
See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/387948567

Optimal control applied to a stage-structured cassava mosaic disease model

with vector feeding behavior

Article  in  Results in Control and Optimization · January 2025

DOI: 10.1016/j.rico.2025.100522

CITATIONS

0
READS

84

4 authors:

Eva Lusekelo

The University of Dodoma

13 PUBLICATIONS   66 CITATIONS   

SEE PROFILE

Mlyashimbi Helikumi

Mbeya University of Science and Technology .

31 PUBLICATIONS   146 CITATIONS   

SEE PROFILE

Salamida Daudi

Nelson Mandela African Institution of Science and Technology

11 PUBLICATIONS   36 CITATIONS   

SEE PROFILE

Steady Mushayabasa

University of Zimbabwe

125 PUBLICATIONS   1,624 CITATIONS   

SEE PROFILE

All content following this page was uploaded by Mlyashimbi Helikumi on 12 January 2025.

The user has requested enhancement of the downloaded file.

https://www.researchgate.net/publication/387948567_Optimal_control_applied_to_a_stage-structured_cassava_mosaic_disease_model_with_vector_feeding_behavior?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/387948567_Optimal_control_applied_to_a_stage-structured_cassava_mosaic_disease_model_with_vector_feeding_behavior?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Eva-Lusekelo?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Eva-Lusekelo?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/The-University-of-Dodoma?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Eva-Lusekelo?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Mlyashimbi-Helikumi?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Mlyashimbi-Helikumi?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Mlyashimbi-Helikumi?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Salamida-Daudi?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Salamida-Daudi?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Nelson-Mandela-African-Institution-of-Science-and-Technology?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Salamida-Daudi?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Steady-Mushayabasa?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Steady-Mushayabasa?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/University-of-Zimbabwe?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Steady-Mushayabasa?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Mlyashimbi-Helikumi?enrichId=rgreq-7656096bd6b73094b383367d63632aa8-XXX&enrichSource=Y292ZXJQYWdlOzM4Nzk0ODU2NztBUzoxMTQzMTI4MTMwMjk5OTEzN0AxNzM2Njg0NDkxNDI0&el=1_x_10&_esc=publicationCoverPdf


Contents lists available at ScienceDirect

Results in Control and Optimization

journal homepage: www.elsevier.com/locate/rico

Optimal control applied to a stage-structured cassava mosaic
disease model with vector feeding behavior
Eva Lusekelo a, Mlyashimbi Helikumi b, Salamida Daudi c, Steady Mushayabasa d ,∗

a University of Dodoma, College of Natural and Mathematical Sciences, Department of Mathematics, P.O. Box 338, Dodoma, Tanzania
b Mbeya University of Science and Technology, Department of Mathematics and Statistics, College of Science and Technical Education, P.O. Box
131, Mbeya, Tanzania
c National Institute of Transport, Faculty of Informatics and Technical Education, Department of Education and Mathematics, P. O. Box
705, Dar-es-Salaam, Tanzania
d University of Zimbabwe, Department of Mathematics & Computational Sciences, P.O. Box MP 167 Mount Pleasant, Harare, Zimbabwe

A R T I C L E I N F O

MSC:
35B40
35K57
35Q92
92D30

Keywords:
Cassava mosaic
Whitefly
Mathematical model
Vector preference
Offspring number
Reproduction number

A B S T R A C T

Cassava remains Sub-Saharan Africa’s second most crucial staple food crop after maize.
However, production of sufficient yields is hampered by pests and diseases. In particular, the
whitefly (Bemisia tabaci) has the potential to reduce expected yields by 50% since it directly
damages cassava leaves by feeding on phloem, causing chlorosis and abscission. This study
develops a novel mathematical model for cassava mosaic disease that incorporates immature
and adult whitefly populations. Additionally, the model includes vector feeding behavior since
prior studies have shown that vectors exhibit preferences to settle for either healthy or infected
hosts. We determined the offspring number and carried out its sensitivity analysis. Additionally,
we carried out an optimal control study on the use of insecticides and plant roguing as disease
control measures against cassava mosaic disease. Our results show that vector preference and
efficiency of disease control strategies plays an important role in shaping the short and long-
term dynamics of cassava mosaic disease, which subsequently impacts the design of its optimal
control strategies.

