)+,Udb(x0,X1)+Bdb(xO,Tx0)—|—
Yp(x1,Tx1) + 0 p(x0, Tx1) + Ldy(x1, Txo),
Ndp(x0,x1).dp(x1,x2)

dp(x0,x1)
Ydp(x1,x2) + 8dp(x0,x2) + Ldp(x1,x1),
by (B1), we have,
Ndp(x1,x2) + pdp(x0,x1) + Bdp(x0,x1) + Ydp(x1,x2) + ddp(x0,X2),
by (B3), we get,
Ndp(x1,x2) + pdp(x0,x1) + Bdp(x0,x1) + Ydp(x1,x2) + s0dp(x0,x1) +
s5db(x1,x2),
= (U+B+58)dy(x0,x1)+(N+Y+58)dp(x1,x2). (4.41)

IN

+ wdy(x0,x1) + By (x0,x1) +

IN

IN



117

Using (4.41) in (4.40) we get
THF(O(sdy(r1,1))) < F(9((n+B+58)dy(x0,x1) + (1 +7+58)dy(x1,)) —
V(14 B+ 56)dy(x0,x1) + (1N + Y+ 58)dp(x1,x2) ) (4.42)
As F is an increasing function, by (F'1) and property of ¢ and y in (4.42) implies

= sdp(x1,%) < (W+B+58)dp(x0,x1)+ (n+7+56)dy(x1,x2)
=s—(N+7y+50)dy(x1,x2) < (U+P+s8)dp(x0,x1),
m+p+sé

d d . 4.43
= dplx1, ;) < — CESET) b(X0,X1) (4.43)

From the assumption we have

o
A = Htpts <1
s—(M+y+sé)
Hence, (4.43) implies

db(xl,xz) < db()C(),xl). (4.44)

By the property of ¢, ¥ in Fx we have

¢(dp(x1,x2)) < @(M(x0,x1)) — W(M(xo,x1)) < @(dp(x0,x1)),  (4.45)
Using (4.45) in (4.42) we get

T+ F(¢(sdp(x1,x2))) < F(9(dp(x0,x1))),
F(¢(sdp(x1,x2))) < F(¢(dp(x0,x1)))— 7, (4.46)
Continuing in the same manner we get the sequence {x,} with x; <x; <x3.... If

xn € Tx, for some n € N, then x, is a fixed point of 7T and the proof is completed.
Suppose x,, ¢ Tx, for all n € N. In this case we have

F (¢ (sdlp (xn, Xn41))) < F(9(dp(xn—1,%n))) = T. (4.47)
By property (F4) and (4.47) we have
F (0" (s"dp(Xn,%ns1))) < F (0" 15" N (dy(x0—1,%0))) — n7. (4.48)

Let o0 = dp(xy,X,+1) > 0 for all n € N. From (5.35) we have
F(9"(s"0t,)) < F(¢" ' (s" ' o1)) —nt. (4.49)
Thus, by (4.49) we get
F(0"(s"an)) < F(6" (" "oy 1)) — T < - < F(a)) — nt. (4.50)
We determine the limit n — oo of (4.50) and get

lim F (9" (5" 0t)) = —oo.

n—yeo
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By property (F2), this implies

lim ¢"(s"5,) = 0. 4.51)

n—soo

By condition (F3), there exist k € (0,1) and such that

lim (¢"(s"0,))"F (9" (s" o)) = 0.

Multiplying of (4.50) with (9" (s"a,))" yields
(9"(5" o)) F(9"(s" ) < (9"(s"04)) F (8" (5" otyr)) = (9" (5" o)) T < ..
< (0"(s"00,)) F () — (¢" (" o)) T < 0. (4.52)

From (4.52), we have

(0" (5" o)) F (0™ (5" 0,)) — (0" (5" o)) ' F (a0)) < —(¢"(s" ) nT < 0. (4.53)

Letting n — oo in (4.53), we get

lim n7(9"(s" o))" = 0.

n—oo

Consequently,

1

lim (n7)* (¢"(s"0,)) = O.

n—oo

—+oo
:>Z¢"s”an = 0.
n=1

—_

This implies that, there exists n; € N such that (n7)% (¢"(s"a,)) < 1 for all n > ny.

Therefore, we have
1

¢)"(s"06n) < W

(4.54)

We now show that {x, } is a Cauchy sequence. Consider n,m € N,n < m < ny. By (B3)
of Definition 2.22, we have

S[db(xn7xn+l) +db(xn+1:xm>]a
S[db(xn7xn+l) +S[db(xn+l ;xn-i-Z) + db(xn—l—Zaxm)”a
S[db(xn7xn+l) +S[db(xn+1 ,X,H_z) + s[db(xn+2>xn+3) +db(xn+37xm>m

db (xnaxm)

IA AN A

sdp (Xns Xnt1) + 52y (Xt 1,%n12) + 57 dp (X2, X043) + 57 dp (X3, Xm),

IN
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S o (‘Pnsndb(xn:xn—i-l) + "y (41, %042) +
0" 25" 2 dy (X2, %0 03) + 0" TS T2y (X3, 5m) + - ) :
1
¢" 25" 24, (Xp43,Xm) + - > ,
1 & i
< o Y ¢'s'a,
i=n
(RSN
S S Z ¢'s 0y,
=n
< ! i ! f (4.54) (4.55)
, from (4.54). i
B Sn_l i=n (ir)l/k

The series )~ 11% converges as it is a b-series with an exponent greater than one.
This implies limy, ;s dp (X5, Xm) = 0. This makes {x,} a Cauchy sequence by (ii) of
Definition 2.15. Therefore, we have

m}’ir_r}mdb(xn,xn—i—l) =0.

If {x2,} is not Cauchy sequence in X, then there exists € > 0 and two sequences {my }
and {n;} of positive intergers such that the following four sequences

db (x2mk 7x2nk ) 9 db (Xka ) x2nk+1 ) ) db (x2mk,1 ) xan ) I db (x2mk,1 ) x2nk+1 ) )
all tend to € when k — oo.

Suppose dp (X2my X2n,) = € and dp (X2, X2m,,,) = 0 for all p > 0, putting x = x2,,, and
Y = X2p, in (4.38) we have

T—i—F((P(Sdb(XkaH ,XanH))) < F((])(M()ka,)an)) - l//(M()szk,Xan))>, (456)
where ¢ € @,y € W and Fy (¢, y) = ¢ — y for any xg,x; € X with x < x, we have

n db (x2mk ) T-Xka ) 'db (x2nk ) TXan)
M = d
(xzmk ’ X2nk) db (Xka ) x2nk) - Heb <X2mk ’ x2nk ) -
By (xomys Txomy) + Yy (X2, TXon, ) + 8 (X2my, Txop, ) +
Ldb (x2nk ’ T.szk) ’
rl db (Xka ) x2mk+1 ) db (Zl’lk ) xanH )
= + udp (X2, , X0, ) +
db (-mek , x2nk) uayp ( my Ny )
Bdb (x2mk 7x2mk+1 ) + de (x2nk ) x2nk+1 ) + adb (x2mk I x2nk+1 ) +

Ldb (-xan ) x2mk+1 ) )
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ndp (x2mk 1 A2my 1y )-dp (x2nk 1 A2m 1 )
dp ('xzmk ) x2nk)

Bdp (xom, 1 X2my i )+ vdp (X2, 1 X2m 4 )+ &dp(x2m,, X2np41 )+

Ld, (x2nk s X2y gy ) .

+ wdp(Xomy , X2n, ) +

Taking k — oo in the above inequality and u + 0 + L < 1 yields to

M(szk,xznk) = .u'db (x2mkax2nk) + Sdb (x2mk 7x2nk+1 ) + Ldb (x2nk7x2mk+1 )7
< u(e)+0o(e)+L(e)=(uU+06+L)e,
= E&. 4.57)

Using (4.57) in (4.56), we get
THF(§(se)) < F(o(e) —w(e)).
From (5.33) and (F1), leads to
F(¢(se)) < F(¢(g)) . (4.58)

We notice that (4.58) is identical to (4.46). Next, proceeding as in the proof of Theorem
4.8, we obtain that {x,, } converge, which is a contradiction. Hence, {x,,} is a cauchy
sequence.

Similarly, by Lemma 2.3 and 2.4 one can show the given four sequences are Cauchy
sequences in b-metric space as below:

Assume that

ng > mk7db(x2mk7-x2nk,l) < 87db(x2mk7x2nk) > €,

klE;Iolo db (x2mkax2mk) — O
By (B3), we have

€ < dp(Xamy;X2m) < Sldp(Xamys Xom_, ) + dp(Xon_ s X2m,)]
< sd, (szk ,XZnH) + sdj, ()cznk,1 ,X2nk>7
< s€+sdp (Xan,l 7x2nk)'

Taking the upper limit and lower limit as k — oo in (5.55), and using (5.54) we obtain

€ < dp(xom,x2m,) < nLle inf dp, (X2, , %25, ) < ngI}rloo supdp(Xomy, Xon,) < SE.
(4.59)
Using (B3) again and (5.56), we have

N [db <x2mk ) x2nk+1 ) + db (x2nk+1 sznk )] )
S [Sdb (x2mk Y X2nk) + Sdb (x2nk ) x2nk+1 )] + Sdh (xznk+1 7x2nk )7
szdb (Xka 7x2nk) + szdb (x2nk I x2nk+1 ) + Sdb (x2nk+1 7~x2nk ) )

s,

8 S db (x2mk bl xan)

IAIA A CIA
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Equivalently,

&€ . . . 2
E S db (x2mk 7X2nk+l ) S ngr{-lw lnfdb (Xka I x2nk+1 ) S nEToo Sup db (Xka 7x2nk+1 ) S S7E.

The remaining two sequences can be proved in a similar way giving:

€ . .
; S db (x2mk,1 I x2nk ) S ngl}»loo lnfdb (x2mk,1 ) x2nk )

: 2
S ngToo Sup db (x2mk,1 >x2nk) S S7E.

IA

lim infdp(xom, %2, )

E
2 < dp(Xomy_y>Xom, ) n—+oo

< lim supdp(x X <se
R p b( ka717 2nk+1) —=

which is a contradiction. Hence, {x;,} is a Cauchy sequence. In this way we proved
that {x, } is a Cauchy sequence. Also, since (X,d;) is a complete partially ordered b-
metric space, there is x* € X such that x,, — x*, and dj, (x*,x*) = 0. We claim that x* is
a fixed point of T. We do this by showing that dj, (x*, Tx*) = dj(x*,x*) = 0. Suppose
dp(x*,Tx*) > 0. Then there exists some ng € N such that dj, (x,, Tx*) > 0 for all n > ny.

By (6.43) with x = x,, and y = x*, we get

2T+ F(¢(sdp(xny1,Tx*))) < F(O(M(xn,x")) — (M (x,,x"))) + T, (4.60)

where

Ndp(xp, Txy).dp(x*, Tx*)

dp (Xn,x*)
vdy(x*, Tx*) + 8dp (X, Tx") + Ldp(x*, Txy),
Ndp(xp, Xp+1).dp(x*, Tx*)

N dp(xn,x*)
vdp(x*, Tx™) + 8dp(xp, TX") + Ldp(x™, X 11). (4.61)

M(xn7X*) +Ndb(xn,X*)+ﬁdb<xnaTxn)+

+ wdp (%4, X) + By (xp, Xp11) +

Taking limit as n — oo in (5.58) we obtain

Ndp(x*,x*).dp(x*, Tx*)
dp(x*,x*)
vdp(x*, Tx*) + 8dp(x*, Tx") + Ldp(x*,x*),
= M+7+0)dp(x*,Tx"). (4.62)

M (xp,x") + pdp(x*,x*) + Bdp (x*,x¥) +

Using (4.62) in (4.60), we get

T+F((sdp(xnr1,Tx*))) < F(O((N+7y+8)dy(x*, Tx")) —

w(n +7+8)dy(x", Tx"))).
(4.63)
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Again, taking limit as n — oo in (4.63) and applying the fact that F is an increasing
function, we get
T+F(9(sdp(x",Tx"))) < F(O((M+7+0)dp(x", Tx")) = y(n+7+8)dy(x", Tx"))),
< F(9(dp(x",TxY))) <dp(x™, Tx7).

By the properties of F and Fy, since they are increasing functions, unless dj (x*, Tx*) =
0.

As aresult T <0, which is a contradiction. Hence dj,(x*, Tx*) = 0 making x* a fixed
point of 7.

Finally, we claim that the fixed point obtained is unique. Let y* be another fixed point
of T such that lim,,_,.. x,, — y* and assume that dj,(x*,y*) > 0. To see this, by (B3) with
x=x"y=y", we have

dp(x*,y") < sldp(x", xp41) +dp(Xnt1,57)],
< sdp(x,y") +dsp (', yT),
< sdp(xT,yY),
db(X*7y*)_Sdb(X*7y*) S 07
(1 _S)db(x*ay*) < 07
dp(x*,y") < 0, (4.64)
Which is a contradiction. Hence, x* = y*; that is x™ is a unique fixed point of 7. O

We give the following corollary, which is inspired by Kumar (2019).

Corollary 4.1 Let (X, <) be a partially ordered set and suppose that there exists a b-
metric space on X such that (X,dp,s) is a complete b-metric space. Suppose T and
g are continuous multivalued F-Fy-contraction mappings on X, 7T'(X) C g(X), T is
monotone g-non decreasing mapping and a generalized Jaggi-Hardy-Rogers ¢-y-F-F -
contraction

20+ F(9(sdp(Tx, Ty))) < F(¢(M(x,y)) —y(M(x,y))), (4.65)
where ¢ € &,y € ¥ and F (@, w) = ¢ — y for any x,y € X with x <y,

dp(gx,Tx).dp(gy,T
ndp(gx,Tx).dy (87, Ty) + pdy(gx,gy) + Bdp(gx, Tx) +
db(gxagy)

'}/db(gy, Ty) + Sdb(ng Ty) +Ldb<gy7 TX),

M(x,y)

for all comparable x,y € X with Tx # Ty, where n,u,B,y,8,L>0,n+u+p+vy+
50 < 1 and y # 1, for which gx and gy are comparable and 7 > 0. If there exists xy € X
such that gxg < Txp and T and g are compatible, then T and g have a coincident point.



123

Proof. Let xo be an arbitrary point in X. Suppose gxo < Txp and TX C g(X), we
construct a Picard sequence by choosing x; € X so that gx; = Tx;. By Induction we
can construct a sequence {x, } such that gx, ;| = Tx, for every n > 0. Using x = x,, and
Yy = X1 in (4.65). The other steps follow similar proof of Theorem 4.8. This complete
the proof. [

By extending Theorem 4.3, we prove following corollary:

Corollary 4.2 Let (X,dp,s) be a complete b-metric space with a constant s > 1 and
T : X — CB’(X) be an 0-F-Fy-multivalued mappings. Assume that there exists y € ¥
and ¢ € ® such that

o(x,y) + F(sHy(Tx, Ty)) < F(y(M(x,y)),0(M(x,y))), (4.66)

where

M(x,y) = {db(x,y), dp(x,fx) by, fy)

14+dp(x, fx)" 14+dp(y, fy)

for all x,y € X assume further that

;%[db(x7fy) +db(y,fX)]},

(i) T is o-contraction of type s and Y is continuous;
(ii) there exists xo € X and x| € Txp with 6(xg,x) > s;

(iii) {x,} asequence in X with x, — x asn — oo and 6 (x,,x,41) > s foralln € NU{0},
then o(x,,x) > s forall n € NU {0}.

Then T has a fixed point.

Proof. Using condition (if), let xo € X and x| € Txg such that o (xg,x1) > s, if xog = x|
or x — 1 € Tx;, we can conclude that x; is a fixed point of 7. Hence the proof is
completed. Suppose on contrary that xy # x; and x; ¢ Tx;. By applying x = x¢ and
y =x; in (4.66) with o (xg,x;) > s and following the similar procedure for the proof of
Theorem 4.8, this complete the proof. O

Next, we give an illustrative example to validate the conditions imposed in Theorem

4.8.
Example 4.5 Let X = {0, 1, %, %, i, ...} be endowed with partially ordered b-metric
dy(x,y) = (x —y)? with s = 2 for all x,y € X with x = rlz and y = % Define 7 : X —
CB(X) by

1
= (OP+1
, Vx,y € X. Furthermore, define the functions ¢, y : [0,00) — [0,0) by ¢(z) = and
y(t) = 3t. Take F(a) =1Ina, T >0 forall a € X.

Tx= [0,
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We prove that the conditions imposed on 7" in Theorem 4.8 are satisfied:

The condition of (F) translate (4.37) to

e 2TO(M(x,y)) — w(M(x,y)).
e 2", (4.67)

¢ (sHy(Tx,Ty))
¢ (sHy(Tx,Ty))
OM(x,y)) —w(M(x,y)) —

IN

A

—

Now, our task is to verify inequality (4.67). To see this, we have one case to investigate:
that is, for x = % and y = % such that m > n, Vm,n € Nin (4.67). Letn=1,m=2
and s = 2. If Tx =Ty, so H(Tx,Ty) = 0, that is, (5.49) is satisfied. Otherwise, we

commerce by calculating the following metrics

Hy(Tx,Ty) = H, ( o. e

1
T 25

11 1 112 1

dp(x,y) = db(,_l’n_1>:’2_n_1 T4

1
dp(x,Tx) = db(’“ [O’n3[x—(l)]2+1}>
1 ‘2

—= X —

m— ()2 +1
e
~n ny— G2 +1
S L N S
St B4



Suppose n = U =

1
dp(y,Ty) = dp (y, [0’ Bl — (D2 + 1])

= Pl
B . R
RGO
ST N N
C P -E
9
- 2
1
BTy < d| x [0’n3[y—<1>12+1]>

B x‘ns[y—e)]m)
ST N
RGOS
_ ! : ’

1
- .

1
(3, Tx) = db<y’ [O’n3[x—(l)]2+l]>

= (P +1
— 1 1 ?
= o wmrn
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obtain
2 2
1 1
[x_ ()2 ] X [y 3y_ ()2 ]
nx—(;)]*+1 nly—(3)°+1 2
M(x,y) = - +UHXx—Yy) +
(xy) = n T (x—)
1 2 1 2
Blx— +Y|y— +
el e
1 2 1 2
0 +L|y— ,
| e el
— M(x,y) noxl‘g’0+y +B x0+7yx 0 +68 x : +L><1
X,y) = — — -
le 100 25
1/0x5\ 1 1 1 19 1 1 1
= s g Ot X Tt X s O
= 0.150714285
By using the above inequalities in (4.67) yields
0(2x0.04) _or

<
¢(0.150714285) — y(0.150714285) — ’
¢ (2 % 0.04) _
20(0.150714285) ~

01066666 _ _y
0150714285 — ¢

— 0.707740919 -2

e ’

IA

— 1n(0.707740919)

IN

In(e™?7),

= —0.345677185

IN

—27,

0.172838592

IN

T,

is true, for 7 > 0. Hence T satisfies contraction condition (4.38).

4.6 Some Applications

A differential equation, if it has a solution then one must check whether the solution
is unique. This section has three subsections. First, in subsection 4.6.1, we give an

application for Existence solution for Volterra type integral equation using Hardy-Rogers
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contraction mapping in ordered partial metric space for demonstration of Theorem 4.9.
Then, in subsection 4.6.2, we give an application to the first-order nonlinear differential
equation using Theorem 4.9. Next, in Subsection 4.6.3, we investigate some unique
solutions to the initial valued problem as the application of Theorem 4.8 in the setting

of b-metric space.

4.6.1 Existence Solution for Volterra Type Integral Equation

In this section, we will provide an application of Theorem 4.7 for Hardy Rogers type
contraction in ordered partial metric spaces. We will use Volterra type integral equation

to illustrate the results. Consider the Volterra type integral equation :

(1) = 2(t) + /O (s, x(s))ds, 1 € [0,K], (4.68)

where K > 0. Let X = C(]0, K], R) be the space of all continuous functions defined on
[0,K]. Notice that (C([0,K]) endowed with partial metric.

p(xy) =lx=ylle = max |x(t) = y(1)], (4.69)
1€[0,K]

is a complete partial metric space and X can be equipped with the partial order < given
by x,y € X, (xXy) = (x(t) S (1) and [x[|eo, [| Y[|eo < 1), 01 (x(z) = (7)) for all
t € [0,K]. It was shown by Nieto and Rodrigurz-Lopez (2005) that (X, <) is regular.
From Equation 4.68, x is the solution of x () = f(t,y(s)) satisfying initial condition

x(tg) = xp if and only if
x(t) = g(t)+ /Otf(t,s,x(s))ds, t €[0,K]. (4.70)

We consider Volterra integral equation as

X (1) = f(1,x(s)),
x(t9) = xo.

Equation (4.70) may be formulated as a fixed point equation
x=Tx.
Let < be a partial order relation on R. Define a mapping 7 : X — X by

Tx() = o(t)+ /0 " F(ts,x(s))ds, 1 € [0,K]. @71
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Theorem 4.9 Let X= C(]0,K] x R,R) for all value x,y € X ;
(i) f(t,s,x(s)) : R — R is increasing for all t € [0,K] and for x,y € X, x <y < Tx <

Ty;

(ii) there exists xg € X such that xy <1 Txo,
t
mﬁ%ﬂg@+£f@&ﬂmwﬁemxy

(iii) there exist T € [1,00| such that
’f(t,S,X(S)) _f(t7s>y(s))| < L(I,S)|X<S) —y(S)’,
where L(t,s) = ate™ 27, forall t € [0,K] and x,y € R with x < y.

(iv) if x, — x is a non decreasing sequence in X, for all n and

2T+ F(H,(Tx,Ty)) < F(M(x,y)), (4.72)

where

M(x,y) = a p(x,y) + Bp(x, Tx) +yp(y,Ty) + 6p(x,Ty) + Lp(y,Tx)

forx,yeX, t>0,0,8,0<,L>0,a+B+y+20=1andy+# 1. Then T has a fixed
point. Therefore Equation (4.68) has at least one fixed point x € X.

Proof. Using (i), let K be a kernel function on G = [0, K] x [0, K] and is increasing on
G. Then is bounded function on G. For ¢,s € [0,K], where K : [0,K] x [0,K] xR — R
and f(1),x(s),y(s) : [0,K] — R are continuous functions. Hence x <y < Tx <, Ty.
From (ii) take xo € X as an initial point on [0, K] we note that there is point x* which is
the limit of iterative sequence (xq,x7,X2,X3,...X,+1) Where xq is any continuous function
on X and for (n =0,1,2,...), we have

Xur1(t) = g(7) +/Otf(t,s,x(s))ds, t €[0,K].

Suppose we start with xo = 1 = g(¢) we get the following iteration of a sequence

t
xi(t) = 14+ [ lds=1+t,
Iy
t l2
x0(t) = 1+/x1(s)ds:1+t+3,
0
t l2 t3
x3(t) = 1+/x2(s)ds:1+t+—+—,
0 2 6

Mm::1+£%4@w:

n n

o

n=0"""
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The limit of this sequence

lim x,(t) = €', Vt € [0,K].

n—oo

For arbitrary x € X, define |x|; = nEaX]{ |x|e"™}, where T > 1 is taken randomly. Since
re[0,K

||.||z is a Banach space norm equivalent to maximum norm and (X, ||.||) endowed with
a metric d; given as below by O’Regan and Petrusel (2008). Also one can see (Sgroi
and Vetro 2013).

_ . —1t
de(ry) = max {Ix(1) = y0)l}e ™ @.73)

for all x,y € X. Next, assume that X endowed with partial metric defined by Paesano
and Vetro (2014) as follows:

_ [ dexy) if [xlleos ¥l <1,
pelx.y) = { d:(x,y)+7T otherwise.

Therefore (X, p) is O - complete partial metric. Also

_ [ de(xy) if ||x[[o, [I¥[lee < T or ([lylle > 1),
pe(xy) = { d:(x,y)+7T otherwise,

and consequently (X, p3) is O - complete. Consider partial order defined on X by
x,y € C([0,K] xR" R), x < yif and only if x(¢) < y(¢t), for ¢ € [0,K]. Then (X, ||.||z), %)
is complete partial ordered metric space and for any increasing sequence {x,} in X, it
has the limit x* € X, we have x,, < x* for any ¢ € [0,K].

Assume that the initial condition of Equation 4.70 is xo(¢) = xo for t € [0,K] has a
unique solution. The solution of Volterra equation is the fixed point of 7. Thus, (i) and
(ii) are satisfied. From condition (iv) the operator T is surely increasing. Now we have
to justify condition of Equation (4.72) by comparing Tx < Ty and x,y € X such that
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x = y. On using condition (i) and (iii), we reach on the following results

TxO =Ty = | [ s = [ flesyis)as
< /!ftsx Flt,5.3(5))lds

< - / |x(s) = y(s)|ds

< T/ Ix(s) —y(s)|e” *e™ds

< «arte 2‘5/ Ts|x ) —TS s

< ote < ”ds) |x(s) e ™
< ate” ( ”a’s) lx(s) — y(s) |«
< are 27 Hx ($)|lz,

< o HX( ) = ¥(s )Hr-

After all, since x,y € X such that x < y, from ||x||¢,||y]|z < 1, we have

Tx(t) = Ty(t)le™™ < ote™ |lx—yls,
or equivalently,

pe(Tx,Ty) < ae > pe(x,y).

Taking naturai logarithm to both sides, we obtain

In(pe(Tx,7y)) < In( e pe(x,y)),
which is equivalently,

2t+F(p«(Tx,Ty)) < F(apz(x,y)).
for oo = 1, we have

2T+ F(p«(Tx,Ty)) < F(pe(x,y)).

Through observation for a function F : R™ — R defined by F(a) = Ina, for all x € X,
belong to .% and so we deduce that the operator T satisfies condition of Equation (4.70)
with@=1and B =y= 0 =0,L=0. Hence by Theorem 4.7, we obtain that operator T
has a fixed point x* € X, which is the solution of Volterra integral Equation (4.68). [
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4.6.2 Existence Theorem for the Solution of First-Order Ordinary Differential
Equations in Partially Ordered /-Metric spaces

This section investigates the existence of the solution to the first-order periodic problem
in the setting of b-metric spaces. Consider the space C(I), the class of real-valued

continuous functions defined on I = [0, 7| endowed with the metric d}, given by

dy(u,v) = sup{\u(t) —vt)? e 1},

tel

for all x,y € C(I).

Note that (C(I),dp,s) is a complete partially ordered b-metric space. Furthermore, the

partial order C(I) is defined by
x,y€C),u<v = u(t) <v(t),
forrel.

Consider the first order periodic differential problem

<
—~

~
~

I

t,u(t)), t€(0,7T),
£ttt 1€ 0,7) i
where T >0, f:[0,7] x R — R is a continuous function. We consider a space C(I)(I =

[0,T1]) of continuous function defined on /.