1. Introduction

Cassava is regarded as the world’s fourth most important staple food after rice, wheat and maize, and the second most crucial
staple food crop after maize for Sub-Saharan Africans [1]. It is estimated that cassava forms part of the diet of more than a billion
people worldwide [1]. Apart from being a food source, cassava is now regarded as one of the most important large-scale agricultural
crops for use as a bio-fuel and a source of industrial starch [2]. Cassava is one of the versatile crops, it can grow on poor soils, is easily
propagated, requires little cultivation, and can tolerate periodic and extended periods of drought [2]. Owing to these attributes, it
is now commonly referred to as the ‘‘drought, war and famine crop’’ of the developing world [2].

Despite its versatility, the production of sufficient cassava for consumption and other uses remains one of the major challenges
in the developing world [2]. Among several other factors, pest and diseases are some of the highly ranked challenges that results in
heavy yield losses [3]. The whitefly Bemisia tabaci (B. tabaci), arguably one of the most damaging insects in the world, is one of the
major agricultural pest groups that cause low productivity of cassava in Africa [3]. It directly damages cassava leaves by feeding
on phloem, causing chlorosis and abscission resulting in yield loss by 50% [3].
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In this paper, we present a mathematical model for cassava mosaic disease (CMD) that incorporates immature stages of the
whitefly population, vector preference, and time-dependent disease control strategies. Recently, various mathematical models of
plant-virus and plant-vector-virus have been proposed and analyzed to gain insights into effective methods for reduction of disease
incidence thereby increasing plant productivity (see, for example [4–15] and the reference therein). The effects of roguing on
minimizing disease incidence has been investigated in several plant-virus model and plant-vector-virus models [6,7]. Al Basir
et al. [10] employed a system of ordinary differential equations (ODEs) to evaluate the impact of farming awareness based
intervention strategies (plant roguing and insecticide spraying) on increasing plant productivity. A couple of researchers have also
investigated the feasibility of time dependent controls to eradicate CMD during an outbreak [5,8,12] In a recent study, Sikazwe
et al. [4], demonstrated various ways of managing whitefly development in order to control brown streak virus co-infections.

Despite all the studies, a critical aspect of CMD that remains unexplored is the role of vector feeding behavior on disease
dynamics. Prior studies have suggest that the settlement of vector population depends on the preference for plant host status
(healthy or infected) [16,17]. There is no doubt that this feeding behavior has an impact of disease transmission dynamics. For
example, if infected vectors have preference for healthy plants, this increases pathogen spread in both hosts and vectors. Most of
the existing models for CMD transmission assume a uniform interaction of vectors and plants, implying an equally likelihood of
disease transmission. Another aspect that has also been largely ignored by existing CMD models is to include all immature stages
of the whitefly (egg, first instar, second instar, third instar, fourth instar and pupa). As highlighted in a recent study by Adhurya
et al. [5], the researchers postulated that ignoring immature stages of the vector population leads to false predictions since at
different stages, the development and survival rate of the whitefly differs. Moreover, the efficiency of control strategies across all
the stages of the whitefly is not uniform. For example, it is known that insect growth regulators (IGR) are effective against whitefly
nymphs and not on adult populations [3]. A few of the studies that have attempted to incorporate immature stages [4,5], lumped
all the four nymph stages together. However, other researchers opine that the mortality of first instars is relatively high compared
to other instars since they are highly mobile during the first few hours after egg hatching thereby making them more vulnerable to
environmental stress factors [18]. Therefore, the development of mathematical models to quantifying the implications of vector’s
behavior on disease dynamics is desirable.