Yan et al. (2012) proved the existence of the lower solution to ordinary differential

equations in partial ordered metric spaces as follows:

Definition 4.16 (Yan ef al. 2012) A lower solution for (4.74) is a function a € C'(I)
such that

o (1) < f(t,a(t)) forrel,

o(0) < a(T).

Theorem 4.10 (Yan ef al. 2012) Consider the problem (4.74) with f: I xR — R
continuous, and suppose that there exists A, a > 0 with

_ 2&@”—1)%
* = \7@ryn) )
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such that for u,v € R with u > v.

0 < fltu)+Au—[f(t,v) +Av] < oy /In[(u—v)? + 1],

Then the existence of lower solution for (4.74) provide the existence of a unique
solution.

As motivated by Yan et al. (2012) we will prove the solution of the first-order periodic
problem in the b-metric spaces context. Now we extend Theorem 4.10 to b-metric

spaces.

Theorem 4.11 Consider the problem (4.74) with f : I x R x R — R continuous, and
assume that there exist T > 0,4,1 > 0 with

AT _
n < (M) (4.75)

T(erT +1)

such that for x,y € R with x > y.

0 < |f(tu)+Au—[f(t) + V]| < e 2y /nf(u—v)2 4 1], (476)

where

\/ln[(u —v)2+1]=M(u,v) = ndb(”;iizb)t-f\l}b)("a Iv) + udp(u,v) + Bdp(u, Tu) +

vdy(v,Tv) + 0dp(u, Tv) + Ldy(v, Tu),

Then the existence of the lower solution for (4.74) provides the existence of a unique
solution.

This problem is equivalent to the integral equation

) = /0 C Gt 5) (5, uls) + Aus))]ds, 4.77)
where the Green function associated with the above integral equation is given by
A 0<s<I<T,
G(t,s) =
G, 0<1<s<T.

Proof: Consider C'([a,b],X) with the metric

dp(u,v) = suplu(r) - v() .
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Then (X,dy) is a complete b-metric space.
Let T :C'([a,b]) — C'(|a,b]) be an operator defined by
T
Tu(t) — / G(t,5)[f (5, u(s) + Au(s))]ds. (4.78)
0

It is true that u € C(I) is a solution of (4.74) if u € C(I) is a fixed point of 7. Our
objective is to check for conditions imposed in Theorem 4.8 are satisfied with a lower

solution in (4.74). Since our mapping 7 is continuous, let # > v we obtain
flt,u)+Au > f(t,v)+Av

Using (4.76), we have

T T
Tu(t) — /O G(t,5)[f (s u(s) + Au(s))]ds > /0 G(t,5)[f (5, v(s) + Av(s))]ds = Tv (1),
fort € I. Consider u > v and (4.78) we get

Hy(Tu,Tv) = (stlg) |Tu(t) — TV(I)|>2,

2
< <sup TG(I,S)[f(s,u(S)JrM(S))—f(s,V(S)—M(S))]ds>,

tel JO

T 2
< <sup 0 G(r,s)efn\/ln[(u—v)2+1]ds> . 4.79)

tel

Recall Cauchy-Schwartz inequality defined by

(2xiyi>2 < (;rx#) (grmz) (4.50)

Using (4.80) in (4.79) we obtain

/OT G(t,s)my/Inl(u(s) —v()? +1] < (/OT G(t,s)2>

( JA Te2fn¢1n[<u<s>—v<s>>2+u) .

1
2
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Then

(AT

t T
/ G(t,s)zds—l-/ G(t,s) 2ds,

t 2/1(T—|—s 1)
[ g
0 — 1

(s—1)
/ —AT—l) ds,

20T
= 1
22 (erT 1)2( )
1 AT AT
= 1 1
2A<elT_1)2(e )(e + )7
AT
e’ +1
— 4.81
224(erT —1) (81)
The second integral gives
T
/O P Inf(u(s) —v(s)? +1lds < e nPInflu—v|?+1] < T,
< Y02 1nfdy(u,v)+1] xT.  (4.82)
Using (4.81) and (4.82) in (4.79), we get
AT 1 1
e+l N2/ 4 o 2
Hy(Tu,Tv) < _— In|d 1|xT)".
W) < s (s ) (¢t nlds () + 1))
AT 1 1
+1 2 ¢ 2
< <7L( )) e nxﬁ(ln[db(u,v)+1]) ,
AT
2 e +1 e 4T
< B
Hy(Tu,Tv)? < (/I(e - )) n ><T<1n[a’b(u v)+1]>
y (4.79) we have
AT AT
2 < 47 e +1 21(6 —1)
Hy(Tu,Tv)> < e (ZWT_I))(TWH))xT(ln[db<u,v>+1]),
Hy(Tu,Tv)* < e *Infdy(u,v)+1],
Hy(Tu,Tv) < e 2"\/In[dy(u,v)+ 1],
— Hy(Tu,Tv) < e *M(u,v).
By passing to logarithms, we can write this as
In(Hy(Tu,Tv)) < (e **M(u,v)). (4.83)
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Similarly using the properties of F, ¢,y and F¢ in the above inequality we obtain
2T+ F(¢(sHy(Tu, Tv))) < F(¢(M(u,v))).

Now, for a function F : R™ — R defined by F («) = Inu, for each C(I,R) is a member
of .% and so it is amount to say that the operator T satisfies condition of Theorem 4.8
with n,B,7,8,u < 1, and L = 0. Therefore, the conditions imposed in Theorem 4.11
are satisfied. Hence, u € C(I,R), that is; u is a solution of integral equation (4.77).

Thus (4.74) has a solution.

Yan et al. (2012) and Harjani and Sadarangani (2010) proved that a:(t) < T'(a(t)), be a
lower solution for (4.74) in partially ordered metric space. For b-metric space using this
concept we can say that for u < v all conditions of Theorem 4.11 are satisfied. Hence T

has a unique fixed point.

4.6.3 Initial Valued Ordinary Differential Equation Problem in Partially Or-
dered h-Metric Spaces

As inspired by Qawaqgneh e al. (2019), this section investigates the solution to the

initial value problem in partially ordered b-metric space.

Consider the space C(I), the class of real-valued continuous functions defined on

I = [a,b] endowed with the metric dj, given by

dy(u,v) = sup{|u(t) ()P ire 1},

tel
for all u,v € C(I).

Note that (C(I),dp,s) is a complete partially ordered b-metric space. Furthermore, the

partial order C([) is defined by
u,v e C(,u<v = u(r) <v(r),

fort €l
Consider the initial value problem

(4.84)
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where I = [0,1] C R", f:]0,1] x R" — R" is a continuous function and u is a real

constant. We consider a space C(I)(I = [0, 1]) of continuous function defined on 1.

Theorem 4.12 Suppose that the problem (4.84) with f : I x R" — R continuous, and
assume that there exists 7 > 0 with

[f(s,u(s)) = f(s,v(s)] < e "M(u,v), (4.85)
where

ndy(u,Tu).dp(v,Tv)
db(l/t,V)
vdy(v,Tv) 4 6dp(u, Tv) + Ldy(v, Tu),

M(u,v)

+ Hdb(l/t, V) + Bdb(uu Tu) +

such that for u,v € R" with u > v. Then the intial valued problem (4.84) has a unique
solution on the interval /.

Proof. We define amap T : C(I,R") — C(I,R"), for any u,v € R" by

Tu(t) = uo+ A f(s,u(s))ds, (4.86)
forallz € 1.

Hy(Tu,Tv) = <sup|Tu(t)—Tv(t)|)2,

IN AN IA

“2TM(u,v), (4.87)

which contradicts the condition imposed in Theorem 4.12. If we take 7 > 0 such that
¢72% < 1 and T is a contraction mappings. Then by Theorem 4.8, T has a unique
fixed point which is a unique solution of the initial valued problem (4.84). Hence by
following the similar procedure as from the above inequality, one can show that the
conditions of Theorem 4.8 are satisfied.

]
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CHAPTER FIVE

FIXED POINT THEOREMS FOR HYBRID MAPPINGS

5.1 Introduction

Hybrid fixed point theory combines two mappings; single and multivalued mappings.
The method of hybrid fixed point can be used to derive another classical fixed point
theorem results. The concept of hybrid pair of mapping is very consequential for the
theory of fixed point and it has an important role in game theory, differential equation
and optimization. Naimpally et al. (1986) generalised Goebel (1968) result in a hybrid

of single-valued and multivalued maps satisfying a contractive condition.

Mustafa and Sims (2006, 2009) gave a generalisation of D-metric space to G-metric
space soon after identifying some shortcomings concerning the fundamental topological
structure on D-metric spaces. They defined several notions, such as continuity, com-
pleteness, compactness, convergence, and space product in the G-metric space setting.
In doing so, they replaced the tetrahedral inequality with an inequality involving the
repetition of indices. Later, Kaewcharoen et al. (2011) established the multi-valued
notion in G-metric space. We recall these concepts for G metric spaces in subsection

2.3.6 and subsection 2.4.3.

Further, Sintunavarat and Kumam (2011) initiated the concept of common limit range
(CLR) property in order to exhibit its sharpness over the (E.A) property due to Aamri
and El Moutawakil (2002). Similarly, Chauhan ez al. (2014) proved unified common
fixed point theorems for a hybrid pair of mappings via an implicit relation involving
altering distance function. Imdad et al. (2014) introduced the notion of common limit
range property for a hybrid pair of mappings and proved some fixed point results in
symmetric (semi-metric) space. Besides this, Imdad et al. (2015) established the joint
common limit range notion and proved the common fixed point theorem for a pair

of non-self mappings in metric space. Recently, Nashine ef al. (2018) established a
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proof on common fixed point theorem for hybrid generalised (F, y)-contraction under

common limit range property in metric spaces.

Beg and Pathak (2018) proved Nadler’s theorem on weak partial metric spaces with
application to homotopy result. Later, Kanwal er al. (2019) defined the notion of
weak partial b-metric spaces and weak partial Hausdorff b-metric spaces along with the
topology of weak partial b-metric space. Moreover, they generalised Nadler’s theorem
using weak partial Hausdorff b-metric space in the context of a weak partial b-metric
space. We refer the reader for more information in subsection 2.3.11 and subsection

24.5.

On the other hand, Aserkar and Gandhi (2020) gave the results in b-metric space for
weakly compatible mappings in pairs that satisfy the common limit range property.
Karapinar et al. (2020) proved their results on p-hybrid Wardowski contraction for self
map in metric space. Further, Mustafa er al. (2012) proved their results on common

fixed points in G-metric spaces using the concept of (E.A)-property.

This chapter aims to prove the results for hybrid mapping as defined in section 2.5. The
results are divided into five sections. Section 5.2 gives the definitions and preliminary
results. In section 5.3, we establish the proof of common fixed point for two hybrid
pairs of coincidentally idempotent non-self mappings in weakly partial b-metric space,
which satisfies joint common limit range property (JCLR) in a generalised (F,&,n)-
contraction mapping. Motivated by the results obtained by Wardowski and Van Dung
(2014), Imdad et al. (2015), Secelean (2016), Joshi et al. (2017), Nashine et al. (2018),
Nashine et al. (2020) and Aserkar and Gandhi (2020), we provide an illustrative

example to support the theorem proved.

In section 5.4, we extend and prove the results for hybrid mapping via common limit
range property in G-metric space setting. The theorem proved in this section will
generalise the results due to Mustafa et al. (2012) from metric space setting to G-metric

spaces. We also provide an illustrative example to validate the results.

In section 5.5, we prove the results for p-hybrid mappings via common limit range
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(CLR) property in G-metric space setting. The theorems proved here will generalise
the results due to Karapinar et al. (2013), Karapinar (2009), Nashine et al. (2018),
Karapinar et al. (2019) and Karapinar et al. (2020) from metric space and quasi partial

metric notion to G-metric space.

Finally, section 5.6 discusses an application for non-linear hybrid differential equation
(HDE), which illustrate Theorem 5.4. In general, the results generalise and improve

several known works of the existing literature.

5.2 Preliminaries

We will require the following preliminary definitions and theorems for establishing our

results.

Motivated by Wardowski and Van Dung (2014), we introduce the notion of F'-weak

partial b-metric space as follows.

Definition 5.1 Let (M, p;,) be a weak partial b-metric space. Amap T : M — M is said
to be an F-weak contraction on (M, py) if there exists F € F and T > 0 such that for
all x,y € X satisfying pp(Tx,Ty) > 0, the following condition holds:

T F(py(TxTy) < F(max{py(x,3),p(6,T), 0. 5).

pp(x,Ty) ; P (3, Tx) }) _

Motivated by Piri and Rahrovi (2015), we establish the concept of multivalued F-weak

partial b-metric space that states below.

Definition 5.2 Let (M, p;) be a weak partial b-metric space. Amap T : M — CBP*(M)
is said to be multivalued F-weak contraction on (M, py,) if there exists F € % and T > 0
such that for all x,y € X satisfying %:(Tx, Ty) > 0, the following holds:

T+F (A, (Tx,Ty)) < F(N(x,y)),

where,

N(xy) = maX{pb(x,y),pb(x, Tx). pp(y. Ty), P25 ) ;pb(y, Tx) }

Khan ef al. (1984) established an altering distances concept between the points in

metric space as follows:
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Definition 5.3 (Khan et al. 1984) A function & : [0,+o0) — [0, +o00) is called an altering
distance function if the following properties satisfies:

(i) & is continuous and non-decreasing.

(ii) &(r) =0 ifand only ift = 0.

Let &,n € W, W denote the set of all continuous functions &, : [0, 4e0) — [0, 40)

with s > 1 a given real number such that
(iii) s&(t) < &(t) —n(¢) if and only if r = 0.

Imdad et al. (2015) established the concept of joint common limit range property for

two hybrid pairs of non-self mappings as follows:

Definition 5.4 Let (X,d) be a metric space whereas Y an arbitrary non-empty set with
F,G:Y — CB(X) and f,g:Y — X. Then the pairs of hybrid mappings (F, f) and (G, g)
are said to have the (JCLR) property, if there exists two sequences {x,} and {y,} in Y
and A, B € CB(X) such that

lim Fx, = A, lim Gy, =B,
n—soo

n—yoo
lim fx, = limgy,=t€ANBNf(Y)Nng(),
n—oo n—oo

1.e., there exist u,v € Y such thatt = fu =gv € ANB.

Imdad et al. (2001) defined that a map is said to be coincidentally idempotent if it

satisfies the condition given in the following definition:

Definition 5.5 (Imdad et al. 2001) Let (X ,d) be a metric space whereas Y an arbitrary
non-empty set with T : Y — CB(X) and g : Y — X. The mapping g is said to be a
coincidentally idempotent with respect to the mapping T, if gx € Tx with gx € Y imply
ggx = gx that is, g is idempotent at coincidence point of the pair (T, g).

Aserkar and Gandhi (2020) gave the following result in b-metric space for weakly
compatible mappings in pairs that satisfy the common limit range property.

The theorem of Aserkar and Gandhi (2020) is as follows:

Theorem 5.1 (Aserkar and Gandhi 2020) Let (X,d) be a b-metric space with s > 1
and F,G,P,Q : X — X. Suppose that £, 1 € y and L > 0 such that

(i) (F,Q) satisfies CLRp and (G, P) satisfies CLR.
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(i) s&(d(Fx,Gy)) < &(Ni(x,y)) —n(Ni(x,y)) +LN2(x,y), where
d(Qx, Fx) xd(Py,Gy)
1+d(Fx,Gy)

(d(Py,Fx))* + (d(Qx,Gy))?
d(Py,Fx)+d(Qx,Gy) '’

d(Qx, Fx) +d(Qx, Gy) + d(Py, Gy)  d(Py, Fx) }

Ni(x,y) = maX{d(Py, Qx),

d(Qx,Gy) +d(Py,Fx)
and
Na(x,y) = min{d(Qx,Fx),d(Qx,Gy),d(Py,Fx),d(Py,Gy)}, (5.1)
for all x,y € X.

(iii) The pair (F,Q) and (G, P) are weakly compatible.
Then F, G, P, Q have a unique common fixed point.

We introduce some proposition, definitions and theorems related to a common fixed

point result using (CLR) in G-metric space.

Definition 5.6 (Kaewcharoen and Kaewkhao 2011) Let X be a non-empty set. Assume
f:X —Xand T : X — 2% are two mappings. If w = fx € Tx for some x € X, then x is
called a coincidence point of the pair (7', f) and w is a point of coincidence of f and T.
The mapping f and T are called weakly compatible if fx € Tx for some x € X implies
fTx CTfx.

Proposition 5.1 (Kaewcharoen and Kaewkhao 2011) Let X be a non-empty set. As-
sume f:X — X and T : X — 2% are weakly compatible mappings. If f and T have a
unique point of coincidence u = fx € Tx, then u is a unique common fixed point of f
and T.

Imdad ef al. (2014), established the concept of common limit range property for a pair

of hybrid mappings as follows:

Definition 5.7 (Imdad et al. 2014) Let (X,d) be a metric space with f: X — X and
T : X — CB(X) be single and multivalued mappings. Then the pair of hybrid mappings
(f,T) is said to have the (CLR) property, if there exists a sequence {x, } in X and A € 2¥
such that

lim fx, = fucA=1limTx,,
n—soo n—oo

for some u € X and A € CB(X).

Mustafa et al. (2012) defined a concept of O-mappings on G-metric spaces as follows:
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Definition 5.8 (Mustafa et al. 2012) Let (X,d) be a G- metric space and let 7 : X — X
be a mapping. For A C X, let 8(A) = sup{G(a,b,c),a,b,c € A} and Vx,y € X, define,

0(x,T,n) = {x,Tx,Tx,...T"x},
0(x,T,00) = {x,Tx,T°x,T%x...}.

Definition 5.9 (Mustafa et al. 2012) Let {x,}’;_, be a sequence of elements of X, then
for i, j, let

O(Xj,j) = {xiaxi+17xi+23--'xi+j}7
O(Xj,°°> — {xiaxi+17-xi+27"'}'

Mustafa et al. (2012) proved their results on common fixed points in G-metric spaces

using the concept of (E.A) property as follows:

Theorem 5.2 (Mustafa er al. 2012) Let (X,G) be a complete G-metric space and
suppose mapping f,g : X — X satisfy the following conditions:

(i) f and g are G-weakly commuting of type G,
(i) f(X) € g(X),
(iii) g(X) is a G-complete subspace of X,

(v) G(fx,fy, fz) < 9(M(x,y,2)), forall x,y,z € X,

where

G(gx,8y,82),G(gx, fy, 8x)

G(gy, fx,gy),G(8z, fx,82)

G(gz, f,82),G(8y,82,8Y),
G(gx, fz,8x).

M(x,y,z)

If there exists xp € X such that 6(0(xp, f,)) < oo, then f and g have a unique common
fixed point.

The notion of an almost altering distance function was introduced by Popa (1999).

Definition 5.10 (Popa 1999) A function y : [0,e0) — [0,o0) is almost altering distance
if

(V1) v is continuous;

(¥2) y(t) =0if and only if t = 0.
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Example 5.1 (Popa 1999)

~

, forr=10,1];
y(r) =

fort € (1,00).

Karapinar et al. (2020) proved their results on p-hybrid Wardowski contraction as

follows:

Definition 5.11 (Karapinar er al. 2020) A mapping ¢ : (4 ,d) — (A ,d) is called a
p- hybrid Wardowski contraction, if there is G € 8 such that

d(_ v, Jw)>0=>1+Gd( 7v, fw)) < G(,Qf}(v,w)),

for all p > 0. In particular, if the above inequality holds for p = 0, we say the ¢ isa
0-hybrid Wardowski contraction.

Definition 5.12 ( Karapinar 2019, Karapinar er al. 2020) Let (.# ,d) be a metric space
and _¢Z be a self-mapping on this space for p > 0 and k; > 0,i = 1,2,3,4, such that
Z?:] ki = 1, we define the following expression.

(

[kl (d(v,w))? +ka(d(v, ZV))P +ks(d(w, Fw))P

1
+ky (d(v’/v)gd(v’/w))p] ", forp>0,vwe A

K K3 K4

[d(v,w)]Kl (v, )] [dow, )] [t o]

for p=0,v,w € A\ 5(M).

\

Theorem 5.3 [Theorem 4 and 5] (Karapinar et al. 2020)

(1) A p-hybrid Wardowski contraction self mapping on a complete metric space admits
exactly one fixed point in .Z .

(2) A O-hybrid Wardowski contraction self mapping on a complete metric space admits
fixed point in .# provided that for each sequence {n,} in (0,), lim,_sn, =0
iff lim,,_,0. G(n,) = 0.

5.3 Common Fixed Point Results for a Hybrid Pair of Non-self
Mappings via (JCLR)-Property in Weak Partial »-Metric Space

We commence by extending. Definition 5.4 to weak partial b-metric space for non-self

mappings as follows:
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Definition 5.13 Let (M, p,) be a weak partial b-metric space with f,g: X — M and
G,T : X — CBP>*(M). Then the pairs of hybrid mappings (G, f) and (T, g) are said to
have joint common limit range property, denoted by (JCLR)-property, if there exist two
sequences {x,} and {y,} in X and A,B € CBP*(M) such that

lim Gx, = A,lim Ty, =B,
n—yoo

n—oo
lim fx, = limgy,=t,
n—yoo n—oo

witht € f(X)Ng(X)NANB, that is, there exist u,v € X such thatt = fu=gv € ANB.

Next, we extend Definition 5.5 to weak partial b-metric space as follows:

Definition 5.14 Let (M,py,) be a weak partial b-metric space with f : X — M and
G : X — CBP*(M). The mapping f is said to be a coincidentally idempotent with
respect to the mapping G, ifu € M, fu € Gu with fu € M imply ffu = fu that is, f is
idempotent at coincidence point of the pair (G, f).

Now, we prove the following theorem which is an extended version of Theorem 5.1 in
weak partial b-metric space for two hybrid pairs of non-self mappings, which satisfies

joint common limit range property.

Theorem 5.4 Let f,g: X — M be two self mappings of a weak partial b-metric space
(M, pp) with s > 1 and G,T : X — CBP*(M) be two multivalued mappings from X into
CBP»(M). Assume that &, € y and L > 0 such that

(i) the hybrid pair (G, f) and (T,g) satisfies JCLR property,

ii) there exists T > 0 with 7, (Gx,Ty) > 0 such that
(2

T+ F(s§(H,) (Gx,Ty))) < F(E(Ni(x,)) = (N1 (x,y)) +LNa(x,)), (5.2)
where
P (fx, Gx) * pp(gy, Ty)
1+ pp(Gx, Ty)
(pb(gy,Gx))* + (P (fx, Ty))?
pb(gya G)C) + pb(fx7 Ty)

Pb(fxan) *pb(fxa Ty) +pb(gy7 Ty) *pb(gy7 GX)
pb(fxv Ty) +pb(gy7 GX) ’

Ni(x,y) = maX{pb(gy,fX),

Y

and

Na(x,y) = min{pb (fx,Gx),pp(fx,Ty), pp(gy, Gx), p(gy; Ty) }

forall x,y e M,
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(iif) if X C M and the pairs (G, f) and (T, g) are coincidentally commuting and coinci-
dentally idempotent.

Then the pair (G, f) and (T,g) have a common fixed point in u € M and pp(u,u) = 0.

Proof. Since the hybrid pairs (G, f) and (T, g) satisfies the JCLR property, by Definition
5.13 there exist two sequences {x,} and {y,} in X and A, B € CBP>*(M) such that

lim fx, =t € A= lim Gx,, lim gy, =t € B= lim Ty,,

n—oo n—oo n—yoo n—oo
for some u,v € X and t = fv = gu € AN B. We assert that gu € Tu. If not, then using
x=x,and y=uin (5.2), we get

T+ F(s§ (A5 (Gxn, Tu))) < F(E(N1(xn,u)) — (N1 (3, 1)) + LNy (x,u0)),  (5.3)
where

pb(fxm Gx”) * pb(gu, Tl/t)
1 —|—p;,(Gxn, Tu)

(b (g1t, Gxn))? + (Po(fn, T1r))?
Pb(é’”a Gxn) + Pb(fxna Tu)

Pu(fXn, Gxn) * Pp( fXn, Tu) + pp(gu, Tu) * pp(gu, Gxy) (5.4)
pb(fxan”)+Pb(g”,Gxn) ’ .

Taking limit as n — oo in (5.4), we get

Y

Ny (xi’t?u)) = max{pb(guafxn)ﬂ

b

py(gu,A) * pp(gu, Tu)
1 +pb(A7 Tu) ’
(pb(guaA))z + (pb(gua TM))2
pb(gM,A) +pb(gl/t,TI/t>
pb(gu7A) * pb(gu7 Tu) + pb(gu7 Tl/l) * pb(guaA)
pb(gu7Tu) +Pb(g“>A) ’

Y

t,A) % u,Tu
max{pba,r),"”<1+>pb’(’j<§u) )

(pb(taA))z + (pb(gu7 Tu))z
P (t,A) + py(gu, Tu)

Po(t,A) x pp(gu, Tu) + py(gu, Tu) * py(t,A) } (5.5)

IA

pb(gu7 Tu) + pb(taA)
using Definition 2.29 and (2.21) in (5.5), we get

: max{o 0 pp(gu,Tu) (0)>+ (pp(gu, Tu))?

"1+pp(A,Tu)” O+ pp(gu, Tu)

O*pb(gu7 Tl/t) +pb(gu7 Tu) 0
pp(gu, Tu)+0 ’
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2
S max O,O7M,O ,
pb(gu7 TM)

< max{0,0,py(gu,7u),0},
= pylgu,Tu). (5.6)

Consequently, we have

Na(ast)) = min{ py(fxa: Gxa). Po(Fins ), Pi(g1t, G ), P80, ) }.
min{pb(guaA)apb(guv Tu)7pb(gu=A)7pb(gu7 Tu)}a

pb(t7A>7pb(gu7 Tu)vpb(t7A)7pb(gua Tu)};

IN

min

IN

< min{0, py(gu, Tu),0, py (g, Tw) }
- 0. 5.7

Using (5.7) and (5.6) in (5.3), one obtains

‘L'+F(s§%%‘£(A, Tu))
T+ F (s, (A, Tu))

(s (gu, Tu) —npy(gu, Tu) + L(0)),

<F
< F(épb(gl/t,TLt) - nPb(g%T”))

Since T > 0, in viewing the properties of 17, &, and F is strictly increasing, by (F1) we

have

At (A, Tu) < py(gu, Tu)
SEH,T (A Tu) < (€ —n)py(gu, Tu)

Ast = fv=gu € ANB, it follows that

Ayt < 5 oyl )

Thus,

polenTu) < 5,4, u) < = (g T}

a contradiction. Hence gu € Tu which shows that the pair (7', g) has a coincidence point
uinM.