The rest of the paper is organized as follows. In Section 2, we commence by presenting a mathematical model for the growth
of whitefly population. Through this model, we determined the offspring number which accounts for the strength of the whitefly
to persist or become extinct. We extended the whitefly population growth model to into a plant-vector-virus model. We computed
the reproduction number and performed the bifurcation analysis. We further extended the plant-vector-virus model to incorporate
time-dependent intervention strategies (insecticides use and roguing). In Section 3, we present the results and discussions. Finally,
a brief discussion is presented in Section 4.

2. Methods

2.1. Modeling the dynamics of growth of the whitefly

We commence by modeling the growth dynamics of whitefly population. Whiteflies have a characteristic life cycle of seven
stages: the egg, four nymphal instars, pupa and the adult stage [19]. It is estimated that the cycle takes approximately 19 to 29 days
from egg to adult emergence [19]. Let the variables 𝐸(𝑡), 𝑁𝑖(𝑡), 𝑃 (𝑡), and 𝐴𝑊 denote the egg population, the four nymphal instar
stages (𝑖 = 1, 2, 3, 4), the pupa, adult population, respectively. The proposed model is based on the following assumptions:

• The life cycle of the vector commences when an adult whitefly 𝐴𝑊 deposits eggs on the upper and lower leaf surfaces of
plants [19]. Let 𝑏 be the oviposition rate, 𝜓 and 𝑑𝐸 be the egg development and mortality rates, respectively. Since vectors

deposit eggs on plant leaves, it seems reasonable to express egg production as a logistic function: 𝑏
(

1− 𝐸
𝐾𝑊

)

𝐴𝑊 , where 𝐾𝑊
is the maximum egg density per plant [4]. Thus, the dynamics of egg population satisfies the equation:

𝐸′(𝑡) = 𝑏(𝑇 )

(

1 − 𝐸
𝐾𝑊

)

𝐴𝑊 − 𝜓𝐸 − 𝑑𝐸𝐸. (2.1)

• Under ideal environmental conditions, it takes 4–10 days for eggs to hatch into the first nymphal stage [20]. The population
of nymphs at the first stage decreases either due to mortality rate at the rate 𝑑1, or progression to the second nymphal stage
at rate 𝑠1. Thus, the dynamics of the first nymph population satisfies the equation:

𝑁 ′
1(𝑡) = 𝜓1𝐸 − 𝑠1𝑁 − 𝑑1𝑁1. (2.2)

• The population of nymphs at the second, third and fourth stages can be deduced from the equation:

𝑁 ′
𝑖 (𝑡) = 𝑠𝑖−1𝑁𝑖−1 − 𝑠𝑖𝑁𝑖 − 𝑑𝑖𝑁𝑖, 𝑖 = 2, 3, 4, (2.3)

where 𝑠𝑖 denotes the maturity from one stage to the next, and 𝑑𝑖 is the natural mortality rate.
• Although the pupa stage is sometimes referred to as the fourth nymphal instar, some researchers opine that it is a unique

stage from the fourth nymphal instar stage [18]. Based on this assertion, in this work, we have considered this stage as a
unique stage from the fourth nymphal instar stage. Thus, the pupa population increases following the maturation of the fourth
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nymphal population at the rate 𝑠4. It decreases due to maturation to the adult stage or natural mortality at the rates 𝑠5 and
𝑑5, respectively. Thus, the dynamics of this population can be summarized by:

𝑃 ′(𝑡) = 𝑠4𝑁4 − 𝑠5𝑃 − 𝑑5𝑃 . (2.4)

• From the pupal stage, white flies progress to the adult stage. Let 𝜇 be the mortality rate of the whitefly adult population. It
follows that the dynamics of the adult whitefly population are governed by:

𝐴′
𝑊 (𝑡) = 𝑠5𝑃 − 𝜇𝐴𝑊 . (2.5)

Combining all assumptions leads to the following system of ODEs (A schematic of the model is given in Fig. 1):

𝐸′(𝑡) = 𝑏

(

1 − 𝐸
𝐾𝑊

)

𝐴𝑊 − 𝜓𝐸 − 𝑑𝐸𝐸, (2.6)

𝑁 ′
1(𝑡) = 𝜓𝐸 − 𝑠1𝑁1 − 𝑑1𝑁1, (2.7)

𝑁 ′
2(𝑡) = 𝑠1𝑁1 − 𝑠2𝑁2 − 𝑑2𝑁2, (2.8)

𝑁 ′
3(𝑡) = 𝑠2𝑁2 − 𝑠3𝑁3 − 𝑑3𝑁3, (2.9)

𝑁 ′
4(𝑡) = 𝑠3𝑁3 − 𝑠4𝑁4 − 𝑑4𝑁4, (2.10)

𝑃 ′(𝑡) = 𝑠4𝑁4 − 𝑠5𝑃 − 𝑑5𝑃 , (2.11)
𝐴′
𝑊 (𝑡) = 𝑠5𝑃 − 𝜇𝐴𝑊 . (2.12)

Through direct calculation, one can easily verify that the set 𝛺𝑉 is positively invariant with respect to the system (2.6)–(2.12)

𝛺𝑉 =

⎧

⎪

⎪

⎪
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⎪

⎪

⎪

⎨
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⎪

⎪
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|
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|

|

|

|

|

|

|

|

|

|
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|

|

|

|

0 ≤ 𝐸 ≤ 𝐾𝑊 ,

0 ≤ 𝑁1 ≤
𝜓𝐾𝑊
𝑠1 + 𝑑1

,

0 ≤ 𝑁2 ≤
𝑠1𝜓𝐾𝑊

(𝑠1 + 𝑑1)(𝑠2 + 𝑑2)
,

0 ≤ 𝑁3 ≤
𝑠1𝑠2𝜓𝐾𝑊

(𝑠1 + 𝑑1)(𝑠2 + 𝑑2)(𝑠3 + 𝑑3)
,

0 ≤ 𝑁4 ≤
𝑠1𝑠2𝑠3𝜓𝐾𝑊

(𝑠1 + 𝑑1)(𝑠2 + 𝑑2)(𝑠3 + 𝑑3)(𝑠4 + 𝑑4)
,

0 ≤ 𝑃 ≤
𝑠1𝑠2𝑠3𝑠4𝜓𝐾𝑊

(𝑠1 + 𝑑1)(𝑠2 + 𝑑2)(𝑠3 + 𝑑3)(𝑠4 + 𝑑4)(𝑠5 + 𝑑5)
,

0 ≤ 𝐴𝑊 ≤
𝑠1𝑠2𝑠3𝑠4𝜓𝑠5𝐾𝑊

(𝑠1 + 𝑑1)(𝑠2 + 𝑑2)(𝑠3 + 𝑑3)(𝑠4 + 𝑑4)(𝑠5 + 𝑑5)𝜇
.

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

Thus, system (2.4) with non-negative initial conditions has a unique solution that is non-negative and bounded from above for all
𝑡 ≥ 0.

2.1.1. Equilibrium points and the offspring number
Through direct calculations, we have established that model (2.6)–(2.12) admits two stationary points, (i) the trivial equilibrium

point and the non-trivial equilibrium point. The trivial equilibrium point is given by 𝐸0 = 𝑁0
1 = 𝑁0

2 = 𝑁0
3 = 𝑁0

3 = 𝑃 0 =
𝐴0
𝑊 = 0, and it reflects the extinction or absence of the whitefly population. The non-trivial equilibrium point is given by

∗ = (𝐸∗, 𝑁∗
1 , 𝑁

∗
2 , 𝑁

∗
3 , 𝑁

∗
3 , 𝑃

∗, 𝐴∗
𝑊 ) with:

𝐸∗ =
𝐾𝑊 𝜇𝑚0𝑚1𝑚2𝑚3𝑚4𝑚5(0 − 1)

𝑏𝜓𝑠1𝑠2𝑠3𝑠4𝑠5
, 𝑁∗

1 =
𝐾𝑊 𝜇𝑚0𝑚2𝑚3𝑚4𝑚5(0 − 1)