Similarly, we assert that fv € Gv. Suppose that fv # Gv, then usingx=vandy =y,
in (5.2), one gets

T+F(sE (A, (Gv, Tyn))) < F(EN1(v.yn)) = (N1 (v,yn)) +LN2(V,yn,)),  (5.8)
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where

pb(fva GV) * Pb(gyn, T)’n)
1+ pp(Gv, Tyy)

(P5(8yn, Gv)) + (Pu(fv, Tyn))?
Pu(&Yn, Gv) + Py (fV, Tyn)

Py (fv,GV) * pp(fv, Tyn) + Pp(8Vn> TYn) * Po(8Yn, GV) (5.9)
Pb(fV»TYn)+pb(g)’naGV) ’ .

Y

Ny (Va}’n)) = maX{pb(gy,,,fv),

Y

Taking limit as n — oo in (5.9), we have

pb(fvav)*pb(fvaB)
< ma"{p”<f"’fv)’ 14 py(Gv.B)
(P (fv,Gv)) + (o (£, B))?
Po(fv,Gv) +pp(fv,B)
pb(fvan)*pb(fvaB)—i_pb(fV?B)*pb(fv7Gv)
pb(fV,B)+pb<fV,GV) ,

by definition (5.13), we have

v,GV) * pp(t,B
< maX{Pb(I,l‘)apb({_prszb;) )7

(P5(fv,Gv))* + (po(t,B))?
pb(fvav)+pb<t7B) ’

Po(fv,Gv) * py(t,B) + py(t, B) = py(fv, Gv) }

5.10
Py(1,B) + po (1, Gv) 610

using Definition 2.29 and (2.21) in (5.10), we get

IN

Pu(f1,Gv) %0 (pp(fv,Gv))*+ (0)?
ma"{o’upb(GV,B)’ P(fr.Gr)+0

pb(fv7 GV) *O+0*pb(fv7 GV)
O_I_pb(fV?Gv) 7
py(fv,Gv))?
maX{0,0, W,O},

< maX{O,O,Pb(fvaV%O},
= pp(fv,Gv). (5.11)

IN
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Consequently, we have
Na(vyn)) = min{ py(£v,Gv), P (f, Ty, P (83 Gv). o (83, Ty |

Po(f1.B),ps(F1,Gv). po(f1.B) }.

Pb(f,B),Pb(f%Gv)apb(va)},

0,p5(F,Gv), 0}

VANEEPVAN

2 B

5 =]
N N

e e

\

=

Q
\_/ S/ \_/ \_/

IIA
© B
=-
e
Sl

(5.12)
Using (5.12) and (5.11) in (5.8), one obtains
T+F(S§%_;,‘—(GV73)) < F(épb(fva GV) - npb(fva GV) +L(O))7
T+F(S€%;L<GV7B)) < F(épb(fva GV) - nph(fva GV))

Since T > 0, in viewing the properties of 17, &, and F is strictly increasing, by (F1) we
have

A, (Gv,B) < py(fv,Gv)
sE Ay, (Gv,B) < (£ —n)py(fv.Gv)
Ast = fv=gu e ANB, it follows that

S —
5G

Ayt (GvB) < 2 py(1v,Gv) .

Thus,

1 Gv) < 5 (GnB) < =)},

a contradiction. Hence fv € Gv which shows that the pair (G, f) has a coincidence
point v in M.

Next, we show that gu € Tu and fv € Gv, if not, then using x = u and y = v in (5.2),
we get

T+ F(s& (o, (Gu,Tv))) < F(E(Ni(u,v)) —n(Ni(u,v))+LNa(u,)),(5.13)
where

pb(f”a Gu) * pb(gV7 TM)
1+ pp(Gu, Tv)

(pb(gvv Gu))z + (pb(fu7 TV))2
Pb (gv, th) +P» (fu’ TV)
pb(f”? Gl/t) *pb(fu7 TV) +pb(gV; TV) *pb(gV7 Gu) }

Ni(u,v)) = maX{pb(gv,fu),

9

pb(f”? TV) + Pb(gV> Gl/l)
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using (2.21) in the above equation, one obtains

= pylgv, fu). (5.14)
and
NZ(M,V) - min{pb(f”vGu)vpb(fuaTv)upb(gvuGu)7pb(gV7Tv)}7
< min{o,o,o,o},
= 0. (5.15)
Using (5.15) and (5.14) in (5.13), one gets
T+ F(SEA (G TY)) < F(Epy(gnfu) —py(gnfu) +L(0)), (5.16)
T—I—F(Sé%j;(Gu,TV)) < F(épb(gvafu))_npb(gvafu)a

In viewing the properties of 7,71, &, and F is strictly increasing, by (F 1) and definition
5.3, we have

Ay (Gu,Tv) < py(gv, fu)
= &, (Gu,Tv) < (& —n)ps(gv, fu)
Ast = fv=gu e ANB, it follows that

A (Gu,Tv) < és_énpb(gv,fu).

Thus,

polgv. fu) < A (Gu, Tv) < ig”pugv,fu),

a contradiction. Hence gu € Tu and fv € Gv which shows that the pair (7,g), (G, f)
has a coincidence point u = v in M.

Suppose that X € M. Since v is a coincidence point of the pair (G, f) which is coinci-
dentally commuting and coincidentally idempotent. With respect to mapping G, we
have fv € Gvand ffv = fv, therefore fv= ffv € f(Gv) C G(fv) which shows that fv
is a common fixed point of the pair (G, f). Similarly, u is a coincidence point of the pair
(T,g) which is coincidentally commuting and coincidentally idempotent concerning
mapping T, one can easily show that gu is a common fixed point of the pair (7, g).

Moreover, if u and v are coincidence points which are coincidentally commuting and
coincidentally idempotent, then there exists u € C(T,g) and v € C(G, f) such that
gu=Tu, fv=_Gv.

Hence u = v = gu = fv, consequently, u is a common fixed point of the two hybrid
pairs of mappings (G, f) and (7,g) in M. O
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Example 5.2 Let X = [0,2] C [0,00) = M be a weak partial b-metric space equipped
with metric py(x,y) = |x —y|*>+ 1, for all x,y € M. Let G,T : X — CBP*(M) be defined
as

2,3, if 0<x<1,
Gx =

[4.3], if 0<x<2.

3,2],if 0<x<1,
Tx =

3.2], if 1<x<2.
Suppose f,g: X — M be defined as

1,if 0<x<lI,

Jx=
=0f 1<x<2.
S if 0<x<l,
gx =
1 if 1<x<2.
Let F : R+ — R be defined by F(a) =Ina+a and &,y : [0,00) — [0,00) such that
E(r)= 10 t,n(t) =%, L=5 s=2and t =1, then, Equation 5.2 takes the form
58 (Hp, (Gx, Ty)) E 5 (GXT) = [E V1 ()11 (Ny (1) + LN ()]
§(N1(x,y)) = (N1 (x,y)) + LN2(x, y)
<e T
(5.17)

Choosing two sequences {x,} = {1 — zln} and {y,} = {1+ 2]—n} in X, one can see that
the pairs (G, f) and (T, g) satisfy (JCLR) property, i.e.

. 1 33 ) 1
fim{1-50) = 1e[55] =lme{i-5}.
1 13 ) 1
igig{l%_zn} - ]‘6[2 2]“£3lT{14_§Z}‘
Now to verify condition (5.17) we distinguish the following cases;
Case I

Forx € [0,1], y € [1,2] and applying Definition 2.33, we have
33

)
s ) A )
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o) = oo} )
e A

([ 3]) - G B3l)CED)

= {11,125

— 125 (5.20)
By applying (5.20) and (5.19) in (5.18) we get
S, (Tx,Gy) = 1.25.

Similarly, we calculate the following metric

I
_

po(gy. fx) = po(1,1)
pb(fvax) = pp| L, ) ]>:1167

W W
| W

[S—

| =

pp(8y,Ty) = P ,ZD:l.zs,

| W
| W

pp(Gx,Ty) = py

)

| —
| I |
I |
| =
[\
| I |
N—
|
p—
N
)

Py(gy,Gx) = pp

p—

1
| W
| W
S

~——"~___
Il
-
[\
w

pr(fx,Ty) = pp| 1,

r 1
| =
N
S — |

It follows that,

1.16%1.25 (1.16)% 4 (1.25)?
1+125 7 1.16+1.25 ’

Nl(x7y) :max{l,

1.16%1.25+1.25%1.16
=12
1.25+1.16 } 07,

and

No(x,y) = min{1.16,1.25, 1.16, 1.25} — 1.16.
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Therefore, (5.17) reduces to

2x0.1 x1.25 2%0.1x1.25-[0.1x1.207-1.1035+5x1.16] - 7
0.1 x1.207—-1.1035+5x%x1.16 - ’

0.25
Q2548172 =1
4.8172 -
0.25
45672 =1

4.5672 -

which is true.

CaseIl Forx e [1,2], y

- 11
) - ~eCEDEED)

3
2
- max{2.562572}

and using Definition 2.33, we have

= 2.5625. (5.22)
3 11 3 (11 11
sup 5,2 1275 = maxq Py 55|75 |Pe 2, b
= max{2,3.25}
= 3.25. (5.23)

By applying (5.23) and (5.22) in (5.21) we get
A5G, Ty) = 2.90625,

Similarly, we calculate the following metric

polenfx) = po(0.5) =136,

P
pulenTy) = po(0.[3,2]) =325,

pp(Gx, Ty) = pb([i,%}, %,2]):2.90625,
pp(gy,Gx) = pb<0, [%,%i):m&s,
ou(fx,Ty) = pb<g,B,2:>:1.09.
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It follows that,

1.01%3.25 (1.0625)%+(1.09)2

N , — {136, ? ’
1(x,y) = max 14+2.90625"  1.0625+1.09
1.01%1.09+3.25 % 1-0625} — 2.115691057

1.09 +1.0625

and

Na(x,y) = min{l.Ol, 1.09, 1.0625,3.25} — 1.01.

Therefore, (5.17) reduces to

~ 0.58125 ) s8125-3.703723516 <o
3.703723516 -

_ 058125 3120473516 o
3.703723516 -

which is true.

Notice that for x,y € [0,1] and x,y € [1,2], Equation (5.17) is true. Thus, all conditions
of Theorem 5.4 are satisfied, and the hybrid pairs (G, f) and (T,g) have the common
fixed point in M. Consider v =1 be a coincidence point of the pair (G, f), then we have

_ _ 133
(1) fl=1€Gl=][3,3],
(2) ffl=f1=1,
(3) fl=ff1€ f(Gl)C G(f1) and
Similarly, if we consider u =1 as a coincidence point of the pair (T,g), it is easily

proved that u =v =1 and 1 is a unique common fixed point for the two pairs of hybrid
mappings (G, f) and (T, g).

5.4 Existence Results for Hybrid Mappings using (CLR¢)- Prop-
erty in G-Metric Spaces

To establish the results in this section, we start by extending Definition 5.7 using the

G-metric space concept.

Definition 5.15 Let (X,G) be a G-metric space with f: X — X and T : X — CB(X)
be single and multivalued mappings. Then the pair (f,T) of hybrid mappings satisfy a
common limit range (CLR) property with respect to f, if there exists a sequence {x, }
in X and A € CB(X) such that

li = A=1imT
S o = fu€A= lim T,

for some u € X.
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Now, we prove the following theorem which is an extension of Theorem 5.2.
Theorem 5.5 Let (X,G) be a complete G- metric space and suppose mapping f,T :

X — 2% with almost altering distance y € W satisfy the following conditions:
(a) fand T are weakly compatible;

(b) fandT satisfy CLR property;

(c) TX C f(X);

(d) T(X) is a G-complete subspace of X

(e) Ho(Tx,Ty,Tz) < y(M(x,y,z)); forall x,y,z € X,

where

G(fx,fy,f2),G(fx, Ty, fx),

G(fy,Tx, fy),G(fz,Tx, fz), (5.24)

G(fz, Ty, f2),G(fy, Tz, fy), [ '
G(fx,Tz, fx)

M(x,y,z) < max

Then f and T have a unique common fixed point.

Proof. From condition (a), using Definition 5.6 one can show that f and T are weakly
compatible. Since fx € Tx = fTx C Tfx. Thus T(X) C f(X) and T(X) is a G-
complete subspace of X.

Applying Definition 5.15, as the pair (f,T) satisfy CLRy property, there exists a se-
quence {x,} in X such that

,}gll,fx” = fucA :r}l_rgoTxn,
for some u € X and A € 2X.

First, we show that fu € Tu. If fu # Tu, for all u € X, using Equation 5.24 with x = x;,
and y = u, we get

HG(TmeuvTZ) < V/(M(xn,u,z)), (525)

where

G(f.xn,fl/l,fZ), G(fxl’h Tuufxn)a
G(fu,Txn, fu),G(fz,Txn, f2),
G(fz,Tu, f2),G(fu,Tz, fu),
G(fxn, Tz, fxy)

M(xp,u,u) < max (5.26)
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By taking y =z in (5.26) we have

G(fxn,fu,fu),G(fxn, Tuvf-xi’l)7
G(fu,Txn,fu),G(fu,Txn,fu),

MU t) = M\ G fu Tu, fu), G Tu, fu), (527
G(fxn, Tu, fxn),
Passing to the limits as n — oo in (5.27) with fx, = fu, A = Tx,, we obtain
(G(fu, fu, fu),G(fu,A, fu),
G(fu,A, fu),G(fu,A, fu),
MOotot) = W GfuA, fu). G(fu.A. fu)
\ G(fl/l,A,fM),
( 0,G(fu,A, fu),
G(fu7A7fu)7G(fu7A7fu)7
<
= M G(fuA, fu), G(fu,A, fu).
| G(fu,A, fu),
= M(x,,u,u) = G(fu,A,fu). (5.28)
Using (5.28) in (5.25) as a result yields
Hg(A,Tu,Tu) < w(G(fu,A,fu)). (5.29)
As vy is non-decreasing we have
HG(A,Tu,Tu) < G(fu,A,fu), (5.30)
Using (5.30) and Lemma 2.16, we get
G(fua Tu, TM) < G(fu,A,fu) +E,
G(fl/l, TM,TI/[) o G(fu7A7fu) < E,
=0 < g, (5.31)

which is a contradiction. Hence, fu € Tu which shows that the pair (f,7) has a
coincidence point.

Next, assume that fu € Tu and fv € Tv. By Lemma 2.15 and Proposition 5.1, we have
G(fu,v,v) < G(Tu,Tv,Tv).

Now, we prove the uniqueness of a point of coincidence of f and 7. We prove that the
fixed point of T is unique. Assume that v € X is another coincidence fixed point of f
and 7T such that v # u. Then, since u and v are such that fu € Tu, fv € Tv € X, we set
x=uand y = v in (5.24) which yields

He(Tu,Tv,Tz) < w(M(u,v,z)), (5.32)
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where,

G(fu, fv,f2),G(fu,Tv, fu),
G(fv7 Tu’ fv)7G(fZ7 Tu?fz)7

Muv.2) S maxy Gige Tv, £2),G(fn Tz, f), (-39
G(fu, Tz, fu)
By taking y = z in (5.33) we have
G(f“?fv’fv)7G(fu7 TV?f”)?
G(fv7 Tu?fv)7G(fv7 Tu?fv)7
M) S M3 Glp T, o), GUpw Tv ),
G(fu,Tv, fu),
= M(u,v,v) = G(fu,Tv,fu). (5.34)

Using (5.34) in (5.32) as a result yields

Hg(Tu,Tv,Tv) < wyw(G(fu,Tv,fu)). (5.35)

As v is non-decreasing we have,
He(Tu,Tv,Tv) < G(fu,Tv,fu), (5.36)

which is a contradiction. Hence, fv € Tv which shows that the pair (f,T) has a
coincidence point. Thus, (f,T) has a unique common fixed point which is u, that is,
the assumption given in Theorem 5.5 is validated. [

Furthermore, we formulate the two corollaries:

Corollary 5.1 Let (X,G) be a G-metric space. Assume that f : X — X and T : X — 2%

satisfy all the conditions imposed in Theorem 5.5 if any of the following contractions is
applied:

(i)

G(fy, Ty, Ty)+
Hg(Tx,Ty,Ty) = kmax <G( (5.37)

f2.T%,T9),2G(fy,Tx,T))

forall x,y,z € X, where k € [0, %)
(if)

G(fx, fy,f2),G(fx,Tx,Tx)

) G(fy,Ty,Ty),G(fy,Tz,Tz)

Ho(Tx.10.T2) =\ G(fx.1y.Ty).G(fx. T2, T2).
G(fz,Tx,Tx),

(5.38)
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(iii)

aG(fx, fy,fz)+
HG(T-xa Tya TZ) = ﬁ[G(fxa TX, TX>+G(fy, Ty7 Ty) (539)
+G(fz,T2,T2)]

forall x,y,z€ X and0 < o +38 < 1.
(iv)
Hg(Tx,Ty,Tz) < y(M(x,yz2)),

where

( G(fx, fy.fy),G(fx,Tx,Tx) )

G(fy,Ty,Ty),G(fz,Tz,Tz),
G(fx, fy7TX)

M(x,y,z) = max{ G(fx,Ty.Ty)+G(fx, Tz Tz) G(fy,Tx,Tx) (5.40)
G(fx.fy.Tx) 7fy TX)
G(fx,Ty,Ty) +G(fy,Tx Tx )+G(fz,Tx,Tx)

Vs
forall x,y,z € X, where k € |0, %) Then (f,T) has a unique common fixed point.

Corollary 5.2 Let (X,G) be a G-metric space. Assume that f :X — X and T : X — 2X
be a pair of hybrid mappings. Then (f,T) is called a generalized Meir-keeler type
contraction whenever for each € > 0, there exists 6 > 0 such that

e <y(M(x,y,z)) <e+6 = Hg(Tx,Ty,Tz) <k,

where

L GUE S £2), G fx, £)
i) = max{ G G ) (4D

forall x,y,z € X. Then (f,T) has a unique common fixed point.

In the following section, we formulate a vivid example to validate Theorem 5.5.
Example 5.3 Let X = [0,1] be equipped with G-metric, G(x,y,z) = [x —y| + [y —

z|+ |x —z|. Define Tx = [0 ,8x+1 ] fx= x2 and x, = L Also, y = It,t > 0 for all
x,y,z€ X.

Using Definition 5.6, the mappings f and T are called weakly compatible if fx € Tx for
some x € X which implies that f7x C T fx. To observe this consider, Tx = [0, ﬁ]
and fx = X2,

For

NS/
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and
%
X
Tfx = [0,—5—1|,
8(x2+1)
so that
X X
_ c |10,—|.
8(x+1) [ 8(x2+1)

Also, f and T satisfy CLR property. By Definition 5.15 and let x,, be a sequence in X.
Then

1 1
limf<—) - fueA:an(—),
n—oo n n

n—oo

1imf(1> - fOEA:limT(l).

n—oo n n—oo n
Next, we show that 7X is a G-complete subspace in X. By Definition 2.16 we have

G(x,y,y) < |x—=y|+ly—yl+|x—y]
= 2Jx—y], (5.42)

and
G(y,X,X) < |y—X|+|X—X|+|y—X|7
= 2ly—xl. (5.43)
Using (5.42) and (5.43) in (2.13), we get

dg(x,y) < 2x—y|+2)y—x
= 4lx—yl. (5.44)

To prove (e), letx,y,z€ X. if x=y=z=0,then Tx=Ty=Tz=0and H5(Tx, Ty, Tz) =
0. Our proof is done. If not, suppose that the value of x,y, z are not all zero.

For x <y <z, we have

HG(Tx,Ty,Tz) = HG<[O,ﬁ},[O,m},[O,ﬁD. (5.45)

By (2.15)

( 3\
)]

— max Supogbg 8(y‘+l) G (b, [07 m} 3 |:07 ﬁ]) 3

)

\ Ve



Since x <y < z, then [0, ﬁ} C [O, L} C [0, ﬁ} , using (6.40) implies that

dg

X y
07 ) 07 = 07
L7 8(x+1)17L 8(y+1)_>

y Z
d 07 707 = 07
A8+l 8(z+1)->

X Z
dg| |0, .10, = 0.
A8+l 8(z+1)->

Now foreach 0 < a < m and dg(x,y) = 4|x—y|in (2.16) we have

oo Pragien) Pan]) = so(e o)
ao{ o555 o] )+

.
di| a, [0,— —0
¢ 8(z+1)->

4y 4z
+0+da— ——

8(y+1) T8

Azt )+ + 1)
8(y+1)(z+1)

8x dy(z+1)+4z(y+1)

= 3Gt 8GiDGE+D)

IN

= 8a

8+ D+ D)~ 4y + D) 4y + D)) (x+1)
- St )+ D)+ 1) | (5.46)

Next, for each 0 < b < 8(y11) and dg(x,y) = 4|x—y| in (2.16) we have

oo gl Pagim]) = (s
ao{ o o))

7 -
dG b7 [Oam_>a

x
2 ap— %
8(x+1) 8(z+1)

IA
|
+
(e]
+
|
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dx(z+1)+4z(x+1)
8(x+1)(z+1) ~’
8y  Ax(z+1)+4z(x+1)

8(y+1) 8(x+1)(z+1) '
8y(x+1)(z+ 1) — (4x(z+ 1) +4z(x+1))(y+1)

8(x+1)(y+1)(z+1)
For supy,« i Ve have

6o o)

y(x+1)(z+1)— (4x(z+1)+4z(x+1))(y+1)
8(x+1)(y+1)(z+1) '

and (2.16) gives

8b

(5.47)

X

8(x+1)

4

8(z+1)

z
8(z+

Similarly, for each 0 < ¢ <

1)

X y o X
G<C7 |:0, 8(X+1):|’ |:O7 8(y+ 1)]) - dG c, [07 8(X+1):|) +
X y
oo s o))
y
o g5])
4x 4y
— +0+4c— )
- 8(x+1) ¢ 8(y+1)
dx(y+1)+4y(x+1)
8c— ,
8(x+1)(y+1)
8z  Ax(y+1)+4y(x+1)
8(z+1) 8(x+1)(y+1)
82(r+ 1)(y+1) — (4x(y+ 1) +4y(x+ D)+ 1) 545
8x+1)(y+1)(z+1) ' '
As a result, we deduce
( 8x(y+1)(z4+1)—(4y(z+1)+4z(y+1)) (x+1)
SUP0<a< gty B+ D)+ 1)(z+1) ’
Ho(Tx,Ty,Tz) < max SuPOSbsg& ; 8y(X+1)(z+81()x;(14)x((yz:ll))(ﬁz]()x+1))(y+1)7 7
8z(x+1)(y+1)—(4x(y+1)+4y(x+1))(z+1)
| SUPo<e< gty 8+ 1) (+1)(z+1) )

&u+nw+n—@u@+n+@u+nxm4)

8(x+1)(y+1)(z+1) (5:49)
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On the other hand, we calculate the following G-metrics. By (2.17) and (2.18), we get

G(fx, [y, fz)

G(fx,Ty, fx)

G(fy, Tx, fy)

G(fz,Ty, fz)

G(fy,Tz, fy)

G(fx,Tz, fx)

IN

IN

IN

IN

y
4
inf 4x%,4x%— Y )},
8(y+1)
3 y
4x2 —
AETOESY

3 4x
- 8(x+1)
3 3
G@ipwoﬁnyy»

8(y+1)

o o))

3 4z
Ry
G(x%, [0, 8(;'_1)},)(3),




Applying Equation (5.24) we obtain

3 53 3 4 3 4 3 4
M(x,y,z) < max{bC2 222,4%2 — gy A2 — gy 422 _S(x_+1)7}

= 3 4 3 4 3 4
22 =g D R s
3 4y
= 472 — . 5.50
SR Teny 30
By (5.50) and (5.49) it follows that
8z(x+1)(y+1)— (4x(y+1)+4y(x+1))(z+1) < W(4Z%— 4y )
B(x+1)(y+1)(z+1) 8(y+1)”

This shows that all conditions imposed in Theorem 5.5 are satisfied. Hence a pair of
hybrid mapping f and 7" in G-metric space has a unique common fixed point.

5.5 The common Fixed Point Results for p-Hybrid Mappings in
G-Metric Spaces

Next, we present our second main result by extending Definition 5.12 using a pair of

p-hybrid mapping in G-metric space concept.

Definition 5.16 Let (X,G) be a G-metric space and f, T be a pair of hybrid mapping
on this space for p > 0 and k; > 0,i = 1,2,3,4, such that ):?Zlk,- = 1. We define the
following expression.

([6(GUC. . )P +kaGUFE TETE))? +ka(G(T . /0. f7))?

1
L
+k4<G(fg,Tn,Tn)42rG(TC,fn,fn)> ]p, forp>0,{,n €X;

My(E,n,m) = (5.51)

K; K3

et ) [oue.re o) [orn. m.m)]
[G(Tafn,fn)JZrG(fC,Tn,Tn)] K“, forp=0,{,n € X.

\

Theorem 5.6 Let (X,G) be a complete G- metric space and suppose mapping f,T :
X — CB(X) is a p-hybrid contraction with almost altering distance y € ¥ satisfy the
following conditions:

a and T are weakly compatible;
y p

(b) fandT satisfy CLR property;

(c) TX C f(X);
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(d) T(X)is a G-complete subspace of X
(e) HZ (T, TN, Tn) < y(Ay(E.n.n)):forall {,n € X and p >0,

where
My(E,m,m) = [kl(G(fC,fn,fn))”+kz(G(fC,TC,TC))p+k3(G<Tn7fn,fn)>p
+k4<G(fC,Tn,Tn>;G(Té,fn,fn)y],‘a' (5.52)

Then f and T admits a unique common fixed point in X.

Proof. Applying Definition 5.15, as the pair (f,T) satisfy CLR s property, there exists
a sequence {x,} in X such that

lim f{, = fweB=1mT{,
n—roco n—oo
for some w € X and B € CB(X).

We assume that fw € Tw. If fw # Tw, for all w € X, using (5.52) with { = {, and
n =w, we have

HE(T G, Tw, Tw) < y( Ay (Gn,wyw)), (5.53)

My (Gnyw,w) = [kl(G(anafWafW»p+k2(G(an7TCnaTCn))p+k3(G(TWafW7fW))p

G(an»TV‘GTW)+G(TCn7fW7fW) p%
: g (5.54)

wa (

Passing to the limit as n — e in (5.54) with f{, = fw, B=T{, = Tw, we obtain

'//ZEZ(C"?W’ w) < [kl(G(fw,fw,fw))p+k2(G(fw, Tw, Tw))? + k3 (G(Tw, fw, fw))?

+k4(G(fw, Tw,Tw) ;G(Tm Fw, fw) ) p} %,

=

< [(kz + k3 +kq) (G(va Tw, TW)) p] ,

= (ko +k3+ks)?G(fw,Tw,Tw). (5.55)

|—

Using (5.55) in (5.53) as a result yields
HE(B,Tu,Tu) < w((ko+ks+ke)? G(fw, Tw,Tw)). (5.56)

By the property of v, it follows that

HE(B, Tw,Tw) < G(fw,Tw,Tw). (5.57)
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Using (5.57) and Lemma 2.16, we get

G(fw,Tw,Tw) < G(fw,Tw,Tw)+¢,
G(fw,Tw,Tw) — G(fw,Tw,Tw) < &,
=0 < g, (5.58)

which is a contradiction. Hence, fw € Tw which shows that the pair (f,T) has a
coincidence point.

Next, assume that fw € Tw and fz € Tz. By Lemma 2.15 and Proposition 5.1, we have
G(fz,2,2) < G(Tz,Tz,Tz).

For the uniqueness of a point of coincidence of f and 7. We follow a similar procedure
as in the proof of Theorem 5.5. ]

Theorem 5.7 Let (X,G) be a complete G-metric space and suppose the mapping
f,T : X — CB(X) is a 0-hybrid contraction with almost altering distance y € ¥ satisfy
the following conditions:

(a) fandT satisfy CLRy property;

(b) HE(TE, TN, Tn) < y(ah(§,n,n)); forall {,n € X and p =0 with ky + k +
ks + ks <1,

where

K3

K K
A& = (6L et e 1O (G m )]

{G(TCafnafn)+G(fC,Tn,Tn)}K4
2 )

(5.59)

Then f and T admit a unique common fixed point in X.

Proof. By Definition 5.15, (f,T) satisfy CLRy property, so there exists a sequence
{x,} in X such that

lim f§, = fweB=1mT{,
n—soo

n—soo
for some w € X and B € CB(X).

Suppose that fw € Tw. If fw = Tw, for all w € X, using (5.51) with { =, and n = w,
we have

HY(T G, Tw, Tw) < y(M(Gy,w,w)), (5.60)
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K; K> K3
MG Guww) =[G Gt |GG TG TE)] ™ [G(Tw fw )]

[G(TCn,fw,fW) +G(f&y, Tw, TW)]K4
5 .

(5.61)

Passing to the limit as n — oo in (5.61) with &, = fw, B=T{, = Tw, we obtain

K; K> K3
%é(gn,w, w) < [G(fw,fw, fw)] [G(fw, Tw, Tw)} [G(Tw, fw, fw)
[G(Tw,fw,fw) +G(fw,Tw, Tw)}Kéx
2 )
= [G(fw,Tw,Tw)|kthstha), (5.62)

Using (5.62) in (5.60) as a result yields
HY(B,Tu,Tu) < y([G(fw,Tw,Tw)]ketkatha)y, (5.63)
By the property of v, it follows that
HE(B,Tw,Tw) < [G(fw,Tw, Tw)|kethsths), (5.64)

Using (5.64) and Lemma 2.16, we get

G(fw,Tw,Tw) < [G(fw,TW7TW)](k2+k3+k4) te
G(fw,Tw,Tw) — [G(fw, Tw, Tw)| etk thk) < ¢
= 0 < ¢, (5.65)

which is a contradiction. Hence, fw € Tw which shows that the pair (f,7) has a
coincidence point. From the proof of Theorem 5.6, we conclude that 7" is 0-hybrid
contraction in G-metric space. Also, it satisfies all conditions of Theorem 5.7. O]

5.6 An Application on Weak Partial h-Metric Space

In this section, we will discuss an approximation of a non-linear hybrid ordinary
differential equation. Dhage (2006) named it as a hybrid differential equation with a
linear perturbation of first type (HDE), which will validate Theorem 5.4 for two pairs

of hybrid mapping in weak partial b-metric space.

First, we will define some essential notions which will help develop our results. One

can see in (Pathak 2018, Burton 1998) and the reference therein.

Assume that _# = [to, 7+ a] of a real line R for some #p,a € R with 7y > 0, a > 0 be

given.



166

Consider in the function space C(_¢#,R) of continuous real valued functions defined on
7. Let us define a norm ||.|| and order relation <in C(_#,R) by
Il = sup |x(£)],
te

x<y<&ux(t) <y(t)forallr € #. Then, we see that C(_#,R) is a Banach space with

respect to the partial order relation <.

The Hybrid differential equations have been investigated in different dimensions by
several researchers, one can see Krasnoselski (1964), Burton (1998), Dhage (2000) and

the references therein.

Consider the initial value problem (IV P) of first order ordinary non-linear differential
equation (HDE).
X (1) = f(t,x(1)) +g(t,x(1)),

(5.66)
x(t()) =x0 € R,
forallt € ¢, where f,g: _# xR — R are continuous functions.
Also, Consider (IVP) of (HDE).
X () + Ax(t) = pe ™M p(t,x(1)) + 1, x(1)) + §(2,x(1)), (5.6

x(t()> =Xp € R,

forallt € ¢, where f.é: # xR — R are continuous functions and

f(t7x) - f(tvx) +Ax7

g(tvx) = g(t,x) - [,Le_mp(t,x)7

: A
AZOWlth‘ugm.

Pathak (2018) proved the following Lemma to satistfy HDE:
Lemma 5.1 (Pathak 2018) A function u € C(_# ,R) is a solution of HDE (5.66) if and
only if it is a solution of a non-linear integral equation

t

x(t) = xg e H—0) +[.Le)“/

To

pls,x(s))ds +e [ HIF(5,x(5)) +8(5,5(5))ds
’ (5.68)
foralltc 7.



167

By Lemma 5.1, the HDE (5.68) is equivalent to the operator equation

x(t) = Px(t)+ 0Ox(t). (5.69)

forallt € ¢, where
Pr(t) = xpe 200 4o /lolp(s,x(s))ds, (5.70)
0xtt) = M0 [ M)+ (5505l (571

forallte ¢#.

Definition 5.17 (Dhage 2014) An operator T : E — E is partially non-linear &-
contraction if there exists a 9-function Y such that

1Tx=Ty[| < w(llx=yl),

for all comparable elements x,y € E, where 0 < y(t) <t fort > 0.

From the continuity of integral, it follows that P and Q defines the maps P Q : E — E.

The following applicable hybrid fixed point theorem is proved in Dhage (2000).

Theorem 5.8 (Dhage 2000) Let (E,=,|.||) be a regular partial ordered complete
normed linear space such that the order relation < and the norm ||.|| in E are compatible.
Let P,Q : E — E be two nondencreasing operators such that

(i) P is partially bounded and partially non-linear ®-contraction,

(ii) Q is partially Continuous and partially compact, and
(iii) there exists an element xy € E such that
x(t) = Px(t)+ Ox(1).
Then the operator equation x = Px+ Qx has a solution x* in E and the sequence {x,}"_,
of successive iterations defined by
Xpr1 = Px,+0x,,n=0,1,2...,

converge monotonically to x*.

Consider the function space C(_# ,R) of continuous real valued functions defined on

_J . Let us define a norm ||.|| of weak partial b-metric on M by

ep(x,y) = sup (1) =y@)|" +a, (5.72)
te
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Vx,ye C(Z,%),p>1and a > 0.

We rewrite the integral equation (5.68) in the form of a fixed point problem

x(t) = Tx(t).
For a map T defined by
Tx(t) = xo(t)+ [ "K(s,x(s))ds, t € [ 7, ], (5.73)
0
with
xo(t) = xoe M),
and

K(s,x(s)) = pe M p(s,x(s)) + e[ F(s,x(s)) +&(s,x(s))].

Our main results of this section are as follows.

Theorem 5.9 Let (M,=,||.||) be a weak partial b- ordered complete normed linear
space such that the order relation < and the norm ||.|| in M are coincidentally idempo-
tent. Let f,g: M — M and G,T : M — CBP»(M) be two hybrid pairs of non-decreasing
operators such that

(i) for any x(t),y(t) € C(_# ,R) there exists a D-contraction function that satisfy
1Gx(t) =Ty())[| < (w(@))"llx(2) =y@O)||” + . (5.74)
where 0 < y(t) < 1 and

(w ()P llx(t) = y(O)|I” + o e "M(x,y),
M(x,y) = F(E(Ni(x,y)) —n(Ni(x,y)) +LN2(x,y)),

where
Py (fx,Gx) * pp(gy, Ty)
1+ Pb (Gx7 Ty)
(Pp(8y,Gx))* + (py(fx, Ty))?
Py gy, Gx) + pu(fx,Ty)
Py (fx,Gx) * pp(fx, Ty) + pp(8y, Ty) * pp(gy, Gx) }

Y

Ni(x,y) = maX{pb(gy,fX),

Y

Y

Py (fx, Ty) + py(gy, Gx)

and

NZ(x7y) = min{pb(fxa Gx)vpb(fx7 TY)7Pb<gya Gx)7pb(gy7 Ty)}a
Then Equation (5.68) has a fixed point x € M.
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Proof. Using equation (5.73) in (5.74) we obtain

; p
1Gx(t) = Ty(t)|| = tseuj; /R)[K(S,X(S))—K(S,y(S))]ds +a,
< su tdsé th,xs —K(s,y(s))|Pds ’ p—i— ,
teji_(/m ) <,0' (5,x(5)) = K (s, (5)) ) @
< tseu; (t—ro>z (/ﬁ: K (s,x(s)) —K(s,y(S))lpdS> +a,
< s (r—zo)pl ( /to ")) y(t)|pds> +a,
< (1-0)" =) (V) —01) + e
< (1=n) (V0 —y0)F) +a.
< ((r=0)v®) KO-y +o.
< (v(@)"|x(t) —y()|" +a,
< e "M(x,y).
For each x,y € X, we have
,%’;)Z“(Gx,Ty) < e "M(x,y). (5.75)

Taking logarithms on both sides of (5.75) using Fj(z) = In(z) and the property of F,
we get

(57 (Gx,Ty)) < In(e”"M(x,)).
Equivalently to
TP (G Ty) < F(M(xy).
Hence, the condition of hybrid differential equation (5.66) is satisfied and so Equation

(5.68) has a solution. Therefore, the condition of Theorem (5.4) is validated for two
pairs of hybrid mappings which are coincidentally idempotent. O
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CHAPTER SIX

COINCIDENCE FIXED POINT THEOREMS FOR IMPLICIT
CONTRACTION MAPPINGS

6.1 Introduction

Popa (1997) gave a generalisation of Banach contraction principle by introducing an
implicit function whose strength lies in producing many contractions at once. It is
still trending among the research community. For more details, we refer the readers
to Imdad et al. (2002), Ali and Imdad (2008), Berinde and Vetro (2012), Imdad et al.

(2016) and the references cited therein.

In similar way, Czerwik (1993) established b-metric spaces by weakening the triangle
inequality coefficient and generalised Banach’s contraction principle to these spaces.
Since then, several papers are published in the fixed point theory of various classes of
the single and multivalued map in b-metric space. One can see Kirk (2014), Roshan et

al. (2016), Chifu and Petrusel (2017) and the references therein.

Likewise, Aamri and El-moutawakil (2002) introduced the (E.A.)-property for a pair
of self-mappings defined on metric spaces. It contains the class of compatible and
non-compatible mappings in metric spaces and utilised the same to prove common fixed

point theorems under strict contractive conditions.

On the other hand, Karapinar (2013) initiated the concept of quasi-partial metric space
and discussed the existence of fixed points of self-mapping on this space. Gupta and
Gautam (2015, 2015b) further generalised the quasi-partial metric space to the class of
quasi-partial b-metric spaces. Recently, Gautam and Verma (2021) discussed the fixed

point results via implicit mapping in quasi-partial b-metric space.

Moreover, Ahmadullah et al. (2016¢) proved a fixed point theorem for self mappings in

metric-like spaces concerning binary relation. Eke ef al. (2019) proved a common fixed
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point theorem for a pair of weakly compatible mappings under implicit contractive

properties in metric spaces endowed with binary relation.

Finally, Nizar (2016) and Nizar and Nabil (2016) extended the concept of S-metric
space to Sp-metric space and proved some fixed point results in partial S,-metric spaces.
Later, Mlaiki et al. (2017) proved the fixed point theorem for - y-contractive mapping

in Sp-metric spaces.

In general, this chapter deals with the results for coincidence point for a pair of self-
mappings employing (E.A.)-property in metric-like spaces for implicit contractive
mappings related to binary relation and common fixed point theorems for weakly
compatible mappings satisfying an implicit relation in the setting of quasi-partial Sj-

metric space, with some applications to differential and fractional differential equations.

Specifically, the chapter contains four sections; Section 6.2 gives the preliminary results
of definitions, lemma and theorems, which will be used in developing the results. In
Section 6.3, we prove the existence results for common fixed point theorems for a pair of
self-mappings satisfying (E. A.)-property under binary relation via implicit contractive
condition in metric -like spaces by extending Theorem 6.1 proved in Ahmadullah ez
al. (2016c) which contains parallel to the ideas based on Alam and Imdad (2015),
Ahmadullah et al. (2016a) and Eke et al. (2019).

Next, Section 6.4 is motivated by the results of Gautam and Verma (2021) and Nizar
(2016); we prove common fixed point theorems for weakly compatible mappings
satisfying an implicit relation in the setting of quasi-partial S;-metric space. Also, we
obtain coincidence and a unique common fixed point of such mapping. Some examples
are given to verify the validity of our results. Finally, in section 6.5, we give a discussion
on some applications of Theorem 6.3 and 6.4 to differential and fractional differential

equations.
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6.2 Preliminaries

Now, we introduce some definitions related to a common fixed point in metric-like

space with binary relations.

Definition 6.1 (Jungck 1986) Let S,T be self-mappings of a non empty set X. A point

x € X is coincidence points of S and T if x* = Sx = Tx. The set of coincidence point of
S and T is denoted by C(S,T).

Motivated from Jungck (1976) and Sessa (1982), we can have the following definitions:
Definition 6.2 Let (S,T) be a pair of self mappings on a metric-like space (X, o). Then
a point x* € X is called coincidence point of the pair (S,T) if Tx, = Sx, =x*. Ifx* =x
then, x is said to be a common fixed point.

Definition 6.3 Let (S,T) be a pair of self mappings on a metric-like space (X, o). Then
the pair (S,T) is said to be:

(i) Commuting if, for all x € X, S(Tx,) = T (Sxy),
(ii) Weakly commuting if, for all &(S(Txy), T(Sx,)) < 0(Sx,, Txy),

(iii) Compatible if lign 0 (STx,, TSx,) =0, whenever x, is a sequence in X such that
n—soo

lim Tx, = lim Sx, = x*,
n—soo n—soo

(iv) Weakly compatible if, for all S(Tx,) = T (Sxy), for every coincidence point x € X.

Motivated from Aamri and Moutawakil (2002), we can have the following:
Definition 6.4 A pair of self-mappings (T,S) of a metric-like space (X, 0) is said to
satisfy the property (E.A) if there exist at least one sequence {x,} in X such that

lim Tx, = lim Sx, = x*,
n—soo n—soo

for some x* € X.

Remark 6.1 It is known that two pairs of self-mappings S and T of a metric-like space
(X, 0), will be non compatible if there exist a sequence {x,} in X such that

lim Tx, = lim Sx, = x*,
n—oo n—oo

but

lim ¢ (STx,, T Sxy)

n—yoo
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IS ON Zero or not exists.

Ahmadullah et al. (2016c) proved the results in metric-like spaces as well as partial

metric spaces equipped with an arbitrary relation as follows:
Theorem 6.1 (Ahmadullah et al. 2016¢) Let (X, 0,) be a metric-like space equipped

with a binary relation % defined on X and f a self-mapping on X. Suppose that the
following conditions are satisfied:
(a) there exists a subset Y C X with fX CY such that (Y,0) is %-complete,
(b) there exists xy such that (xo, fxo) € %,
(¢) Zis f-closed,
(d) either f is Z-continuous-like or Z\y is o-self-closed,
(e) there exists a constant k € [0, 1) such that ( Vx,y € X with x,y € %)
o(fx, fy) <ko(x,y). (6.1)
Then f has a fixed point. Moreover, if

(f) Y(fx,fy,%%) is non-empty, for each x,y € X. Then f has a unique fixed point.

We introduce some definition related to a common fixed point via implicit mappings in

quasi-partial metric space. For more detail we refer the reader to subsection 2.3.10.

Gautam and Verma (2021) proved the results for fixed point theorems of mappings
satisfying implicit contractive relation in quasi-partial b-metric space. They considered
the family Fyp be the set of all lower semi-continuous real functions. F : R — R

satisfying the following conditions:

(F1) F is non-increasing in the 7; and f5 variable;

(F2) for all g,r > 0, there exist & € [0,1) such that F(q,r,r,q,s(q+r)) <0 implies
q < hr;

(F3) F(t,2,0,0,¢) > 0 forall z > 0.

We give some examples of functions that satisfy the above implicit relation conditions.
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Example 6.1 The function F € Fy satisfies the properties (F1) - (F3) (see, (Gautam
and Verma 2021) ).

(1) F(t1,t2,13,14,85) = t; — amax{ty, 131,15}, where o € [0, 5-);

(2) F(t1,12,13,t4,t5) =t} — ajt] — apty — asts — asty — asts, where a; > 0,1 =1,2,3.4,
also0<aj+ay+az+2sas <land 0 <aj+ag <1.

Gautam and Verma (2021) proved the following theorem satisfying implicit mappings.

Theorem 6.2 (Gautam and Verma 2021) Let (X, gp;) be a complete quasi-partial b
metric space and 7 : X — X is continuous self map for all u € X. Suppose that

F [qpb(Tu7 TV) ) qpb(”a V)7 qpb(“? TV),qpb<V, TV)? [qpb<u7 TV) + qp;;(V, TM)]:| < 0(62)

For some F € Fp and if F satisfies F(q,0,r,v,2sq) <0 for all g,r > 0, there exists
B e [O,%] such that u < Bv, then z is a unique fixed point of T. i.e, Tz = z with

qpp(z,2) = 0.

Furthermore, Pathak ef al. (2007), Abbas and Jungck (2008) gave the following

definition for unique common fixed point notions.
Definition 6.5 (Pathak et al. 2007, Abbas and Jungck 2008)

(i) Let. and o7 be self maps of a set X. If u* = .u = o7 u for some u in X, then u is
called a coincidence point of . and .27, and u* is called a point of coincidence
of ¥ and 7.

(ii) Let. and .« be weakly compatible self maps of a set X, we have Su* = . o/u =
o Su=du. If ¥ and o/ have a unique point of coincidence u* = .u = u,
then u* is the unique common fixed point of . and ..

6.3 Existence Results for Implicit Mappings under Binary Rela-
tion in Metric-like Spaces

In this section, we use some of definitions defined in Section 2.6 and Section 2.7 to

prove the main results.

We prove the following theorem which is a generalisation and improvement of Theorem

6.1.

Theorem 6.3 Let (X,0) be a metric-like space equipped with a binary relation %
defined on X. Let 7" and S be a pair of self-mapping on X. Assume that the following
conditions hold:
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a) there exists TX C SX such that (X, o) is #Z- complete,
b) there exists xo such that (Sxg,Txg) € %,
)

(

(

(c) X(T,S,Z%) is non-empty and satisfying (E. A.) property,

(d) either (T,S) is Z-continuous-like or Z is o-self-closed and weakly compatible,
(

e) there exists an implicit function F' € .# such that

F(o(Tx,Ty),o(Sx,Sy),o(Sx,Tx),c(Sy,Ty),c(Sx,Ty),c(Sy, Tx)) <0. (6.3)

Vx,y € X such that x,y € Z. Then T and S has a common fixed point. Moreover,
if

(f) Yrs (Tx,Sx,%°) is non-empty, for each x,y € X, wherein F satisfies (F3). Then

T and S have a unique common fixed point.

Proof. Assume that TX C SX and (X, 0) is Z-complete (definition 2.38), for xg with
(Sxo,Txo) € Z. We can construct a T-S-sequence {7'x,} with initial point xo satisfying

(Sx()? T.X'O), (S-xl y T)Cl), (sz, sz), (Sx37 Tx3) e (szna Tx}’t>7 (Sx2n+17Txn+1)a
Vn € Ny, such that, {Tx2, }, {Sx2,} € T(X).

From assumption (c), let xo be an arbitrary element of X(7,S,%), then (Sxo,Txo) € %.
It Sxo = Txo, then xp is a common fixed point of 7" and S and proof is completed.
Otherwise, if Txy # Sxg, then SX C TX. Now, we choose x; € X such that Sx; = Tx.
Again, we can choose x, € X such that Sx; = Tx;. Proceeding the same way, we
construct a sequence {x,} C X, such that

Sxon+1 = Tx2,,Vn € Ny, (6.4)
Now, we claim that {Tx, } is Z-preserving sequence and using Definition 2.40, thus
(szn, Tx2n+1) € Z,Vn € Njy. (6.5)

By mathematical induction, if n =0 in (6.5) and using (c) such that xo € X(7,S,%),
we have

(Sxo,8x1) € £, (6.6)

which proves that (6.5) is true for n = 0. Now, assume that (6.5) is true forn =k > 0
therefore

(Ska, Sx2k+1) EX.



176

From condition (d), Z is (T,S)-closed. From definition 2.41, we have
(Txok, Txopt1) € Z,
which, on using (6.5) shows that
(Sx2k41, Tx2k12) € X,

therefore (6.6) holds for n = 2k + 1. Hence, by induction, (6.6) is true for all n € N. In
following (6.5) and (6.6), the sequence {Tx,} is also an Z-preserving, thus

(Tx2n, TX2n+1) € X,Yn € Ny.

Also, assumption (c) claims that T and S satisfy (E.A)-property. Therefore, to prove
the claim, let x,, be a sequence in X, which is Z-preserving sequence. Using Definition
(6.4), we have

lim Txp, = lim Sxy, =x". (6.7)
n—oo Nn—yoo
lim 6(Tx2,,x) = lim 6(Sxp,,x). (6.8)
n—yoo n—oo
By (03) we have
0 (Tx2n,8x2,) < 0(Tx24,%) + 6 (Sx24, ). (6.9)
As n — o0, (6.9) leads to
0 (Tx2n,8%2,) < o(Tx,x)+ o(Sx,x). (6.10)
Which implies that
lim Txy, = limSxy,=x"=x. (6.11)
n—oo n—oo

For some x € X, suppose that SX is complete, then there exists a € X such that x = Sa.
Using Equation (6.7), we have the following :

lim 6(Txy,,Sa) = lim 6(Sxp,,Sa) =x". (6.12)

n—oo n—oo

Let us show that Ta = Sa. Suppose that Ta # Sa , using (6.3), we get

F(o(Txy,,Ta),0(Sxzn,8a),0(Tx2,,Sx2,),0(Sa, Ta),
o (Sxp,Ta),0(Sa,Txy,)) < O. (6.13)

Letting n — o in (6.13), we get

F(o(Sa,Ta),o0(Sa,Sa),c(Ta,Sa),oc(Sa,Ta),
o(Sa,Ta),o(Sa,Ta)) < O. (6.14)
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From (6.14), we have

o(Ta,Sa) < 0,
= o(Ta,Sa) = 0.

Hence Ta=Sa, which is a contradiction.

Suppose that TX C SX. For every xo € X we consider the sequence {x,,} € X defined
by

Sxon = Txop—1,
Sxonp1 = Txop.

Let xo € X be an arbitrary point. As TX C SX one can choose T-S sequence {Txp,}
with initial point xg. x = xp,, and y = x2,+ in Equation (6.3) and denote

u=—= G(T.in, Tx2n+1),

V= G(TXanl ) TxZn)»

F(G(szn, Tx2n+1 )7 G(S-XZH, SxZn—l—] )7 G(szn, Tin), G(S-XZH—H ) T-x2n+l )?
G(SXZm Tx2n+l)7 G(SXZn—H 5 Tx2n>) § 0. (615)

By substituting Sx;,, = Tx2,—1 and Sx,+1 = Txp, in Equation (6.15), we have

F(0(Tx20,Tx2041), 0 (Tx20—1,Tx2), 6 (Tx20—1,TX20), 6 (T X2, TX2011),
0(Tx2n—1,Tx2n+41),0(Tx2,,Tx2,)) < 0.  (6.16)

By substituting u,v in Equation (6.16), we obtain

F(u,v,v,u,06(Tx2n—1,Tx2141),0) < 0. (6.17)

Using (03) and Fy, since is non-decreasing in the fifth variable, we get

0 (Txon—1,Txon+1) < O(Tx2n—1,Tx2n) + 0(Tx24, Tx2011),
0(Txop—1,Txont1) < v+u. (6.18)

Using Equation (6.18) in (6.17), we have
F(u,v,v,u,u+v,0) < 0.

Which satisfies Fj, therefore
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Implies that

0 (Tx2, Tx2p41) Ao (Txzu—1,Tx2n),
A"G(Txo, Txl).

A" 6 (xg,x1) (6.19)

IA A A

Using (6.19) and (o3), for all n,m € Ny with m > n, we obtain

0(Txon, Tx2m) < 0(Tx2n,Tx2n41) + 0 (Tx2011,TX2012) +...0 (T2 1, TX2m),
< AT A4 AT (T, T ),
< A"O(Txo,Tx)(1+ A"+ AW 4 A2 4 amy,
n
< I_AG(TX(),T)Q),

— 0 as n— oo,

The results obey a Cauchy sequence properties of completeness. Hence {x,} is %-
preserving Cauchy sequence. If the pair (7,5) is closed and weakly compatible, using
Definition 6.3, we have

TSz = STz,
Tz = 8§z,
STz = SSz,
TS = TTz.

To show that Tz is a common fixed point of 7" and S, we use inequality (6.3) which
gives
F(o(Tz,TTz),0(S2,8Tz),0(S2,Tz),06(TTz,STz),
0(TTz,Sz),0(Tz,STz)) < O.

Which implies that

F(o(Tz,TTz),0(Tz,TTz),0(T2,Tz),0(TTz,TTz),
0(TTz,Tz),0(Tz,TTz))
o(Tz,TTz)

IN A

0. (6.20)
Thus STz =TTz =Tz. So Tz1is a common fixed point of 7" and S.

For the uniqueness, take z = Tz as a common fixed point of 7" and S. Assume that
w = Sw and z # w, using x = z,y = w in Equation (6.3), we get

F(o(Tz,Tw), 6(Sz,8w), 6(Tz,8z), o(Tw,Sw), o(Tw,Sz), 6(Tz,Sw)) <O0.

Hence, we get

4
Q
o
=
I
=
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which is a contradiction. Therefore, z is a unique common fixed point of 7" and S.

Using the assumption taken in Theorem 6.3, we prove assertion (f) as follows: we
observe that C(T',S) is non-empty, so let us take a pair of elements say (a,b) in C(T,S)
such that

Th=Sb=h. (6.21)

Next, we are required to show that @ = b. By observing the above assertion, by definition
2.43, there exists a S-path (say, z0,21,22, ---,2;) of length [ in %Z* from Ta to Th, with

Szo =Ta,
Sz; =Tb, (6.22)
such that
[S22i,822i41] € #° C X, (6.23)
forallic0,1,2,3,..0—1.
And
[S22i, T22i] € #° C % (6.24)

foreveryi € 0,1,2,3,...[ — 1.
Define two constant sequences such that
zgn =aand zlzn =b.

By using (6.22), for all n € N, we have

ngn = Ta
Tz, = Tbh=

Il
&

.wﬂ

By usual substitution for zé =z foreachi€0,1,2,...], that is

1
0 = <1,

3 = 2,
R = z,
5 = u,
Zf)*l = 7.

Recall that 7X C SX. Thus we construct a sequence

{22} {53} {2} {250} € X
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In general, {z}} € X

| o
Stonr1 = Tzop,
S73 = Tz
Dn+1 — 1 2p
3 3
Spr1 = Tz,
4 4
Stons1 = TZva
Stymy1 = T2y, ,VneN.
‘We obtain
i o
Stopr1 = Tz,

for all i € [0, [ —1]. Corresponding to each z;, we have [Sz),5z}] € % from (6.22),
(6.23) and (T, S)-compactness of Z, we get

: i i _
r}l_{rolo G(SZva SZZn—H ) - 07

foreachie 1,2,3,...1—1

Thus, Z is (T, S)-closed and we conclude that [7'Z), , Tz’“] X, foreachie€0,1,2,3,...1—1
and for all n € N,

Otherwise, [Szén,Szé“Zl] € A, foreachic0,1,2,3,...— 1 and for all n € N.

Define 6] = G(Szzn,Sz’H) foreachi€0,1,2,3,.../— 1 and for all n € N. We assert
that, lim, . 05, > 0. Assume that lim,, ., 05, = ¢ > 0.

Since [Szb,,,S7501] € #, either [SZh,, 8751 € % or [STH1, 87, ] € Z%.
If Sz, 875" '] € %, then applying the condition (e), we have

F(0(T2,,T2,"),0(S25,, 254" ), 0(825,, T2h,), 0(S2hh ', 25,1,
(SZZnﬂTZH—I)? (SZZn 7SZ2n)) < 0.

or

F(0 (82011, T211): (820,52, ), 0822 T2 1), 0(823,, 5 5241),

O (S2hy 2ot 1), 0 (St 825,)) < 0. (6.25)
Taking lim as n — oo and using lim,, Gén = 0, we get
F(0,0,0,0,0,0) <O0.
Which is contradiction and hence

lim 6! =0 =0.
n—oo 2N
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The same, if (Sz5/ !, 525, |) € %, we have
Jim 03, = lim (555", 5%,11) = 0.
forie0,1,2,... —1.

Using (6.23), lim,_, 64, = 0 and (03), we have

-1
0(a,b) = 6(59,,5%,) < Y 0(S%h,, S5
i=0
-1
Y O
i=0

— 0 asn— oo,

IN

So that
o(a,b) 0
= a = b
Therefore,
Sx = Sy

Next we show the existence of common fixed point of 7 and S. Let a € C(T,S), i.e., by
Definition 2.22, Ta = Sa. Proceeding using Definition 6.3, we have
(i) commuting if, for all a € X,
S(Ta) = T(Sa),
Sa = Ta.
(ii) Weakly commuting if, for all d(S(Tx), T(Sx)) < d(Sx,Tx),
o(8(Ta),T(Sa)) < o(Sa,Ta).
(iii) Compatible if

lim d(STxp,, TSx2,) = O,

n—soo
o(S(Ta),T(Sa)) 0,
o(Sa,Ta) = 0,
Sa = Ta.

Also,
lim Tx, = lim Sxy,, = x*,
n—oo n—soo

X, =a,Ta=Sa=x"=a.
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(iv) Weakly compatible if, for all S(Tx) = T(Sx), for every coincidence point x € X.
S(Ta) = T(Sa).
If we take another point say b, let Ta = b = Sa, we obtain

S(Ta) = T(Sa).
Sb = Thb.

So that, b is a common fixed point of 7" and S.

For uniqueness of common fixed point of 7 and S,
b=Shb=Sz=z.

Thus z is a common fixed point of 7" and S, we have z = b. Thus the proof completed.
O]

From Theorem 6.3, we can deduce several corollaries which are itemised below:

Corollary 6.1 Let (X, 0) be a complete metric-like space and T, S : X — X be a pair
of self mappings. Suppose that all the conditions of Theorem 6.3 holds, for all (x,y € X
with (T'x,Sy) € R), we can obtain several results if the implicit relation (e) is replaced
by one of the following:

@)
o(Tx,Ty) < ko(Sx,Sy), (6.26)
where k € [0, 1).
(i1)
o(Tx,Ty) < k[o(Sx,Tx)+ o (Sy,Ty)], (6.27)
where k € [0, 3).
(iii)
o(Tx,Ty) < kl[o(Sx,Ty)+ o (Sy,Tx)], (6.28)

where k € [0, ).
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(iv)

o(Tx,Ty) < a10(Sx,Sy)+az[c(Sx,Tx)+o(Sy,Ty)]+

as [G(SX, Ty) + G(Sya T)C)], (6.29)
where aj,ay,a3 € [0,1) and a; +2a + 2a3 < 1.
v)

o(Tx,Ty) < kd(Sx,Sy)+Lmin{c(Sx,Tx),c(Sy,Ty),

o(Sx,Ty),o(Sy, Tx)}, (6.30)
where k € [0,1) and L > 0.
(vi)

o(Tx,Ty) < (a10(Sx,Sy)+a,o(Sx,Tx)+azc(Sy,Ty)+

where a;,ay,a3,a4 > 0 and a; +ar + a3 +2a4 < 1.
(vii)

o(Tx,Ty) < kmax{ o (Sx,Sy),o(Sx,Tx),c(Sy,Ty),

o(Sx,Tx)+o(Sy,Ty)
2

} +Lmin{6(Sx, Tx),c(Sy,Ty),
o (Sx,Ty),c(Sy, Tx) } , (6.32)
where k € [0,1) and L > 0.
(vii)

o(Tx,Ty) < kmax{c(Sx,Sy),o(Sx,Tx),c(Sy,Ty),

o (Sx,Ty),o(Sy, Tx)}, (6.33)

where k € [0, 3).
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(ix)

o(Tx,Ty) < kmax{a6(Sx,Sy)+ar0(Sx,Tx)+a3o(Sy,Ty)+

as0(Sx,Ty) +aso(Sy, Tx)}, (6.34)
where a*,> 0 (fori = 1,2,3,4,5) and Y)_; a; < L.
(x)

o(Tx,Ty) < kmax{c(Sx,Sy)+c(Sx,Tx)+c(Sy,Ty)+
o(Sx,Ty) | o(SyTx)

5 5 b, (6.35)
where k € [0,1).
(x1)
o(Tx,Ty) < kmax{c(Sx,Sy),0(Sx,Tx),0(Sy,Ty)}+
(1—k){ac(Sx,Ty)+bo(Sy,Tx)}, (6.36)

where k € [0,1) and a,b < %
(xi1)

o(Tx,Ty)* < o(Tx,Ty){ai0(Sx,Sy),a,6(Sx,Tx),a36(Sy, Ty)} +

as6(Sx,Ty)o (Sy, Tx), (6.37)
where a; > 0; ay,a3,a4 > 0; a1 +ar+az <1l and a; +aq < 1.
(xiii)

G(Tx,Ty)2 < a1max{G(Sx,Sy)z,G(Sx,Tx)Z,G(Sy,Ty)z}—l—
a max{ o(Sx,Tx)o(Sx,Ty),o(Sy, Ty)o(Sy, Tx) }

—a3o(Sx,Ty)o(Sy, Tx), (6.38)

where a*,> 0 (fori = 1,2,3); a; +2a; < 1 and a; +a4 < 1.
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(xiv)

o(Tx,Ty)® < k{G(Sx,Sy)3 +06(Sx,Tx)> + o (Sy, Ty)* +
o(Sx,Ty)> + o (Sy, Tx)*}, (6.39)
where k € [0, ;).

Example 6.2 Consider X = [0, 2] endowed with complete metric-like, defined by metric
o(x,y) = (x —y)? in R? with binary relation

% =1{(0,0),(0,1),(0,2),(1,1),(1,2),(2,2)} on X.
Then X is either complete or Z-complete.

Define a pair of mappings 7,5 : X — X by
Tx = %,Vx € X,

and

Sx = xz,VxEX.

1
Then TX = {0} C [0, 5] € [0,2) = 5X.
Clearly, Z is (T, S)-closed, and xo = 0, (S0,70) € Z.

Define continuous function F : Ri — R by

1 1
Flur,uz,u3,u4,us,u6) = U= Hus = 5 s
1.e.,
1 1
o(Tx,Ty) < EG(SX’Ty)+§G(Sy’Tx>‘
For

(x,y) € {(0,0)(0,1),(0,2),(1,1),(1,2),(2,2)},Vx,y € Z%.

o(Tx,Ty) = 0,

hence obvious.
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For (x,y) € (0,1)
1
o(Tx,Ty) = o(7T0,T1)= e
1
o(Sx,Ty) = o(S0,T1)= 7

o(Sy,Tx) = o(S1,70)=1.

IA

1
o(T0,T1) 0(S0,T1)+5(S1,70).
1

IN
X
+
| =
X

+
S e

IN
Ol N0 — N =N —

NN RN
(VAN

For (x,y) € (0,2)
o(Tx,Ty) = o(T0,72)=1.
o(Sx,Ty) = o(50,72)=1.

o(Sy,Tx) = o(S2,T0)=16.

1 1
o(T0,72) < 70(50,72)+70(52,70)

1 1
1 < —x1+=-x16
< 2>< +2><

1
1 < -+48
_2—|—

17
>
For (x,y) € (1,1)

o(Tx,Ty) = o(T1,T1)=0.
1
o(Sx,Ty) = G(Sl,Tl):Z.
1
o(Sy,Tx) = G(SI,TI):Z.
1 1
o(T1,T1) < EO'(SI,TIH—EG(SI,TI)
0 < 1><1—|—1><1
-2 4 2 4
1 < 1+1
- 8 8
1
0o < -
= g



For (x,y) € (1,2)

o(Tx,Ty)
o(Sx,Ty)

o (Sy, Tx)

o(T1,T2

VAN VANREE VAN

Blm B =B -
[\

For (x,y) € (2,2)

o(Tx,Ty)
o (Sx,Ty)

o (Sy, Tx)

o(T2,T2)

IA

IA

IA
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= T1,7T2)=-—.
G( Y ) 4
= o(S1,T2) =0.
49
= S2,T1) = —.
G( Y ) 4
1
EG(SI,T2)+§G(SZ,T1)
1
—x0 lx f
2 2 4
49
0+ —
+ 8
49
8
— o(T2,T2) =0.
= o(S2,T2)=09.
= o(S2,T2)=09.
1 1
50(S2.72) + S6(52,72)
1 1
5 X9+§ X9
9.9
2 2
9.

This shows that all assertions of Theorem 6.3 are satisfied. Hence x = 0 is a fixed point

of T.

Furthermore, using Equation 6.3, we deduce an implicit function as shown below

F(o(Tx,Ty),0(Sx,8y),0(Sx,Tx),0(Sy,Ty),0(Sx,Ty),0(Sy, Tx))

= o(Tx,Ty) %[G(Sx, Ty) + o (Sy, Tx)]
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1
= 3 [x2 + y2 + 4x2y + 4xy2 —d4xy — 4t — 4y4].

which is the implicit function satisfying Theorem 6.3.

6.4 Existence Results for Implicit Mappings in Quasi-partial-S;
Metric Spaces

In this section, we prove the existence results for implicit mappings in quasi-partial-Sj
metric spaces. First, we recall some definitions on quasi-partial-S;, metric space from

section 2.3.11 which we will use in developing our main results.

Inspired by Nizar (2016), Nizar and Nabil (2016), and Gautam and Verma (2021), we

introduce the concept of quasi partial S,-metric space as follows:

Definition 6.6 A quasi-partial S,-metric on a non empty set X is a mapping Sqpyp :
X x X x X — R™* such that for some real number s > 1 and all u,v,z € X:

OPSh1

( ) (
( ) (
(QPSB2) Sqpy,(u,u,u) < Sqpp(u,u,v); and
(QPSb4) Sqpy(

A quasi-partial Sp-metric space is a pair (X,Sqpyp) such that X is a non-empty set and
(X,Sqpyp) is a quasi partial Sy-metric on X. The number s is called the coefficient of
(Xaqub)

For a quasi-partial Sp-metric space (X,Sgpy), the function dggpp : X x X x X — RT
defined by dSqu (u7 u, V) = qub(ua u,v) +qub(va v, Lt) - qub(uv u, u) - qub<v7 vV, ) is

a Syp,-metric on X.
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The following are fundamental convergence properties of quasi- partial S;- metric

spaces.

Definition 6.7 Let (X,S,,,) be a quasi-partial S, metric space, then:

(i) a sequence {u,} C X converges to a point u € X if and only if

qub(u7u7u) = nlglgosqpb(unvunvu):r}ijeosqpb(uau7un)a

(ii) a sequence {uy} of elements of X is called a Cauchy sequence if and only if
lim qub(”ny Up, ”m) and lim qub(”mu Um, un)
n,m—e n,m—»oo

exist and are finite,

(iii) the quasi- partial S,-metric space (X,Sqpy) is said to be complete if every Cauchy
sequence {u,} C X converges to a point u € X such that

lim Sqpy(tn, tn, n) = 1M Sqpp (U, tm, un) = Sqpp(u, u, u).

m—yoo n,m—oo

n,

Lemma 6.1 Let (X,Sqpy) be a quasi-partial b-metric space. Then the following hold:

(i) If Sqpp(u,u,u) =0, then u = v.

(ii) If u # v, then Sqpp(u,u,v) > 0 and Sqpy(v,v,u) > 0.

From, Sedghi e al. (2012), we prove the following lemma to satisfy quasi -partial

Sp-metric space.

Lemma 6.2 In a S,,,-metric space, we have

Sqpp (1, u,v) = Sqpp (v, v, ut).

Proof. By condition (QPSb4) of Definition 6.6 and u =t we get

qub(u, u, V) < S[qub(u, uat) + qub(”a uat) +qub(va Vat)] - qub(t7tat)
< s[04+04Sgpp(v,v,1)] =0
= sSypp(vit). (6.40)
Similarly,
qub<v7 V, Lt) S[qub(v7 V>t> +qub(v7 V7t> + qub(u7 uat)] - qub<t7t7t)

IAINA

s[04 04 Sy pp (xu,u,t)] =0
$Sqpp (1, 1,t). (6.41)

Consequently, by (6.40) and (6.41) as a result

Sqpp(t,u,t) = Sypp(v,,1).
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Example 6.3 Let X = [0,1]. Define Sy, : X x X x Xx — R" as S, (u,v,2) = (u—
v)2+ (v—2z)* +u+v. Itis easy to show that (X,S,,,) is a quasi - partial S, metric
space.

By (QPSb1), for u = v = z we have Sy, (u,u,1t) = Sypp(v,v,v) = Sypp(2,2,2)

Sqpp(uu,u) < (u —v)2 + (v—z)2 +u-+v,
= (u—u)?+u—u)l+utu,
2u.

By (QPSbh2), for all u,v € X we have

qub(l"?uvv) < (M_u)2+ (u—v)2+u—|—u7
= (u—v)+utu,
u? —2uv+v2+2u,

and

Sapp(vvite) < (v=v)*+ (v —u)’ +v+v,
= (v—u)l+v+v,
=2 —2MV+u2+2V7

hence, v — 2uv +v* 4+ 2u = v* — 2uv + u? + 2v.
Similarly, (QPSb3) follows from (QPSb2) and (QPSh1)

u < u—2uv+vi+2u.
Cosenquently, by (QPSh4), we get

qub(”auat) = (M—I)Z—I—ZM,
qub(v7vat) = (V—t)2—|—2v,
qub(Z,Z,t) = (Z_t)2+2Z'
Combining all the above inequalities using (QPSb4), we obtain
(u—v)>+(v—2)*+u+v < s{u—1)+2u+@v—1)>+2v] - ((z—1)>+22),

thus, all axioms are satisfied. Hence (X,S,,,) is complete.

We are Motivated by the concept given by Gautam and Verma 2021 above. We introduce
a definition related to a common fixed point via implicit mappings in quasi-partial Sj-

metric space as follows.

Definition 6.8 Consider s > 1. Let Fy be the set of all functions Fs(ty,t2,13,14,15)
R — R such that
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(FS1) Fg is non-increasing in the t| and ts variable;

(FS2) forall gq,r >0, there exist ¥ € |0, %] such that Fs(q,r,q,r,s(2q+r)) <0 implies
q < Ur;

(FS3) Fs(t,t,0,0,¢) >0 forallt> 0.

Example 6.4 The functions Fs € Fy satisfy the properties (FS1) - (FS3).

(i) Fs(11,12,13,14,15) = 1) — 15, where y € [0, 5-);
. 1.
(i) Fs(t1,1,13,14,15) = 1) —max{t, 13,15}, where &,y € [0, 5-);
1y.
(iii) Fs(t1,t2,83,t4,15) = t1 —max{t,13,14,15}, where a, B,y € [0, 5);
Proof. (i), Let Fy: R — R*. Define Fs(ty,t,13,14,15) = 1] —t5, where ¥ € [0, %) Then
Fy satisfies an implicit relation.

(FS1) Fs is non-increasing in the #; and 5 variable;

(FS2) forall g,r > 0, we have

FS(Q?’/‘ura?CIus(zq—’_r)) = tl_’YISS()a
q—7vs(2q+r) < 0,
(1-2sy)q < svyr,
syr
< 6.42
T = -2y (642)
Thus g < Or, with & = =75 < 1.
(FS3) Fs(t,t,0,0,7) >0 for all 7 > 0.
Fs(t,1,0,0,1) = t;—15<0,
u—su+v) < 0,
t—s2t+1)) < 0,
(1=3s)r < 0,
r <0

which is a contradiction. Hence Fs € F satisfies an implicit relation with y € [0, %) O

satisfy the implicit relation conditions imposed in Definition 6.8.
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We prove the following theorem which is an extension of Theorem 6.2, from quasi-
partial b-metric space to quasi-partial S,-metric space setting. By using a pair of
mapping.

Theorem 6.4 Let (X,Sqpp,s) be a complete quasi-partial S,- metric space with s > 1,

and let o7,/ : X — X be a pair of self-mappings. Assume that there exists Fs € Fp,
satisfying (FS1 — FS4) such that the following conditions hold:

(a) there exists /X C X such that (X,qpy) is complete,

(b) there exists uy € X such that L u, = </ u,_1,

(c) o/ and . have a coincidence point in X,

(d) (o ,.) is nondencreasing and weakly compatible for some point u* in X,

(e) there exists an implicit function Fy € Fg with

Sqp, (A u, A u, Av),Sqp, (L u, S u, Sv),
Fs<§ Sqp,(FLu, L u, A u),Sqp, (L, v,av), » <0, (6.43)
(Sqp, (LU, Lu, V) +Syp, (L, v, A u)|

Yu,v € X. Then o/ and . has a unique common fixed point.

Proof. Assume that X C «/X and (X,S,,,) is a complete quasi-partial S,-metric
space, for ug with (L ug, L uy, S uy,) € X, we construct a .-/ -sequence {./u,}
with initial point ug satisfying

(yuo,Yuo,,quo), (Yul,ful,dul),(5”142,54{2,527’)62),...,(yunH,YunH,%unH)
Vn € Ng = (NU{0}), thus, {Zu,}, { L u,} € o7 (X).

From assumption (b), let ug be an arbitrary element of X. If .”uy = .o/ u, then uy is a
common fixed point of .27 and . and our proof is completed. Otherwise, if {xo # Nuy,
then .X C /X, now we choose u; € X such that .u; = &7uy. Again we can choose
upy € X such that Yuy = o7u;. Repeating this process the same way, we construct a
sequence {.u, } C X, such that

L up = A uy,Vn € Ny.

If Yu, | = Su, = Au, 1, forall n > 1, then u,,_; is a coincidence point of &7 and
< in X. Suppose that .Su,_1 # Su, Yn > 1. Then Sy, (L upt1, L ttns1, tn) =

By taking u = u,—| and v = u,, in (6.43), we have

qub(dun*hdunflvdun)ysqpb(yunfl,yunfl,yun),
Fsq Sapy (L tn—1,L ttn—1, 7 ttn_1),Sqp, (S thn, S thn, ¥ th), > < 0.
[Sqpy (L tn—1, S U1, 1) + Sqp, (L thy, Sty Uy 1))
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It follows that

qub(yunvy”nayun+1)asqpb(y”nflay”nflayun)a
Fs<$ Sqp,(FLun—1, L un—1,Lun),Sqp, (L thn, L thp, Ltys1), p <O0. (6.44)
[Sqpy (L ttn—1,L tn—1, L ttns1) + Sqp, (L thn, L th, S )|

By (QPSb4) we have

qub(yun—i-layun—klvyun—l) < S[qupb<yun+l7y”n+layun)+
Sqpy (L, L, S up—1))
—Sqpp (L, L, Luy). (6.45)

Using (6.45) in (6.43) we get

S‘IPh<yun7yun;’yun+l)7quh(yun—1,yun—lvyun)7
qub<<yun—layun—lvyun)asqpb(yumyun;yun—&—l)a
[5[2Sqp, (L ttni1, L i1, un) + Sqp, (L thn, S i, S n—1))
—Sqpy (L, L stn, L) + Sqp, (L tin, Lty S 1)

Fs <0.

Cosequently,

qub(yunayunayun—kl)asqpb(yun—l7<5ﬂun—17y”n)a
Fg Sapy (L ttn—1, L tn_1, L), Sqp, (L thy, S un, Lu, 1), <0. (6.46)
8[284p, (L ttni1, L tng1, S tn) + Sqp, (L v, Lty L tn—1))

By denoting g = S, (L tps1,-L tni1, S up) and r = Sgp, (S ttp, L ttn, L ty—1) in (6.46)
we get
Fg {q, rrq,s(2q+ r)} <0. (6.47)

By (6.47), in view of condition (FS2) there exists ® € [0, 1) and g is nonincreasing in
the first variable, such that ug < 9¥r, this implies that

Sapy (L ttns1, L i1, L un) < OSqp, (L ttn, Lty L tty—1); (6.48)
Vn € N.
By induction in (6.48), we get

Sapy (L ttns1, L tps1, S ) OSyp, (L ttn, Ly, S p_1),

79256117;; (FLup—1,L tn1,Xn-2),

VAN VAN VARVAN

"'Syp, (L uo, L uy, S uy). (6.49)

Therefore, 1imy,_seo Sqp, (- ttns1,-L thny1,-tty) = 0.
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Now, we prove that S, (" up+1,-"tn11,"uy) is a Cauchy sequence. Let n,m € N,
for any positive intergers such that n > m, using (QPSb4) we have

Sapy (L ttn, L vhn, L) < 8[280p, (L thn, Lty L tn—1) + Sqp, (L ttn—1, L tn_1, 1))
—Sqpy (L tn_1, L Up_1,L Up_1),

= 25Sqp, (L un, S Un, S p_1)
+2squpb(Yun,l,Yun,l,Yun,z)
+52Syp, (L tn—2, L thn—2, L th) +
----I-sm_”_]qub(ﬂumﬂ,&”umﬂ,yum)
25" 2912 4 P93
---—}—sm_"ﬂﬁm]qub(Yuo,Yuo,Yul),
2501 450 + 52092 +
s hymen g (L, S ug, S ur),
259!

S qupb(yuo,Yuo,yul). (650)

IN

IA

Since ¥ € [0, 1), we conclude that zf?—:;qub (L ug,- L up,-u;) — 0 as n — oo. There-
fore, {-7u,} is a Cauchy sequence in .(X). Thus Sp, (-Lutn, L tp, " ) — 0 as
n,m — oo

Similarly, suppose that &#X C .X. For every uy € X we consider the sequence
{u,} € X defined by

Sy = Sy,
Ly = Juy.

If Luyy1 = uy,, then u,, is a fixed point of . and &7 and the proof is completed. On
contrary, assume that .%u, | # </u, and u,,| # u,. Then, u = u, and v = u,,| in
Equation (6.43) we have

qub(,fzfun,sz/un,szunH),qub(YM,,,fun,funﬂ),
Fs Sqp, (L n, L un, A un),Sqp, (L tins1, L i1, tny1), p <0. (6.51)
[Sqpy (Lt L 1ty Lty 1) + Sqp, (L thng 1, Un1, )]

By substituting .%u, = <u, | and .%u, | = </ u, in Equation (6.51), we get

qub(ffz{”m%”nu an+1)7qub (A up—1, 9 up—1, 9 uy),
Fs qub (%unflydunfladun)ysqpb (%un:dum%uwﬂ)v <0. (6.52)
(Sqpy (L ttn—1, A 1,9 Upi1) + Sqp, (F thy, A 1y, 1y,

By (QPSb4), we have

Sapy (A1, G up_1, A tyy1) < S[28p, (Fthp_1, 9 up_1, 9 u,) +
qub(%unadum%unJrl)]
—Sqpy, (A, Ay, o uy). (6.53)
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Using (6.53) in (6.52) we get

qub(ﬂunaMumM”n—kl)asqpb(dun—la%un—ladun)y
Sapy (A 1,9 upn_1, 9 uy),Sqp, (A thy, A thy, A U1 1),
(5[28gp, (L1, 9 upn_1,9 up) + Sqp, (A thy, 1y, A7 p 1))
—Sqp, (A, vy, A 1n) + Sqp, (A sy, A 1y, 1y,

Fs <0. (6.54)

Since quasi-partial S}, is not symmetry, by (FS2), we reach in similar results from the
right hand side of Cauchy convengence.

Using (QPSb4) and (FS1), since is a non-decreasing in the fifth variable, and satisfy
g < O

where 9 € [0,1).

Which implies that

quh(%unadum%un—i-l) < ﬁqu;,<fQ{un—laﬂun—l;«Q{un%‘f—
N
< 'Sy, (A ug, A ugy, A uy). (6.55)

For n — e in (6.55), leads to S, (o7 up, o up, o upi1) — 0.

Using (QPSb4), for all n,m € Ny with m > n, we obtain

Sapy (A tin, & i, i) < 5[28gp, (S ttn, F i, F 1) +
Sapy (L ttn1, A i1, 9 Uyy)]
_qub (dun+1»%”n+1,%un+l),

— ZSqub(ﬂun,dun,Mun+]) +
2SzS‘]Pb('Q{un+l7%un+1,£{un+2)
+S25qm(=@{un+2, Uy, %um) -+

o +Sm_n_lSQPb('Q{”mflaﬂumfl,Jqum)
2" + 520" p 2R
sm—n—lﬁm—l]sqpb(%uo,%uo,dul),
= 2s19n[1—|—s19—|—32192_|_

g2y NS (o g, S g, A uy ),

250"
1— 19_ qu (%MO,LQ{MO,&Z{MI) (656)

IN

<

Since ® € [0,1), we conclude that 1“9 Sqp, (A ug, o ug, /u1) — 0 as n — oo. There-
fore, {7u,} is a Cauchy sequence in <7(X). Thus Sqpy (A, Aty ) — 0 as
n,m — oo,

Now we show that u* is a fixed point of </u such that u* = .o/ u*
and 1imy, y—se0 Sqp,, (Un, ttn, Zu*) = Sgp, (u*,u*, o/ u*) = 0. Let u = u, and v = u*, using
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(QPSb4) we obtain
qub(u*au*aﬂu*> < S[qub(u*vu*vun-l-]) +qub(u*,u*7un+1) +
qub<£{u*7%u*7un+l)] -

Sqpp(Uni1,tns1,Uny1),
= s[2Sqpy(u”,u" uni1) + Sqpp(Fu", S upi1)] —

Sqpy(tnt1,Uns1,Uny1)- (6.57)

Taking the limit n — oo in (6.57), we get
Sqpp(u* u*, Au*) < s[2Sqpp(u”,u*,u*)+ Sqpp(Fu*, A u* u*)] —

Sqpp(u,u”,u”),
s[O—i—qu;,(JZ/u*,yfu*,f)] -0,
sSqpp(Au*, A u* u*),

IN

which is a contradiction. Hence, u* = .&/u*. Thus u* is a fixed point of .

From Definition 6.5, we show that u* is a coincidence point of <7 and .¥. Since /X is
complete there exists u*,v* € X such that u* = .#’y*. Which implies that

lim «7u, = li_r)n S, =SV =u". (6.58)
n—o0

H—>o0

By taking u = x, and v = v* in (6.43), we obtain

Sapy (A tip, S tty, AV),Sqp, (S tin, L thy, S V),
Fs < Sqp,(FLttn, L ttn, ), Sqp, (LV, LV, v*), » <O0. (6.59)
[Sapy (5 tin, S ttn, FV*) + Sqp, (FV, LV, A up)]

Letting n — o0 in (6.59) and using (6.58), we get

Sqpy LV, LV V), Sy, (LVE, SV, V),
Fs< Sqp, (V. LV V), Sqp, (LVE, LV, a0Vv), » <0, (6.60)
[Sqp, LV, IV, V) + Sy, (LVE, LV, V)]

by assumption (FS52) and continuity of Fs, we obtain S, (2/v*, o/v*,.#v*) <O0.

Consequently,
*

' =V =u".

Thus, u* is a coincidence point of .% and 7.

Now, we assume that .% and .o are either . or <7 -weakly compatable. Let lim,,_,co 1, =
u*, Lu, = Su, Au, = du*, S Su =S FAu and S Aut = .o Sut.

Suppose u = .u* and v = v*, using (6.43) and definition 6.5, we get

S‘]Pb(d‘yu*vd‘yu*vdu*)?’sqpb(yyu*ayyu*ﬂyu*)?
FS qub(yyu*vyyu*?”%yu*)v‘sqpb(yu*?yu*;%u*)v S()? (661)
Syny (LSS S AW) 4 S, (S S A S )
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yields to,

Sqpy (A LU\ A S, Au*),Sqp, (S A, S A, L),
FS qub (‘y%u*’y%u*ad‘yu*%’sqpb (‘yu*ﬂsﬂu*udu*% < 0. (662)
[Sqpy (7 A", S A", AU*) + S, (Fu*, S u*, A S0
Which implies that
Sqp, (A", A", .S Au") <O.

We have .Yu* = ./ o/u= o/ Su= o/u*. Thus, . and o/ are weakly compatible self
maps of a set X. Therefore, .¥ and <7 have a unique point of coincidence u* = .u =
2/ u, then u* is the unique common fixed point of .¥ and .o/ ]

Pathak et al. (2007), in their work, considered an example in which weakly compatible
mapping is not compatible. In this work, we use one more example of this type, which
satisfies quasi partial Sj-metric space and use it to formulate an implicit function that

satisfies all conditions imposed in Definition 6.5 and Theorem 6.4.

Example 6.5 Consider X = [0,0] endowed with complete quasi-partial Sj, metric
space, defined by metric Sy, (u,u,v) = 2(u—v)? on X. Define a pair of mappings
o, S X =X by

Py cosu ifu#1
0 ifu=1,

and

o iful
0 ifu=1,

by Definition 6.5, it obvious that at u = 0, we have u* = .Yu= . Yu= o Su= Ju,
then u* = 0 is the unique common fixed point of .’ and .<7. Therefore, the mappings

. and o7 are weakly compatible. Define continuous function F : Ri — R by
F(t1,ty,13,14,t5) = 1 —Yts.
1.e.,
Fs(u,v,vu,sQu+v)) = t —¥s.

With a view to verify assumptions (a) and (d) of Theorem 6.4. Consider .«/u, . u € X

so that

5]

IN

Vis.

Sqpy (A u, A u, Sv) Y8[28qp, (A u, o u, S v) +Sqp, (v, v, 7 u)l|.(6.63)

IA
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Recall, the quasi partial S,-metric as,

Supy (T, Fu, V) = 2(u—.Sv)?,
= 2(e" —cosv)?. (6.64)

Similarly,

Supy (T, v, Su) = 2(v— Su)?
= 2(e" —cosu)’. (6.65)

Using (6.64) and (6.65) in (6.63), we get

2(e" —cosv)? < ys[2(e" —cosv)? +2(e" —cosu)?],

2(e" —cosv)? (1 —2ys) < ys[4(e” —cosu)?,

2(e" —cosv)? < ﬁ [2(e¥ — cosu)?], (6.66)
which means
qg < Or

Hence, Fj satisfies FS1,FS2 and FS3 for 9 € [0, %] Also, all assumptions of Theorem
6.4 and Definition 6.5 are satisfied. It is observed that the pair (., /) has a common

fixed point. Thus, they adimit a coincidence fixed point.

6.5 Some Applications

In this section, we have four subsections. In subsection 6.5.1, we prove the existence
of the solution for two boundary value second order differential equations via implicit
mapping with binary relation in metric-like space. Next in subsection 6.5.2, we investi-
gate the existence of the solution to the Volterra-Fredholm type integral equation, which
is used to illustrate the use of Theorem 6.3 for the existence of a common fixed point of

a pair of maps in a metric like space.

In subsection 6.5.3, we discuss the existence solution of the two-point boundary value

problem of the second-order differential equation in quasi partial S,-metric space.
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In subsection 6.5.4, we prove the existence solution for Caputo type nonlinear fractional
differential equations as applications to utilise the results obtained in Theorem 6.4 were

a common solution applied in quasi partial S-metric space setting.

6.5.1 Ecxistence Solution for a Second-Order Differential Nonlinear Two Bound-
ary Value Problem

In this subsection, we consider a second-order differential non-linear two boundary
value problem. The following problem is motivated by Hunter and Nachtergaele (2001),
Agarwal et al. (2001) and Nashine et al. (2018).

"

u (t)=f(t,u(t),u'(r)), t € (0,1),
u(a) =uy, (6.67)
u(b) =up, a,b €10,1],

where f:[0,1] x X x X — X is a continuous function.

This problem is equivalent to the integral equation
b
u(t) = h(t)+/ G(t,s)f(s,u(s),u'(s))ds,V t,s € [a,b], (6.68)

where the Green’s function associated with the above integral equation is given by

b—t)(s—

G =1 b a)
b—a

and h(t) satisfies i/ = 0, h(a) = uy, h(b) = us.

a<t<s<b,

By Theorem 6.3 (a), TX C SX. The fixed point of S is also a solution of (6.67).

Now we prove our results by establishing the existence of a common fixed point for a

pair of self mappings:
Theorem 6.5 Let T,S: C([a,b]) — C([a,D]) be self maps of a metric-like space (X, o)

such that the following conditions hold:
(1) f:[0,1]xX x X — X is a nonincreasing function in the fifth and sixth variable,
(ii) There exist a functions f : [0, 1] x X x X — X with constants & and 8 such that

[t u() V() =1 u) V(©)] < Liafu—v[+Blu" =]},
forallz € [0,1] and u,v € C'([a,b],X),
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(iii) there exists a path a,b € [0,1] and o, B > 0 such that

o+4
k:+ﬁ

, and Lk < 1.

Then, the non linear integral equation has a common solution in C'([a,b],X) and
(6.68) has a solution. Also it is the solution of differential equation (6.67).

Proof: Consider C'([a,b],X) with the metric

o(x,y) =0 sup lu—v|+ B sup |« —V'|.
t€la,b) t€la,b)

The (X, o) is a complete metric-like space.
Let 7,5 : X — X be two operators defined as
b
Tu(t) = h(t)+/ G(t,s)f(s,u(s),u'(s))ds,¥ t,s € [a,D],
a
and
b
Svlt) = B0+ [ G.9)flsv(s)/ (5))ds,V .5 € fa.b)],
a

where f and & are continuous functions. Now, u is a solution of (6.68) if and only if u is
a common fixed point of 7" and S. Since T and S are increasing in the fifth and sixth
variables and other assertion of Theorem 6.3 are satisfied, by using condition (ii) of

Theorem 6.5 we obtain
b
Tu(t) = Sv(t)| = /a|G(f,S)||f(S,M(S)7u/(S))—f(SaV(S)aV'(S)Nds,
b
= [ 16.)ds(alu—vi+ Bl =V,
b
— Lo(u,v) / G(t,5)|ds.

For each a,b € [0, 1], we have

b
/G(t,s)ds = max = ,
a

o sup |u(t)—v(t) = «
t€la,b]

o(u,v) = go(u,v), (6.69)
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b
T (1) = V(1) = /a!G(%S)|!f(svu(5),u/(~v))—f(&V(S),V'(S))\ds,

b
_ L/a G(1,)|ds(atlu(t) —v(t)] + Blu (t) — ' (1)),

— Lo(u,v) / " 1G(t.5)lds.

b
/G(t,s)ds = max = ,
a

From adding (6.69) and (6.70) we obtain

Since

we have

a<t<b 2(b—a) 2
B sup [ —V| = B(b a)G(u',v’):EG(u’,v'), (6.70)
t€[a,b] 2 2
b—a)? b—
o(Tusy) < | 8") G(u,v)+¥6(u,v),
a P
< I
< |gtzy|owy)
ko= ‘”;ﬁ and Lk < 1,

o(Tu,Sv) < Lo(u,v).

Therefore u € X, hence u is a common fixed of 7 and S, also a solution to integral

equation (6.68). Thus, a differential equation (6.67) has a solution.

6.5.2 Existence of the Solution of Volterra-Fredholm Type Integral Equation

Now, in this subsection, we investigate the existence of the solution to the Volterra-

Fredholm type integral equation, which is used to illustrate the use of Theorem 6.3 for

the existence of a common fixed point of a pair of maps in metric space. The following

integral equation inspired by Nashine et al. (2018) and Agarwal et al. (2018). The

equation arise from the theory of parabolic boundary valued problems, which is the
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mathematical modellings of the spatio-temporal development of epidemic and various

physical and biological models.

t
u(t,x) = h(t,x)+/0 /RZK(t,x,s,y,u(s,y))dyds,vt,xED, (6.71)

where h: D — RN, K : D xD—)RN,D:[O,T]><Q,T>OandQ:RNisthenon

empty and closed set of Euclidean space RY equipped with norm ||.||, V N > 1.

Let (X,].||) be a Banach space. Define the mapping 6 : X X X — [0, ) by

o(xy) =[x =yl

Then (X, o) is a complete metric-like space.
By Theorem 6.3 (a), TX C SX. The fixed point of S is also a solution of (6.71).

Now we prove our results by establishing the existence of a common fixed point for a

pair of self mappings:

Theorem 6.6 Let 7,S : CN([a,b]) — CN([a,b]) be self maps of a metric-like space
(X, 0). Suppose the following assumptions hold:

(i) the function h: D — R and K : D x D x R, — X are continuous,
(ii) there exists a continuous function L : D X D — [0, o) such that
1K (2,x,5,y,u(s,y)) —K(t,x,5,y,v(s,y)[| < L(t,x,5,9)lu—v],
for all #,x,s,y,u(s,y) € D x D x RN,

(iii) there exists a path a,b € [0, 1] with a constant y € [0,1) such that

! I+ 1 1
s )= vldyds < = lin(1 + 5 1)) ~In(1 + 2[x)
where
1+t
L(t = = < 1.
Exsy)=v = ¢op

Then, the Volterra-Fredholm integral equation (6.71) has a unique common solution in
C"([a,b],X).
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Proof: Consider CN([a,b],X) with the metric
o(x,y) =[x =yl
The (X, o) is a complete metric-like space.
Let 7,5 : X — S be two operators such that S€ X and u € S. Define

t
Tu(t,x) = h(t,x)+/0 /RzK(t,x,s,y,u(s,y))dyds,vt,xGD. (6.72)

Since TX C SX,we prove that 7 maps S into itself. So, suppose that Tu: [0,T] xR — R?
is continuous mapping. Now, on contrary to that, we claim that 7 : S — S is not a
contraction. So, let (u,v) be a pair of elements in S. For all (¢,x) € D and using

condition (ii) of Theorem 6.7 we get

t
Tu=svl = [ [ 1K s 505.5) = Kx,5.0,9(5.9)) dyds.
t
< / / L(t.x,5,y)|u—v|dyds,
0 JR2
1+1 1 1
< —— | In(14+ = —In(14+—
< o | In(1 4 5 ul) ~In +3|rv|r>],
141 (141
PERETINIES U]
6+ 7t 1+ﬂWH
141 [ 1 — I
SSETIN POt 171
6+7t 1+§WH
S ’}/HM_VHJ

[Tu—Sv|| < vYu—v],
o(Tu,Sv) < yo(u,v),

which is a contradiction. Hence u is a common fixed of T and S, also a solution to

integral equation (6.71).

6.5.3 Existence Solution of the Two Boundary Value Second Order Differential
Equation in Quasi S;,-Metric Space

In this subsection we discuss the existence of a solution of the boundary value problem

by considering a space to be quasi partial S, metric space. Now, we consider the two
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point boundary value problem of the second order differential equation. The following
example is motivated by Edwards (1965), Yan et al. (2012), Pathak (2018) and Borisut
et al. (2019).

"

u (t) = f(t,u(t),d'(r), 0<r <T,
(6.73)

where 7 > 0 and f: [0,7] x X x X — X is a continuous function.

This boundary value problem is equivalent to the integral equation

B—a
T

ut) = o+ t—|—/OTG(t,s)f(s,u(s),u'(s))ds,vt,sG [0,T]. (6.74)

where the Green’s function associated with the above integral equation is given by

ST=D  gog<i<r,

G(t,s) =
tH(T —s)

, 0<r<s<T,

and a, > 0.

We prove our results by establishing a common fixed point for a pair of weakly compat-

ible self mappings in quasi-partial S; metric space.

Theorem 6.7 Let o7, : C([0,T]) — C([0,T]) be self maps of a quasi-partial S,
metric space (X, S, ) such that the following conditions hold:

(i) there exists f:[0,T] x R x R — R a continuous function and n-weakly increasing
in the first and fifth variables with y € |0, %] such that

1 (1), (1)) — |l () ()] < y\/ Infu—v)*+1]

u—v

In[(u—v)2+1]

=" and for increasing of u and v, we have

where |u(s) —v(s)| =y
u,v € C1(]0,T],X),

(ii) the Green’s function is given by

r 1
G(t,s) < <.
| oo <g

Then, the integral equation (6.74) has a common solution in C'([0,T],X).



205

Proof: Let C'([0,7],X) = f: [0,T] — R is a continuous function. Now, we define the
function S, : C[0,T] x C[0,T] x C[0,T] — [0, ) with the quasi-partial S, metric

2 2
Sapy 1t,0,7) :2( sup |u<t>—v<r>r> +2< sup |u'<t)—v’<r>|> .

1€[0,T) t€[0.7]

Then, (X,S,,,) is a complete quasi-partial Sj, metric space.

Let &7,.7 : X — X be two .”-weakly compatible operators defined by

Fu(t) = (ﬁ @) —I—/ G(t,s)fi(t,s,u(s),u'(s))ds,¥ t,s € [0,T].
and

v(t) = OH—M—F/OT G(t,s)fo(t,s,v(s),V (s))ds,V t,s € [0,T].

Where f1, f> and a, B are continuous functions.

Now, u* is a solution of (6.74) if and only if u* is a common fixed point of .2/ and
<, since o/ and . are increasing in the first and fifth variables and other assertion of

Theorem 6.7 are satisfied. We show that .« and . are contractions in X.
For each ¢ € [0, 1], by (ii), we have

b 1
/ G(t,s)ds = =t(t—1).
a 2
and sup-norm of #(1 —1) = 4—1‘, therefore
b 1

sup G(t,s)ds = -.
t€la,b]/a 8

By using condition (i) of Theorem 6.7, we discuss the following cases:

Case 1.

) =0 = [ 1i(suls) ()~ Faloor(s) ¥ 5D,
2
2( JA |G<r,s>|ds|u<s>—v<s>\) 7
2
2(%'\/111[('”’;_”3?“]) . (6.75)

IN
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Case II.

T
U (1) =V (1) = /OIfl(S»u(S)yu'(S))—fz(s,V(S)N’(S))Ids,

2
< 2(/0T|G(I,S)IdS|M’(S)—V’(S)|> :

2
<2 (%\/ ln[(|u|/u,__v12|2 - 1]) . (6.76)

By combining (6.75) and (6.76) , we obtain

T u(t) — Sv(t)|+ |t (1) — AV (1) < 2

v [nl(Ju—v)2+1] 2+
8 lu—v|

2

Y [In[(j —V'[)?+1]

2<§ )

S,

=]

Sqpp (A u, Au, Sv) < OSyp, (u,u,v).
Therefore u* € X is a common fixed of ./ and .#, also a solution to integral equation
(6.74). Hence the differential equation (6.73) has a solution.

6.5.4 Existence of a Common solution of Weakly Compatible Mappings for Non-
linear Fractional Differential Equation in Quasi-Partial S;, Metric Space

The purpose of this subsection is to provide an application of Theorem 6.4 to get a
common solution of weakly compatible mappings for a nonlinear fractional differential

equation, where we can apply a generalised mapping in quasi partial S; metric spaces.

We investigate the existence of a unique common fixed point for 7-weakly compatible
mappings of the Caputo derivative with the fractional order of the nonlinear fractional

differential equation.

This form of fractional derivative for a continuous function f : [0,00) — R is given by
Abdeljawad et al. (2019) and Zahed et al. (2020) as: Caputo fractional derivative of
n(t) order & > 0 is denoted by C.@,‘;‘(t) and defined as

“DN(0) = gy =
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withi =[]+ 1 € N, where o € [i — 1,i] and [a] denotes the greatest integers of & (i.e.,

the greatest part of o) and o : [0,00) — R is a continuous function.
We denote X = C([0, 1],IR) the set of all continuous functions from [0, 1] into R.

The Caputo fractional differential equation has several applications in mathematics,
i.e., in image processing, Digital data processing, electrical signal, acoustics, physics
and probability theory (one can see in (Zolzer et al. 2002)). The following nonlinear
fractional differential equation is inspired by Baleanu et al. (2013), Karapinar et al.

(2019), Kanwal et al. (2019) and Budhia et al. (2020).

Consider the following nonlinear fractional differential equation.

CP%(t) = f(t,u(t)), t € (0,1),1 < <2,
(6.77)
u(0) =0,u(1) = [Ju(t)dt (0< o <1)
where € 2% denotes the Caputo fractional derivative of order o and f: [0,1] x X — X

is a continuous function.

The nonlinear fractional differential Equation 6.77 can be written as

u() = %/Ot(t—‘r)a_lf(‘t?u(f))df—
2t

)
1
oy 170 e

m/j [/()T(T—z)a_lf(z,u(z))dz] dt. (6.78)

A function u € C(1,X) is a solution of the fractional differential integral equation (6.78)

if and only if u is a solution of the nonlinear fractional differential equation (6.77).

We define a quasi partial S;, metric on X as

2 2
Sqp, (U, u,v) = ( sup |u(t) —v(t)|> + ( sup |u(?) —v(t)]) )

t€[0,1] t€[0,1]

Then, (X,S,,,) is a complete quasi-partial Sj, metric space.

Now, we prove the following theorem.
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Theorem 6.8 Suppose the following hypotheses hold:

(i) there exists f € C(I x X,X) a continuous in the first and fifth variables;

(ii) there exists a continuous function f : [0,1] x R — Ry, such that
£ (t,u(t) = f(2,v()] < 28u(t) —v(7) P,
forallt € ]0,1] and for all u,v € X and a constant ¥ € [O, %) such that

2

oo |17 o) (a+1)+2t(a+c*tD 1)
B (2-o)I(a)(a(a+1))

Then, the fractional differential Equation 6.77 has a common solution as a fixed
pointu* € C(I,X).

Proof: Let us define ., <7 : C([0, 1]) — C([0,1]), with o/ € . by

Su(t) = m/ot(t—’c)“_lf(r,u(r))d‘c—

1
e | -0 e

(2—02%/00 U:(T‘@“f(%u(z))dz dr,  (6.19)

fort € [0,1], then . is continuous at the first and fith variables. Suppose that
’ 1
ult) = [ (22" Sz u2)dz,

this implies that &7 € . and & posses a fixed point u* € .. To prove the existence
of fixed point of 1, we prove that 1 is continuous in the first and fifth variables of the
implicit function Fy and is a contraction. To show this, let .”u # <7, for all u,v € [0, 1].

By the hypothesis of Theorem 6.8, we have

|du— v = 2

ﬁ /Ot(t )L p(z (7)) de —

1
Q_VZZW/O (1= 0% f(z,u(z))d7 +

o | [ e o
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_ﬁ /ot(t — )% (T, v(s))ds +

@—;W/ol“ — )% f(7,0(1))dT ~

(2—62% /o(F [/OT(T - Z)alf(ZaV(Z))dZI dt

2

Y

IN

2 (1%/(:0 = 0)* N f(Tu(7) — f(zv(7))ldT +

(2—622%/01“ =0 f(r,u(x) = £ (7. 0(x) ld. +

2
(2—622%/0 [/0 (T_Z)a_l|f(za”(2))—f(Z,V(Z))IdZIdT> :

2(%&“ ©) % u(t) —v()ld +

oot y (O O v

2
(2—62%/0 [/0 (T—@“l\u@)—v(z)!dz]dr) ,

1 t "

IN

oyl / o1+
2
. 62 &=l / [/ - zaldz] )
2
1o N 2t N 2tgot! QHM_VHZ
< af(a) (2—62)OCF(OC) (2—02)(X(O£—|—1)F(a) 009

This implies that
|u— SV < 20|u—v|>.
Thus, for each u,v € X, we have

Sap, (A u, Au, Sv) < OSyp, (u,u,v). (6.81)
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For ® € [0,1) and the condition ((FS1) — (FS2)) shows that &/~ is a contraction
mapping on X, since all the hypotheses of Theorem (6.8) are satisfied. Therefore, there
exists u* € C(I) a common fixed point of .7 and ., that is, u™ is a solution to fractional

nonlinear differential equation (6.77).



211

CHAPTER SEVEN

CONCLUSION, RECOMENDATION AND FUTURE WORK

7.1 Introduction

This study aimed at developing several fixed point theorems for contractive mappings
in abstract spaces with some applications. This was done by extending, generalising
and improving existing theorems in literature and adjusting them to apply to the context
of the study. The proofs of the theorems were done using rules of logical deduction,
mathematical induction and, when appropriate, proof by contradiction using the Banach
contraction principle concept. In this chapter, we briefly state the conclusions from this
study, provide a few recommendations, future works, limitations of the study and a list

of published papers.

7.2 Conclusion

We conclude from the study that it is possible to extend some fixed point theorems
proved for mappings in metric spaces into another class of abstract spaces. Fixed point
theorem refers to an equation x = T'x; usually, the theorem gives conditions for the
existence and uniqueness of a solution. For example, the function 7 may be thought of

as a mapping. Then a solution x is a point that a mapping leaves fixed.

This study showed several ways to construct, extend, formulate, prove, and generalise
fixed point theorems in abstract spaces, first, by using various maps, i.e., single valued
map, multivalued map, hybrid map and implicit maps, where the proof is done by

finding a coincidence point or common fixed point results.

Also, the generalisation is done by considering relatively large classes of abstract spaces;
Cone metric spaces, b-metric spaces, partial b-metric spaces, metric-like spaces, partial

metric spaces, quasi partial S,-metric-like spaces, and G-metric spaces.

Next, the formulation of a fixed point can be done by considering the conditions that
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ensure a common fixed point: commutativity, containment of ranges of mappings,
continuity or weaker conditions. Using (E.A)- property, (JCLR)- property, (CLR)-

property and several others to obtain a fixed point.

Furthermore, the domains of the mappings needed to be complete or at least O-complete
and have non-empty boundaries. We found out that the extended theorems generally

retained their form when modified to cater for abstract spaces.

In this work, we have tackled some types of optimal control problems in the presence of
the newly proposed integral differential equations, fractional differential equations and
ordinary differential equations. In order to obtain the fixed point results, we exploited
the techniques mentioned in several books and the fractional integration techniques.
As aresult, the formulation showed, and the obtained results are analogous when the
classical principles are used; but with slight differences. Therefore, we believe in the
need of tackling such operators and that this work may initiate the interest of researchers
in them as they can also be used in modelling some problems considered in various
fields of sciences. Therefore, by using all generalisation methods, we conclude that it is

possible to obtain new results.
The following are significant contributions of this study to fixed point theory:

The coincidence fixed point for a pair of mappings result given in Theorem 3.4, Theorem
3.7, Theorem 3.8 and Theorem 3.9. These theorems provide the coincidence fixed
point conditions for a substantial class of F-Kannan mappings on various abstract
spaces. We proved a coincidence fixed point theorem for a pair of F-Kannan mapping
in a generalised metric space. Furthermore, a fixed point theorem is proved for F-
Kannan-Suzuki type mappings in TVS valued cone metric space. Specifically, we
introduced, extended and generalised the results due to Batra ef al. (2020) and Morandi
and Alimohammadi (2011). In addition, some examples were provided to validate
the results and an application to integral equations, nonlinear fractional differential
equations and ordinary differential equations for damped forced oscillation, which

generalises several well-known results in the literature.
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The fixed point for multivalued result given in Theorem 4.5, Theorem 4.7 and Theo-
rem 4.9. These theorems provide the fixed point conditions for a substantial class of
Hady-Rogers contraction mappings on various abstract spaces. We proved a fixed point
theorem for multi-valued mapping using o-F-contraction in partial metric spaces. Fur-
thermore, a fixed point theorem is proved for F-Hardy-Rogers multi-valued mappings
in ordered partial metric spaces. Specifically, this paper is motivated by the works by Ali
and Kamran (2016), Sgroi and Vetro (2013). We also provided illustrative examples and
an application to integral equations, which generalises some well-known results in the
literature. These results have some applications in several areas of applied mathematics,

especially in the Volterra type integral equation.

The coincidence result is given in Theorem 5.4. This theorem provides the coincidence
conditions for a substantial class of non-self mappings on various abstract spaces. The
study is motivated by the results obtained by Aserkar and Gandhi (2020) in metric
space. We proved a fixed point theorem for common fixed point for two hybrid pairs of
coincidentally idempotent non-self mappings in weakly partial b-metric space, which
satisfies joint common limit range property in a generalised (F, &, n)-contraction, these
results have some applications in many areas of applied mathematics, especially in

hybrid differential equations.

We also proved the results for p-hybrid mappings via common limit range (CLR)
property in G-metric space setting. The theorems proved here are Theorem 5.5 and
Theorem 5.6, that generalise the results due to Karapinar et al. (2013), Karapinar
(2009), Nashine et al. (2018), Karapinar et al. (2019) and Karapinar et al. (2020) from
metric space and quasi partial metric notion to G-metric space. We give an example to

demonstrate the results.

7.3 Recommendations

Mathematicians can extend this study to develop theorems that state the conditions for
the existence of fixed points for non-self mappings, non-expansive mappings in abstract

spaces.
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The abstract spaces have found an application in nonlinear analysis. However, more
research needs to be done to identify applications in other areas of mathematics, chem-
istry, physics. Finally, it would be interesting to investigate the fixed point theory of
particular abstract spaces. This means we could move from examining the general

abstract space and look into the specific application of abstract spaces.

7.3.1 Limitations of the Study

This study focuses on contraction mappings, which forces the spaces to be continuous
and complete for the existence of a fixed point.

7.3.2 Future work

In future work, we intend to investigate the fixed point theorems and its applications in

physics to show how X-ray machine works concerning the fixed point theorems and its

application to matrix equations.



215

REFERENCES

Aamri M and El Moutawakil D 2002 Some new common fixed point theorems under
strict contractive conditions. Journal of Mathematical Analysis and Applications,

270(1): 181-188.

Abbas M and Jungck G 2008 Common fixed point results for non commuting mappings

without continuity in cone metric spaces. Journal of Mathematical Analysis and

Applications, 341(1): 416-420.

Abbas M and Rhoades BE 2009 Fixed and periodic point results in cone metric spaces.
JAppl. Math. Lett., 22: 511-515.

Abbas M, Latif A and Suleiman YI 2016 Fixed points for cyclic R-contractions and
solution of nonlinear Volterra integro-differential equations. Fixed Point Theory

and Applications, 2016(1): 1-9.

Abdeljawad T, Agarwal RP, Karapinar E and Kumari PS 2019 Solutions of the non-
linear integral equation and fractional differential equation using technique of a

fixed point with a numerical experiment in extended b-metric space. Symmetry,

11(5): 686.

Agarwal P, Mohamed J and Bessem S 2018 Fixed Point Theory in Metric Spaces.

Recent Advances and Applications.

Agarwal RP, Kadelburg Z and Radenovic S 2013 On coupled fixed point results in

asymmetric G-metric spaces. Journal of Operators, 2013(1): (2013).

Agarwal RP, Karapinar E, O’regan D and Roldéan-Lépez-de-Hierro AF 2015 Fixed
point theory in metric type spaces. Fixed Point Theory and Applications, Switzer-

land: Springer.

Agarwal RP, Meehan M and O’regan D 2001 Fixed point theory and applications. Vol.
141. Cambridge University Press, Cambridge.



216

Ahmad B, Ashraf M and Rhoades BE 2001 Fixed point theorems for expansive
mappings in D-metric spaces. Indian Journal of Pure and Applied Mathematics,

32(10): 1513-1518.

Ahmadullah MD, Javid A and Imdad M 2016a Unified relation-theoretic metrical
fixed point theorems under an implicit contractive condition with an application.

Fixed Point Theory Appl., 2016(1): 1-15.

Ahmadullah M, Imdad M and Gubran R 2016b Relation-theoretic metrical fixed point
theorems under nonlinear contractions. Fixed Point Theory, (arXiv preprint

arXiv:1611.04136): 1-18.

Ahmadullah MD, Khan AR and Imdad M 2016¢ Relation-theoretic contraction prin-
ciple in metric-like as well as partial metric spaces. Bull. Math. Anal. Appl.,

2016(3): 31-41.

Alam A and Imdad M 2015 Relation-theoretic contraction principle. J. Fixed Point
Theory Appl., 17(4): 693-702.

Alamgir N, Kiran Q, Aydi H and Mukheimer A 2019 A mizoguchi-takahashi type
fixed point theorem in complete extended b-metric spaces. Mathematics, 7(5):

478.

Ali MU and Kamran T 2016 Multivalued F-Contractions and related fixed point
theorems with an application. Filomat, 30(14): 3779-3793.

Ali MU and Imdad M 2008 An implicit function implies several contraction conditions.

Sarajevo J. Math., 4(17): 69-285.

Alsulami H H, Karapinar E and Piri H 2015 Fixed Points of Generalised F-Suzuki
type Contractions in complete b-metric Spaces. Discrete Dynamics in Nature and

Society, 2015(Article ID 969726): 1-8. http://dx.doi.org/10.1155/2015/969726

Altun I, Minak G and Dag H 2015 Multivalued F-contractions on complete metric
space. J. Nonlinear Convex Anal., 16(4): 659-666.



217

Altun I and Simsek H 2008 Some fixed point theorems on dualistic partial metric

spaces. J. Adv. Math. Stud., 1(2008): 1-8.

Amini-Harandi A 2012 Metric-like spaces, partial metric spaces and fixed points.

Fixed Point Theory and Applications, 2012(1): 1-10.

Ansari AH, Gupta V and Mani N 2019 C-class functions on some couple fixed
point theorem in partially ordered S-metric spaces. Communications Series Al
Mathematics and Statistics, 62(2): 1694-1708. https://doi.org/10.2478/dema-
2014-0012

Ansari AH 2014 Note on ¢-y contractive type mappings and related fixed point. In
Proceedings of the 2nd Regional Conference on Mathematics and Applications,

18(19): 377-380.

Aserkar AA and Gandhi MP 2020 The unique common fixed point theorem for
four mappings satisfying common limit in the range property in b-metric space.
Mathematical Analysis 1: Approximation Theory: ICRAPAM 2018 New Delhi
India, 306(161): 23-25.

Aydi H and Karapinar E 2015 Fixed point results for generalized o-y-contractions in
metric-like spaces and applications. Electronic Journal of Differential Equations,

2015(133): 1-15.

Aydi H, Chen CM and Karapinar E 2019 Interpolative Ciric-Reich-Rus type contrac-

tions via the Branciari distance. Mathematics, 7(1): 84.

Aydi H, Felhi A and Sahmi S 2015 Fixed points of multi-valued non-self almost
contractions in metric-like spaces. S. Math. Sci., 9(2015): 103-108.

Aydi H, Abbas M and Vetro C 2012 Partial Hausdorff metric and Nadler’s fixed
point theorems on partial metric spaces. Topology and its Application, 159(14):
3234-3242.

Azam A and Arshad M 2008 Kannan fixed point theorem on generalised metric spaces.

The Journal of Nonlinear Sciences and Its Applications, 1(1): 45-48.



218

Azam A and Mehmood N 2013 Fixed point theorems for multivalued mappings in

G-cone metric spaces. Journal of Inequalities and Applications, 2013 (1): 1-12.

Azam A and Beg I 2013 Kannan type mapping in TVS-valued cone metric spaces and
their application to Urysohn integral equations. Sarajevo Journal of Mathematics,

9(22): 243-255.

Bai Z and Lu H 2005 Positive solutions for boundary value problem of nonlinear frac-
tional differential equation. Journal of Mathematical Analysis and Applications,

311(2): 495-505.

Bakhtin TA 1989 The contraction principle in quasi metric spaces. Funct. Anal., 30
(1989): 26-37.

Baleanu D, Rezapour S and Mohammadi H 2013 Some existence results on nonlinear
fractional differential equations. Philos. Trans. R. Soc. Lond., Ser. A, Math. Phys.
Eng. Sci. 371(1990): 1-7.

Banach S 1922 Sur les opérations dans les ensembles abstraits et leur application aux

équations intégrales. Fund. Math. 3(1): 133-181.

Batra R, Gupta R and Sahni P 2020 A new extension of Kannan contractions and

related fixed point results. The Journal of Analysis, 337(1): 1-6.

Beg I and Pathak HK 2018 A variant of Nadler’s theorem on weak partial metric spaces
with application to homotopy result. Vietnam J. Math. 46(2018): 693-706.

Beg I and Butt AR 2010 Common fixed point for generalized set valued contractions
satisfying an implicit relation in partially ordered metric spaces. Mathematical

Communications, 15(1): 65-76. https://doi.org/10.2478/dema-2014-0012.

Beg I, Azam A and Arshad M 2009 Common fixed point for maps on topological vector
space valued cone metric spaces. Internat. J. Math. Math. Sci., 2009(Article ID
560264): 1-8. doi:10.1155/2009/560264.



219

Berinde V 1993 Generalized contractions in quasi metric spaces. In Seminar on Fixed

Point Theory, 3(9): 3-9.

Berinde V and Vetro F 2012 Common fixed points of mappings satisfying implicit

contractive conditions. Fixed Point Theory and Applications, 2012(1): 105.

Birkoff CD and Kellog OD 1922 Invariant points in afunction space. Tran. Am. Math.
Soc., 23(1): 96-115.

Boriceanu M, Petrusel A and Rus IA 2010 Fixed point theorems for some multi-valued
generalized contractions in b-metric spaces. International Journal of Mathematics

and Statistics, 6(10): 65-76.

Borisut P, Kumam P, Gupta V and Mani N 2019 Generalized (y, o, 8)-Weak Contrac-
tions for Initial Value Problems. Journal of Fixed Point Theory and Applications,
7(3): 266.

Bota M, Molnar A and Varga CSABA 2011 On Ekeland’s variational principle in
b-metric spaces. Fixed Point Theory, 12(2): 21-28.

Boyd D and Wong JSW 1969 On nonlinear contractions. Proc. Am. Math. Soc., 20(2):
458-464.

Branciari A 2000 A fixed point theorem of Banach-Caccippoli type on a class of
generalised metric spaces. Publ. Math. Debrecen, 57 (2000): 31-37.

Brouwer LEJ 1912 Uber Abbildung von Mannigfaltigkeiten. Math. Ann., 71(1912):
97-115.

Budhia 1, Aydi H, Ansari AH and Gopal D 2020 Some new fixed point results in rectan-
gular metric spaces with an application to fractional-order functional differential

equations. Nonlinear Analysis: Modelling and Control, 25(4): 580-597.

Budhia LB, Kumam P, Martinez-Moreno J and Gopal D 2016 Extensions of almost-
F and F-Suzuki contractions with graph and some applications to fractional

calculus. Fixed Point Theory and Applications, 2016(1): 1-14.



220

Buskes G and Van Rooij A 1997 Topological spaces. In Topological Spaces, Springer.
1997: 187-201, New York, NY..

Burton T 1998 A fixed point theorem of Krasnoselskii. Appl. Math. Lett. 11(1): 85-88

Cabada A and Hamdi Z 2014 Nonlinear fractional differential equations with integral
boundary value conditions. ELsevier Ltd, 228(2014): 251-257.

Cabada A and Wang G 2012 Positive solutions of nonlinear fractional differential
equations with integral boundary value conditions. J. Math. Anal. Appl., 389(1):
403-411.

Cauchy ALB 1840 Lecons de calcul differentiel et de calcul intégral. Bachelier.

Volumel, Mallet-Bachelier.

Chatterjea S 1972 Fixed-point theorems. Dokladi na blogarskata akademiya na
naukite. 25(6): 727-30.

Chaipornjareansri S 2018 Fixed point theorems for generalized weakly contractive

mappings in S-metric spaces. Thai Journal of mathematics. 2018(2018): 50-62.

Chaipornjareansri S 2016 Fixed Point Theorems for F,,-Contractions in Complete

S-Metric Spaces. Thai Journal of Mathematics, 14(4): 98-109.

Chandok S, Huang H and Radenovic S 2018 Some Fixed Point Results for the Gener-
alised F'-Suzuki Type Contractions in b-metric Spaces. Proc. Am. Math. Soc.,

11(1): 81-89.

Chauhan S, Khan MA, Kadelburg Z and Imdad M 2014 Unified common fixed point
theorems for a hybrid pair of mappings via an implicit relation involving altering
distance function. Abstract and Applied Analysis, 2014 (Article ID 718040): 1-9.
https://doi.org/10.1155/2014/718040.

Chetan VG 2017 A brief study of a fixed point theorem. International Journal of
Applied Science, 104(2): 427-434.



221

Chifu IC and Karapinar E 2020 Admissible hybrid Z-contractions in b-metric spaces.
Axioms, 9(1): 1-17.

Chifu C and Petrusel G 2017 Fixed point results for multi-valued Hardy-Rogers

contractions in b-metric spaces. Filomat, 31(8): 2499-2507.

Chugh R, Kadian T, Rani A and Rhoades BE 2010 Property P in G-metric spaces.
Fixed Point Theory and Applications, 2010: 1-12.

Ciri¢ LB 1974 A generalisation of Banach contraction principle. Proc. Amer. Math.

Soc. 45(2): 267-273.

Ciri¢ LB 1993 A remark on Rhoade’s fixed point theorem for non-self mappings. Inter.
J. Math. Math. Sci., 16(1993): 397-400.

Ciri¢ LB and Ume JS 2005 Multi-valued non-self-mappings on convex metric spaces.

Nonlinear Analysis: Theory, Methods and Application, 60(66): 1053-1063.

Connell EH 1959 Properties of fixed-point spaces. Proc. Amer. Math. Soc., 1959(10):
974-979.

Conrad K 2009 The contraction mapping theorem. J. Nonlinear Sci. Appl.. 2009(2):
1-19.

Corduneanu C 1991 Integral equations and applications. Cambridge University Press

Vol. 148.

Cosentino M and Vetro P 2014 Fixed point results for F-contractive mappings of

Hardy-Rogers-type. Filomat, 28(4): 715-722.

Cosentino M, Jleli M, Samet B and Vetro C 2015 Solvability of integrodifferential
problems via fixed point theory in b-metric spaces. Fixed Point Theory and

Applications, 70(1): 1-15. https://doi.org/10.1186/s13663-015-0317-2

Czerwik S 1993 Contraction mappings in b-metric spaces. Acta Math. Inf. Univ.
Ostrav., 1(1993): 5-11.



222

Czerwik S, Dlutek K and Singh SL 2001 Round-off stability of iteration procedures
for set-valued operators in b-metric spaces. J. Nat. Phys. Sci., 2001(11): 87-94.

Czerwik S 1998 Nonlinear set-valued contraction mappings in b-metric spaces. Aftti

Sem. Mat. Fis. Univ., 1998(46): 263-76.

Dass BK and Gupta S 1975 An extension of Banach contraction principle through
rational expressions. Inidan J Pure Appl Math., 6(1975): 1455-8.

Dasgupta H, Chakrabarti S and Chakraborty P 2014 A Fixed Point Theorem of
Caccioppoli-Kannan Type on a Class of Generalized Metric Spaces. [In Interna-

tional Mathematical Forum, 28(9): 1357-1361.

Delbosco D and Rodino L 1996 Existence and uniqueness for a nonlinear fractional

differential equation. J. Math. Anal. Appl., 204(2): 609-625.

Dhage BC 1999 A common fixed point principle in D-metric spaces. Bulletin of the
Calcutta Mathematical Society, 91(6): 475-480.

Dhage BC, Pathan AM and Rhoades BE 2000 A general existence principle for fixed
point theorems in D-metric spaces. International Journal of Mathematics and

Mathematical Sciences, 23(7): 441-448.

Dhage BC 2000 Generalized metric space and topological structure. I. Analele At-
intifice ale Universitatii Al. 1. Cuza din lasi. Serie Noua Mathematica, 46(3):

24.

Dhage BC 2006 A non-linear alternative with applications to non-linear perturbed

differential equations. Appl. Math. Lett., 13(4): 343-354.

Dhage BC 2014 Partially condensing mappings in partially ordered normed linear
spaces and applications to functional integral equations. Tamkang Journal of

Mathematics, 45(4): 397-426.

Derdevic M, Djoric D, Kadelburg Z, Radenovic S and Spasic D 2011 Fixed point
results under c-distance in tvs-cone metric spaces. Fixed Point Theory Appl.,

2011(1): 1-9. Doi: 10.1186/1687-1812-2011-29



223

Dukic D, Kadelburg Z and Radenovic S 2011 Fixed point of Geraghty-type mappings
in various generalized metric spaces. Abstr. Appl. Anal. 2011(2011): 1-13.

Durmaz G and Altun I 2016 Fixed points results for a-admissible multivalued F-

contractions. Miskolc of Mathematics Notes, 17(1): 187-199.

Dutta PN and Choudhury BS 2008 A generalisation of contraction principle in metric
spaces. Fixed Point Theory and Applications, 2008(2008): 1-8.

Edwards RE 1965 Functional Analysis Theory and Application. Holt, Reinehart and
Winston, 1965.

Eke KS, Davvaz B and Oghonyon JG 2019 Relation-theoretic common fixed point
theorems for a pair of implicit contractive maps in metric spaces. Communications

in Mathematics and Application, 10(1): 159-168.

Filipovic M, Paunovic L, Radenovic S and Rajovic M 2011 Remarks on Cone met-
ric spaces and fixed point theorems of 7T-Kannan and 7-Chatterjea contractive

mappings. Mathematical and Computer Modelling, 54(5-6): 1467-1472.

Fréchet M 1906 Sur quelques points du calcul fonctionnel. Rendiconti del Circolo

Matematico di Palermo, 22(1): 1-72.

Fréchet M 1951 Abstract sets, abstract spaces and general analysis. Mathematicical

Magazine, 23(1): 147-155.

Freiwald RC 2014 An introduction to set theory and topology. Washington University

in St. Louis.

Gautam P and Verma S 2021 Fixed point via implicit contraction mapping in Quasi-

partial b-metric spaces, The Journal of Analysis, 29(4): 1251-1263.

George R, Radenovic S, Reshma KP and Shukla S 2015 Rectangular b-metric space
and contraction principles. Journal of Nonlinear Science and Applications, 8(6):

1005-1013.



224

Geraghty MA 1973 On contractive mappings. Proceedings of the American Mathe-
matical Society, 40(2): 604-608.

Goebel K 1968 Coincidence theorem. Bull. Acad. Polon. Sci. S6r. Sci. Math., 16
(1968): 733 -735.

Gopal D, Kumam P and Abbas M 2017 Background and recent developments of metric
fixed point theory. CRC Press eds.

Goswami N, Haokip N and Mishra VN 2019 F'-contractive type mappings in b-metric
spaces and some related fixed point results. Fixed Point Theory and Applications,

2019(1): 1-13.

Gupta V, Shatanawi W and Kanwar A 2020 Coupled fixed point theorems employing
CLR-property on V-Fuzzy metric spaces. Mathematics, 8(3): 404.

Gupta V, Shatanawi W and Mani N 2017 Fixed point theorems for (y, )-Geraghty
contraction type maps in ordered metric spaces and some applications to in-
tegral and ordinary differential equations. Journal of Fixed Point Theory and

Applications, 19(2): 1251-1267.

Gupta A and Gautam P 2015 Quasi-partial b-metric spaces and some related fixed

point theorems. Fixed Point Theory and Applications, 18(2015): 1-12.

Gupta A and Gautam P 2015b Some coupled fixed point theorems on quasi-partial

b-metric spaces. International Journal of Mathematical Analysis, 9(6): 293-306.

Hardy GE and Rogers TD 1973 A generalization of a fixed point theorem of Reich.
Canadian Mathematical Bulletin, 16(2): 201-206.

Hammad HA and De la Sen M 2020 Fixed-point results for a generalized almost
(s,q)-Jaggi F-contraction-type on b-metric-Like spaces. Mathematics, 8(1):
1-21.

Harjani J and Sadarangani K 2010 Generalized contractions in partially ordered metric
spaces and applications to ordinary differential equations. Nonlinear Analysis:

Theory, Methods Applications, 72(3-4): 1188-1197.



225

Hausdorff F1914 Grundzuge der Mengenlehre Leipzig: Veit. Reprinted by Chelsea
Publishing Company, 1949 ISBN 978-0-8284-0061-9.

Henderson J and Luca R 2016 Boundary valued problems for system of Differential,

Difference and Fractional Equations of positive solutions. ELsevier Ltd.

Huang LG and Zhang X 2007 Cone metric spaces and fixed point theorems of contrac-

tive mappings. J. Math. Anal. Appl., 332: 1468-1476.

Hunter JK and Nachtergaele B 2001 Applied analysis. World Scientific Publishing
Company.

Hussain A and Adeel M 2019 Remarks on New fixed point theorems for a-H-®-
contractions in ordered metric spaces. Journal of Fixed Point Theory and Appli-

cations, 21(2): 1-6.

Ili D and Rakocevi V 2008 Common fixed point for maps on cone metric space. J.

Math. Anal. Appl., 341(2): 876-882.

Imdad M, Chauhan S, Soliman AH and Ahmed MA, Kumam P 2015 Fixed point
theorems for two hybrid pairs of non-self mappings under joint common limit

range property in metric spaces. J. Nonlinear Convex Anal., 16(2): 243-254.

Imdad M, Chauhan S, Soliman AH and Ahmed MA 2014 Hybrid fixed point the-
orems in symmetric spaces via common limit range property. Demonstratio

Mathematica, 47(4): 949-962.

Imdad M, Gubran R and Ahmadullah M 2016 Using an implicit function to prove
common fixed point theorems. Publ. arXiv preprint arXiv:1605.05743.

Imdad M, Kumar S and Khan MS 2002 Remarks on some fixed point theorems
satisfying implicit relations. Rad Mat., 11(1): 135-143.

Jaggi DS 1977 Some unique fixed point theorems. Indian J. Pure Appl. Math., 1977(8):
223-230.



226

Jeong GS and Rhoades BE 2007 More maps for which F(T') = F(T"). Demonstratio
Mathematica, 40(3): 671-680.

Jleli M and Samet B 2012 Remarks on G-metric spaces and fixed point theorems.

Fixed Point Theory and Applications, 2012(1): 1-7

Joshi V, Singh D and Petrusel A 2017 Existence results for integral equations and
boundary value problems via fixed point theorems for generalized-contractions
in-metric-like spaces. Journal of Function Spaces. 2017(Article ID 1649864):
1-14. https://doi.org/10.1155/2017/1649864

Jotic N 1995 Some fixed point theorems in metric spaces. Indian J. Pure and Appl.
Math. 26(1995): 947-952.

Jungck G 1986 Compatible mappings and common fixed points. Inter. Math. Math.
Sci. 9(4): T71-T779.

Jungck G 1976 Commuting mappings and fixed points. The American Mathematical
Monthly, 83(4): 261-263.

Kadelburg Z, Radenovic S and Rakocevic V 2011 A note on the equivalence of some

metric and cone metric fixed point results. Appl. Math. Lett., 24(3): 370-374.

Kadelburg Z, Radenovic S and Rakocevic V 2010 Topological vector spaces valued
cone metric spaces and fixed point theorems. Fixed Point Theory Appl., 2010
(Article ID170253): 1-18.

Kadelburg Z and Radenovic S 2012 Coupled fixed point results under TVS-cone
metric and W-cone-distance. Adv. Fixed Point Theory, 2 (1): 29-46.

Kaewcharoen A and Kaewkhao A 2011 Common fixed points for single-valued and
multivalued mappings in G-metric spaces. Int. J. Math. Anal., 5 (2011): 1775—
1790.

Kajanto S and Lukacs A 2018 A note on the paper Contraction mappings in b-metric

spaces by Czerwik. Acta Universitatis Sapientiae, Mathematica, 10(1): 85-89.



227

Kakutani S 1941 A generalization of Brouwer fixed point theorem. Duke Math. J.,
8(1941): 457-459.

Khammahawong K and Kumam P 2017 Fixed point theorems for generalized Roger
Hardy type F-contraction mappings in a metric-like space with an application
to second-order differential equations. Cogent Mathematics and Statistics,4(1):

2331-1835.

Kamran T, Samreen M and ULAin Q 2017 A generalization of b-metric space and

some fixed point theorems. Mathematics, 5(2): 1-7.

Kannan R 1968 Some results on fixed points. Bull. Cal. Math. Soc., 1968(60): 71-76.

Kanwal T, Hussain A, Baghani H and de la Sen M 2020 New fixed point theorems in
orthogonal F-metric spaces with application to fractional differential equation.

Symmetry, 12(5): 832.

Kanwal T, Hussain A., Kumam P and Savas E 2019 Weak Partial b-Metric Spaces and
Nadler’s Theorem. Mathematics, 7(4): 332.

Karapinar E, Tas K and Rakocevic V 2019 Advances on fixed point results on partial

metric spaces. In Mathematical Methods in Engineering, Springer, Cham.

Karapinar E, Aydi H and Fulga A 2020 On-Hybrid Wardowski Contractions. Journal
of Mathematics, 2020(Article ID 1632526): 1-8.

Karapinar E 2009 Fixed point theorems in cone Banach spaces. Fixed Point Theory

and Applications, 2009(2009): 1-9.

Karapinar E, Algahtani O and Aydi H 2019 On interpolative Hardy-Rogers type

contractions. Symmetry, 11(1): 1-8.

Karapinar E, Erhan I and Ozurk A 2013 Fixed point theorems on quasi-partial metric

spaces. Mathematical and Computer Modelling, 57(2013): 2442-2448.



228

Kari A, Rossafi M, Marhrani E and Aamri M 2020 New fixed point theorems for
6-¢-contraction on (a,n)-complete rectangular b-metric space. Abstract and

Applied Analysis, 2020(arXiv preprint arXiv:2006.11409): 1- 17.

Khan MS, Swaleh M and Sessa S 1984 Fixed point theorems by altering distances

between the points. Bulletin of the Australian Mathematical Society, 30(1): 1-9.

Kim JK, Sedghi S, Gholidahneh A and Rezaece MM 2016 Fixed point theorems in
S-metric spaces. East Asian, Math. J., 32(5): 677-684.

Kilbas AA, Srivastava HM and Trujillo JJ 2006 Theory and applications of fractional

differential equations. Elsevier.
Kirk W and Shahzad N 2014 Fixed point theory in distance spaces. Cham: Springer.

Kolman B, Busby RC and Ross S 2000 Discrete mathematical structures. 3rd edn.
PHI Pvt. Ltd, New Delhi.

Kramosil I and Michalek J 1975 Fuzzy metrics and statistical metric spaces. Kyber-

netika, 11(5): 336-344.

Krasnoselski MA 1964 Topological Methods in the theory of Nonlinear Integral

Equations. Pergamon Press, Oxford.

Kumar S 2019 Coincidence points for a pair of ordered F-contraction mappings in

ordered partial metric space. Malaya Journal of Matematiix 7(3): 423-428.

Li X, Hussain A, Adeel M and Savas E 2019 Fixed Point Theorems for Z- Contrac-
tion and Applications to Nonlinear Integral Equations. J IEEE Access 7(2019):
120023-120029.

Liouville J 1837 Second memoire sur le developpement des fonctions ou parties de
fonctions en series dont divers termes sont assujettis a satisfaire a une meme
equation diffrentielle du second ordre contenant un parametre variable. J. Math.

Pures et Appl., 2(1837): 326-329.

Lipschitz 1877 Lehrbuch der analysis. M. Cohen and Sohn (F. Cohen).



229

Lukacs A and Kajanto S 2018 Fixed point theorems for various types of F-contractions

in complete b-metric spaces. Fixed Point Theory, 19(1): 321-334.
Machuca RA 1967 Coincidence theorem. Amer. Math. Monthly, 74(5): 569-569.

Malceski R, Malceski A, Anevska K and Malceski S 2016 Common fixed points of
Kannan and Chatterjea types of mappings in a complete metric space. Journal of

Advances in Mathematics and Computer Science, 18(1): 1-11.

Matkowski J 1977 Fixed point theorems for mappings with a contractive iterate at a

point. J. Proc. Am. Math. Soc.,62 (2) : 344-348.

Matthews S 1994 Partial metric topology in papers on general topology and appli-
cations, eighth summer conference at Queens College. Eds. S. Andima et al.,

Annals of the New York Academy of Sciences, 728(1): 183—197.

Minak G, Helvaci A and Altun I 2014 Ciri¢ type generalized F-contractions on
complete metric spaces and fixed point results. Filomat, 28(6): 1143-1151.
https://doi.org/10.2298.

Mishra S, Chandra M and Singh S 1995 Coincidences and fixed points of nonexpansive
type multi-valued and single-valued maps. Indian Journal of Pure and Applied

Mathematics, 26 (5): 393-402.

Mlaiki N, Mukheimer A, Rohen Y, Souayah N and Abdeljawad T 2017 Fixed point the-
orems for a-y-contractive mapping in S, metric spaces. Journal of Mathematical

Analysis, 8(5): 40-46.

Mohammadi B, Rezapour S and Shahzad N 2013 Some results of fixed points of o-¢
Ciric generalized multifunctions. Fixed Point Theory Application, 2013(1): 1-10.
doi:10.1186/1687-1812-2013-24.

Moradi S and Alimohammadi D 2011 New extensions of Kannan fixed-point theorem
on complete metric and generalized metric spaces. Int. J. Math. Anal., 47(5):

2313 - 2320.



230

Morales JR and Rojas E 2010 Cone metric spaces and fixed point theorems of T'-

Kannan contractive mappings. Int. J. Math. Anal., 4(4): 175-184.
Munkres J 1970 Topology: Pearson New International Edition. Springer Pearson.

Mukherjea A 1977 Contractions and completely continuous mappings. Nonlinear

Anal. Theory Methods Appl.,1(3): 235-247.

Mustafa Z and Sims B 2006 A new approach to generalised metric spaces. Journal of

Non-linear and convex Analysis, 7(2): 289-297.

Mustafa Z, Shatanawi W and Bataineh M 2009 Existence of fixed point results in G-
metric spaces. International Journal of Mathematics and Mathematical Sciences,

2009(2): 1-10.

Mustafa Z, Roshan JR, Parvanesh V and Kadelburg Z 2013 Some common fixed point
results in ordered partial b-metric spaces. J. Ineq. Appl., 2013(1): 1-26.

Mustafa Z, Aydi H and Karapinar E 2012 On common fixed points in G-metric spaces
using (E.A) property. Comput. Math. Appl., 64(6): 1944-1956.

Mustafa Z, Obiedat H 2010 A fixed points theorem of Reich in G-metric spaces. Cubo
A Mathematics Journal, 12(1): 83-93.

Mustafa Z, Arshad M, Khan SU, Ahmad J and Jaradat MMM 2017 Common fixed
points for multivalued mappings in G-metric spaces. J. Nonlinear Sci. Appl., 10

(2017): 2550-2564.

Nadler SB 1969 Multi-valued contraction mappings. Pacific Journal of Mathematics,
30(2): 475-488.

Nagaraju V 2020 Common Fixed Point Theorems for Six Self-Maps in G-metric
spaces. Annals of Pure and Applied Mathematics, 22(1): 57-64.

Naimpally SA, Singh SLJ and Whitfield HM 1986 Coincidence theorems for hybrid
contractions. Math. Nachr., 127 (1986): 177-180.



231

Nashine HK, Imdad M and Ahmadullah M 2020 Using (JCLR)-property to prove
hybrid fixed point theorems via quasi F'-contractions. J. Pure Appl. Math., 11 (1):
43-56.

Nashine HK, Imdad M and Ahmadullah M 2018 Common fixed-point theorems for
hybrid generalized (F, ¢)-contractions under the common limit Range property

with applications. Ukrainian Mathematical Journal, 69 (11): 1784—1804.

Nashine HK, Samet B and Vetro C 2011 Monotone generalized nonlinear contractions

and fixed point theorems in ordered metric spaces. Mathematical and Computer

Modelling, 54 (1-2): 712-720.

Nizar S 2016 A fixed point in partial Sj-metric spaces. An. St. Univ. Ovidius Constanta,
24(3): 351-362.

Nizar S and Nabil M 2016 A fixed point theoremin S,-metric spaces. J. Math. Com-
puterSci., 16(2016): 131-139.

Nieto JJ and Rodrigurz-Lopez R 2005 Contractive mappings theorems in partially
ordered sets and applications to ordinary differential equations. A journal on the

theory of ordered sets and its Application, 22(3): 223-239.

Nieto JJ and Rodriguez-Lopez R 2007 Existence and uniqueness of fixed point in
partially ordered sets and applications to ordinary differential equations. Acta

Mathematica Sinica, 23(12): 2205-12.

Oltra S and Valero O 2004 Banach’s fixed point theorem for partial metric spaces.

Rend. Istid Mat Univer. Trieste, 36(1-2): 17-26.

Oltra S, Romagwera S and Sanchez-pérez EA 2002 Bicompleting weightable quasi
metric spaces and partial metric spaces. Rend. Ciric Mat. Palermo, 51(1):

151-162.

O’Regan D and Petrusel AA 2008 Fixed point theorems for generalized contraction
in ordered metric spaces. Journal of Mathematical Analysis and Application,

341(2): 1241-1252.



232

Pachpatte BG 2010 On a nonlinear Volterra integral equation in two variables. Sarajevo

J. Math. 6(18): 59-73.

Paesano D and Vetro C 2014 Multi-valued F-contractions in O-complete partial metric
spaces with application to Volterra type integral equation. Revista de la Real

Academia de Ciencias Exactas Fisicas Naturales, 108(2): 1005-1020.
Pathak HK 2018 An Introduction to nonlinear analysis and fixed point theory. Springer.

Pathak HK, Khan MS and Tiwari R 2007 A common fixed point theorem and its
application to nonlinear integral equations. Computers and Mathematics with

Applications, 53(6): 961-971.

Peano G 1890 Demonstration de lintegrabilité des equations differentielles ordinaires.

Math. Ann., 37(2): 182-228.

Picard E 1890 Memoire sur la theorie des equations aux derivees partielles et la
methodedes approximations successives. J. Math. Pures Appl. 1890(6): 145-
210.

Piri H and Kumam P 2014 Some fixed point theorems concerning F-contraction in

complete metric spaces. Fixed Point Theory Appl., 2014 (1): 1-11.

Piri H and Rahrovi S 2015 Generalized multivalued F-weak contractions on complete

metric spaces. Sahand Communications in Mathematical Analysis, 2(2): 1-11.

Podlubny I 1999 Fractional differential equations, mathematics in science and engi-

neering. Academic Press, New York.

Poincare H 1886 Sur les courbes definies par les equations differentielles. J. Math.

Pures Appl., 4 (2): 151-218.

Pompeiu D 1905 Sur la continuite des fonctions de variables complexes. In Annales

de la Faculte des sciences de Toulouse: Mathematiques, 7 (3): 265-315.

Popa V 1997 Fixed point theorems for implicit contractive mappings. Stud. Cerc. St.
Ser. Mat. Univ. Bacau, 7(130): 127-133.



233

Popa V 1999 Some fixed point theorems for compatible mappings satisfying an implicit

relation. Demonstratio Mathematica, 32(1): 157-164.

Popa V 2017 Fixed point theorems for two pairs of mappings satisfying a new type of

common limit range property. Filomat, 31(11): 3181-3192.

Popa V, Patriciu AM 2016 Fixed point theorems for two pairs of mappings satisfying
common limit range property in G-metric spaces. Bul. Inst. Politeh. lasi, Sect. I,

Mat. Mec. Teor. Fiz., 62(66): 19-42.

Popa V and Patriciu AM 2015 A general fixed point theorem for a pair of self mappings
with common limit range property in G-metric spaces. Facta Universitatis, Series:

Mathematics and Informatics, 29(4): 351-370.

Qawagneh HMD, Noorani MS, Shatanawi W, Aydi H and Alsamir H 2019 Fixed
point results for multi-valued contraction in b- metric spaces and an application.

Mathematics, 7(2): 132.

Radenovic S 2009 Common fixed points under contractive conditions in cone metric

spaces. Comput. Math. Appl., 58: 1273-1278.

Radenovic S, Kadelburg Z, Jandrlic D, Jandrlic A 2012 Some results on weakly

contractive maps. Bulletin of the Iranian Mathematical Society, 38(3): 625-45.

Radenovic S and Rhoades BE 2009 Fixed point theorem for two non-self mappings in

cone metric spaces. Comput. Math. Appl., 57: 1701-1707.

Rahimi H, Rhoades BE, Radenovic S and Rad GS 2013 Fixed and periodic point

theorems for 7'-contractions on cone metric spaces. Filomat, 27(5): 881-888.

Ran AC and Reurings MC 2004 A fixed point theorem in partially ordered sets and

some applications to matrix equations. Proceedings of the American Mathemati-

cal Society, 132(2004): 1435-1443.

Rani A, Kumar S, Kumar N and Garg SK 2012 Common fixed point theorems for
compatible and weakly compatible maps in G-metric spaces. Facta Universitatis,

Series: Mathematics and Informatics, 2012(3): 1128-1134.



234

Rao NS, Kalyani K and Mitiku B 2020 Fixed point theorems for nonlinear contractive
mappings in ordered b-metric space with auxiliary function. BMC Research

Notes, 13(1): 1-8.

Rasham T, Shoaib A, Hussain N, Alamri BAS and Arshad M 2019a Multivalued
fixed point results in dislocated b-metric spaces with application to the system of

nonlinear integral equations. Symmetry, 11(1): 40.

Rasham T, Marino G and Shoaib A 2019b Fixed points for a pair of F-dominated
contractive mappings in rectangular b-metric spaces with graph. Mathematics,

7(10): 884.

Reich S 1971 Some remarks concerning contraction mappings. Symmetry, 14(1):

121-124.

Rezapour S and Hamlbarani R 2008 Some notes on the paper cone metric spaces and

fixed point theorem of contractive mappings. J. Math. Anal. Appl., 345: 719-724.

Rhoades BE 1997 A fixed point theorem for non-self set-valued mappings. Interna-

tional Journal of Mathematics and Mathematical Sciences, 20(1): 9-12.

Rhoades BE 1996 A fixed point theorem for generalized metric spaces. International

Journal of Mathematics and Mathematical Sciences, 19(3): 457-460.

Rida O, Karim C and El Miloudi M 2020 Related Suzuki-type fixed point theorems in

ordered metric space. Fixed Point Theory and Applications, 2020(1): 1-26.

Roshan JR, Parvaneh V and Kadelburg Z 2016 New fixed point results in b-rectangular
metric spaces. Nonlinear Analysis: Modelling and Control, 21(5): 614-634.

Rus TA 2008 Fixed point theory in partial metric spaces. Anale Universtatii de Vest,

Timisoara Seria Matematica-Informatica, 46(2): 141-160.

Sahin I and Telci M 2009 Fixed points of contractive mappings on complete cone

metric spaces. J. Math. Stat., 38(1): 59-67.



235

Samet B, Vetro C and Vetro P 2012 Fixed point theorems for o-y-contractive type
mappings. Nonlinear Anal. Theory Methods Appl., 7T5(4): 2154-2165.

Samet B and Turinici M 2012 Fixed point theorems on a metric space endowed with
an arbitrary binary relation and applications. Commun. Math. Anal., 13 (2012):
82-97.

Samet B 2010 Discussion on A fixed point theorem of Banach-Caccioppoli type on a

class of generalized metric spaces. Publ. Math., 76(4): 493-494.

Sarma IR, Rao JM and Rao SS 2009 Contractions over generalized metric spaces.

Journal of Nonlinear Sciences and Applications, 2(3): 180-182.
Schaefer HH 1971 Topological vector spaces. Graduate Texts in Mathematics.
Schauder J 1930 Der Fixpunksatz Funktional raumen.Stud. Math., 2(7): 171-180.

Secelean NA 2016 Weak F-contractions and some fixed point results. Bull. Iran.

Math. Soc., 42(3): 779-798.

Secelean NA 2013 Iterated function systems consisting of F-contractions. Fixed Point

Theory Appl., 2013(1): 1-3.

Sedghi S, Shobe N and Aliouche A 2012 A generalization of fixed point theorem in
S-metric spaces. Mat. Vesni.,64 (2012): 258-266.

Sedghi S, Nabi S and Haiyun Z 2007 A common fixed point theorem in metric spaces.
Fixed point theory and Applications, 2007(2007): 1- 13.

Sedghi S and Van Dung N 2014 Fixed point theorems on S-metric spaces. Mat. Vesni.
66(1) : 113-124.

Sedghi S, Shobkolaei N, Shahraki M and DoSenovi¢ T 2018 Common fixed point for
four maps in S-metric spaces. Math. Sci., 12(2): 137-143.

Sessa S 1982 On a weak commutativity condition of mappings in fixed point consider-

ations. Publ. Inst. Math., 32(46): 149-153.



236

Sgroi M and Vetro C 2013 Multivalued F-contractions and the solution of certain

functional and integral equations. Filomat, 27(7): 1259-1268.

Shatanawi WA and Abbas M 2012 Some fixed point results for multivalued mappings

in ordered G-metric spaces. Gazi University Journal of Science, 25(2): 385-92.

Shatanawi W, Al-Rawashden A, Aydi H and Nashine HK 2012 On a fixed point for
generalized contractions in generalized metric spaces. Abstract and Applied

Analysis, 2012(Article ID 246085), 1-13.https://doi.org/10.1155/2012/246085

Shahzard S and Valero O 2013 On-0-complete partial metric spaces and quantitative
fixed point technique. Abstr. Appl. Anal., 2013(2013): 1-11.

Shoaib S and Shahzad A 2020 Common Fixed Point of Multivalued Mappings in
Ordered Dislocated Quasi G-Metric Spaces. Punjab University Journal of Mathe-
matics, 52(10): 1-23.

Shoaib M, Sarwar M and Abdeljawad T 2020 Hybrid fixed point theorem with ap-
plication to Damped forced oscillations and infinite systems of Fractional-order
differential equations. Journal of Function Spaces, 2020 (ID 4843908): 1-9.
https://doi.org/10.1155/2020/4843908

Shukla S 2014 Partial b-metric spaces and fixed point theorems. Mediterr. J. Math.,
11(2014): 703-711.

Singh B and Sharma RK 2002 Common fixed points via compatible maps in D-metric
spaces. International Journal of Mathematics and Mathematical Sciences, 11(1):

145-153.

Sintunavarat W and Kumam P 2011 Common fixed point theorems for a pair of weakly

compatible mappings in fuzzy metric spaces. Journal of Applied mathematics,

2011(2011): 1-14, DOI:10.1155/2011/637958.

Sintunavarat W 2015 A new approach to o-W-contractive mappings and generalized
Ulam-Hyers stability, well posedness and limit shadowing results. Carpathian

Journal of Mathematics, 31(2015): 395-401.



237

Souayah N, Aydi H, Abdeljawad T and Mlaiki N 2019 Best proximity point theorems

on rectangular metric spaces endowed with a graph. Axioms, 8(1): 1-17.

Subrahmanyam V 1975 Completeness and fixed points. Monatsh. Math. 80(4):
325-330.

Sushanta KM 2011 Property P of Ciric operators in G-metric spaces. Inter. J. of Math.
Sci. and Engg. Appls., 5(2): 353-367.

Suzuki T 2008 A generalised Banach contraction principle that characterises metric
completeness. Proc. Am. Math. Soc., 136(5): 1861-1869. https://doi.org/10.1090/S0002-
9939-07-09055-7

Tahat N, Aydi H, Karapinarr E and Shatanawi W 2012 Common fixed points for single-
valued and multivalued maps satisfying a generalised contraction in G-metric

spaces. Fixed Point Theory Appl., 2012(1): 1-9.

Taraski A 1955 A Lattice-theoretical fixed point point theorem and its applications.
Pac. J. Math., 5(2): 285-3009.

Tychonoff A 1935 Ein flxpunktsatz. Math. Ann., 111(1): 767-776.

Vetro F and Radenovic S 2018 Some results of Perov type in rectangular cone metric

spaces. J. Fixed Point Theory Appl., 20(1): 1-16.

Wang Y and Chen C 2019 Two new Geraghty type contractions in metric spaces.
Journal of Function Spaces, 2019(Article ID 7916486) : 1-9.

Wangwe L and Kumar S 2021 A Common fixed point theorem for generalised-Kannan
mapping in metric space with applications. In Abstract and Applied Analysis,

2021 (Article ID 6619877): 1-12. https://doi.org/10.1155/2021/6619877

Wardowski D 2012 Fixed points of a new type of contractive mappings in complete

metric spaces. Fixed Point Theory Appl., 2012(1): 1-6.

Wardowski D and Van Dung N 2014 Fixed points of F-weak contractions on complete

metric spaces. Demonstratio Mathematica, 47(1): 146-155.



238

X Li, Hussain A, Adeel M and Savas E 2019 Fixed point theorems for Z-contraction
and applications to nonlinear integral equations. J IEEE Access, 7(2019): 120023-
120029.

Yan F, Su Y and Feng Q 2012 A new contraction mapping principle in partially ordered
metric spaces and applications to ordinary differential equations. Journal of Fixed

Point Theory and Applications, 1(152) : 1-13.

Zahed H, Fouad HA, Hristova S and Ahmad J 2020 Generalized fixed point results
with application to nonlinear fractional differential equations, Mathematics, 8(7):

1149-1168.

Zhitao Z 1996 New fixed point theorems of mixed monotone operators and applications.

J. Math. Anal. Appl., 204(1): 307-319.

Zhou Y, Wang J and Zhang L 2016 Basic theory of fractional differential equations.
World scientific.

Zolzer U, Amatriain X., Arfib D, Bonada J, De Poli G, Dutilleux P, Evangelista G,
Keiler F, Loscos A, Rocchesso D and Sandler M 2002. DAFX-Digital audio
effects. John Wiley And Sons.

Zoran K, Sunny C and Mohammad I 2014 A hybrid common fixed point theorem
under certain recent properties. The Scientific World Journal, 42(4): 1003-1010.



239

APPENDIX

The content of this thesis is based on the following articles

Wangwe L and Kumar S 2021 A Common Fixed Point Theorem for Generalised
F-Kannan Mapping in Metric Space with Applications. Abstract and Applied
Analysis, 2021(Article ID 6619877): 1-12.https://doi.org/10.1155/2021/6619877
(Chapter 3)

Wangwe L and Kumar S 2021 Some common Fixed-point theorems for a pair of
p-hybrid mappings via common limit range property in G-metric. Results in Non-
linear Analysis, 4(2021): 87-104. https://doi.org/10.53006/rna.907704 (Chapter
5)

Wangwe L and Kumar S 2021 A Common fixed point theorem for hybrid pair of
mappings in a generalised (F, €, n)-contraction in weak Partial b- metric spaces
with some Application. Advances in the Theory of Nonlinear Analysis and its

Applications, 4(5): 531-550. https://doi.org/10.31197/atnaa.934778 (Chapter 5)

Wangwe L and Kumar S 2021 Fixed Point Theorems for Multi-valued a-F- con-
tractions in Partial metric spaces with Some Application. Results in Nonlinear

Analysis, 4(3), (2021): 130-148. https://doi.org/10.53006/rna.937822 (Chapter 4)

Wangwe L and Kumar S 2021 Fixed point theorem for multivalued non-self mappings
in partial symmetric spaces, Topological Algebra and Applications. 2021(9):
20-36. https://doi.org/10.1515/taa.2021-0102 (Chapter 4)

Wangwe L and Kumar S 2021 Fixed point theorem for .-®-¥-contraction mappings
in ordered partial metric space with an application to integral equation, Nonlinear

Studies. 28(1): 1207-1223. (Chapter 3)

Wangwe L and Kumar S 2021 Common fixed-point theorems under implicit contractive

condition using E. A property on metric-like spaces employing with an arbitrary



240

binary relation and an application to integral equation, International Journal of

Nonlinear Analysis and Applications (Iran). (Chapter 6) [Accepted]

Wangwe L and Kumar S 2021 Common Fixed Point Theorems for Generalised F-
Kannan-Suzuki type Mapping in TVS valued Cone Metric Space with Some

Applicationslournal of Mathematics. (Chapter 3) [Accepted]

The following articles are under review:

Wangwe L and Kumar S 2021 Fixed Point Theorems for Multi-valued Jaggi-Hardy-

Rogers type-F-F4-contractions in partially ordered b-metric space with an Appli-

cation. (Chapter 4) [under review]

Wangwe L and Kumar S 2021 Generalised Common fixed point theorem for weakly
compatible mappings via implicit contractive relation in quasi-partial S,-metric

space with some applications (Chapter 6) [under review]



	Certification
	Declaration and Copyright
	Acknowledgements
	Dedication
	Abstract
	Table of Contents
	List of Abbreviations and Symbols
	INTRODUCTION
	General Introduction
	Statement of the Problem
	Research Objectives
	Research Questions
	Significance of the Study
	Organisation of the Thesis
	CHAPTER TWO: LITERATURE REVIEW
	Introduction and Preliminaries
	Fixed-point Theorems for Single-valued Mappings
	Some Types of Abstract Spaces
	Metric spaces
	b-metric spaces
	Partial metric spaces
	Generalised metric spaces
	D-metric spaces
	G-metric spaces
	Cone metric spaces
	S-metric spaces
	Metric-like spaces
	Partial b-metric spaces
	Weak metric spaces

	Multivalued Mapping Notions in Some Abstract Spaces
	Multivalued mappings in metric spaces
	Multivalued mappings in b-metric spaces
	Multivalued mapping in G-metric space notion
	Multivalued concept in partial metric space
	Multivalued mappings for weak partial b-metric spaces

	Hybrid Mappings and Related Concepts
	Implicit relation and related concepts
	 Relation-theoretic in metric-like spaces

	CHAPTER THREE: COMMON FIXED POINT THEOREMS FOR GENERALISED METRIC SPACE WITH SOME APPLICATIONS
	Introduction
	Preliminaries
	Coincidence Point Results for F-Kannan Mapping in a Generalised Metric Space
	Existence Results for F-Kannan-Suzuki Type Mappings in TVS Valued Cone Metric Spaces
	Some Applications
	Existence of a Solution for an Integral Equation
	Existence of a Solution for Nonlinear Fractional Differential Equation
	Existence of Common Solution of Ordinary Differential Equations for  Damped Forced Oscillations
	Existence of a Solution for Nonlinear Riemann-Liouville Type Fractional Differential Equation
	The Existence of Coincidence Solution for Non-linear Volterra-Integral Equations


	CHAPTER FOUR: FIXED POINT THEOREMS FOR MULTIVALUED MAPPING WITH SOME APPLICATIONS
	Introduction
	Preliminaries
	Existence Results for Multi-valued -F Contraction Mappings in Partial Metric Spaces
	Fixed Point Theorems for Multi-valued F-Contraction Mappings in Ordered Partial Metric Spaces
	Multivalued Jaggi-Hardy-Rogers Type-F-FC Contraction Results in Partially Ordered b-Metric Spaces
	Some Applications
	Existence Solution for Volterra Type Integral Equation
	Existence Theorem for the Solution of First-Order Ordinary Differential Equations in Partially Ordered b-Metric spaces
	Initial Valued Ordinary Differential Equation Problem in Partially Ordered b-Metric Spaces


	CHAPTER FIVE: FIXED POINT THEOREMS FOR HYBRID MAPPINGS
	Introduction
	Preliminaries
	Common Fixed Point Results for a Hybrid Pair of Non-self Mappings via (JCLR)-Property in Weak Partial b-Metric Space
	Existence Results for Hybrid Mappings using (CLRf)- Property in G-Metric Spaces
	The common Fixed Point Results for p-Hybrid Mappings in G-Metric Spaces
	An Application on Weak Partial b-Metric Space

	CHAPTER SIX: COINCIDENCE FIXED POINT THEOREMS FOR IMPLICIT CONTRACTION MAPPINGS
	Introduction
	Preliminaries
	Existence Results for Implicit Mappings under Binary Relation in Metric-like Spaces
	Existence Results for Implicit Mappings in Quasi-partial-Sb Metric Spaces
	Some Applications
	Existence Solution for a Second-Order Differential Nonlinear Two Boundary Value Problem
	Existence of the Solution of Volterra-Fredholm Type Integral Equation
	Existence Solution of the Two Boundary Value Second Order Differential Equation in Quasi Sb-Metric Space
	Existence of a Common solution of Weakly Compatible Mappings for Nonlinear Fractional Differential Equation in Quasi-Partial Sb Metric Space


	CHAPTER SEVEN: CONCLUSION, RECOMENDATION AND FUTURE WORK
	Introduction
	Conclusion
	Recommendations
	Limitations of the Study
	Future work


	REFERENCES


	APPENDIX