𝑏𝑠1𝑠2𝑠3𝑠4𝑠5
, (2.13)

𝑁∗
2 =

𝐾𝑊 𝜇𝑚0𝑚3𝑚4𝑚5(0 − 1)
𝑏𝑠2𝑠3𝑠4𝑠5

, 𝑁∗
3 =

𝐾𝑊 𝜇𝑚0𝑚4𝑚5(0 − 1)
𝑏𝑠3𝑠4𝑠5

, (2.14)

𝑁∗
4 =

𝐾𝑊 𝜇𝑚0𝑚5(0 − 1)
𝑏𝑠4𝑠5

, 𝑃 ∗ =
𝐾𝑊 𝜇𝑚0(0 − 1)

𝑏𝑠5
, 𝐴∗

𝑊 =
𝐾𝑊 𝜇𝑚0(0 − 1)

𝑏
, (2.15)

𝑚0 = 𝜓 + 𝑑𝐸 , 𝑚𝑗 = 𝑠𝑗 + 𝑑𝑗 , 𝑗 = 1,… , 5,

where 0 is the basic offspring number and the mathematical expression is:

0 =
𝑏𝜓𝑠1𝑠2𝑠3𝑠4𝑠5

𝜇𝑚0𝑚1𝑚2𝑚3𝑚4𝑚5

=

(

𝑏
𝜇

)(

𝜓
𝜓 + 𝑑𝐸

)(

𝑠1
𝑠1 + 𝑑1

)(

𝑠2
𝑠2 + 𝑑2

)(

𝑠3
𝑠3 + 𝑑3

)(

𝑠4
𝑠4 + 𝑑4

)(

𝑠5
𝑠5 + 𝑑5

)

. (2.16)

The basic offspring number 0 is an integral parameter in ecological models that measures the strength of the whitefly to persist
or become extinct. In particular, if 0 ≤ 1, then the non-trivial equilibrium point vanishes, which implies that whitefly population
becomes extinct. However, if 0 > 1, it follows that the population grows.
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Fig. 1. Model flow diagram summarizing the life cycle of the whitefly. The green rectangular boxes represent the maturity stages: 𝐸(𝑡)-egg population, 𝑁1(𝑡)-
First instar, 𝑁2(𝑡)- Second instar, 𝑁3(𝑡)- Third instar, 𝑁4(𝑡)- Fourth instar, 𝑃 (𝑡)- Pupal stage and 𝐴𝑊 (𝑡)- Adult stage. Solid green connecting boxes represent the
development rates from one stage to another. Solid green lines not connecting boxes denote natural mortality. The dotted lines connecting 𝐴𝑊 (𝑡) and 𝐸(𝑡) denote
adult egg laying rate. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

The basic offspring number 0 deserves a biological interpretation. Observe that 1∕𝜇 is the average life span of the adult female
whitefly, and 𝑏

𝜇
represents the average number of eggs produced by a female whitefly during its entire lifespan. Of these eggs,

only a proportion 𝜓
𝜓 + 𝑑𝐸

hatches to the first nymphal instar stage. The first nymphal instar population has a probability
𝑠1

𝑠1 + 𝑑1
to

survive this stage and become second nymphal instars. Similarly, the probability of nymphs surviving the second, third and fourth
stages till they reach the pupa stage are

𝑠2
𝑠2 + 𝑑2

,
𝑠3

𝑠3 + 𝑑3
and

𝑠4
𝑠4 + 𝑑4

, respectively. The probability of the whitefly surviving the

pupal stage and becoming adults is equivalent to
𝑠5

𝑠5 + 𝑑5
. Overall, 0 is related to the number of eggs laid by a single whitefly, the

probability that eggs are hatched into nymps, the survival probability of the nymphs at each stage, and the survival probability of
the whitefly at the pupal stage. Based on this relation, one can observe that ideal environment conditions are of utmost importance
to understand the dynamics of whiteflies and their transmission of diseases.

2.2. Sensitivity analysis of 0

Based on ∗, we have observed that the growth and extinction of the whitefly population depends on the basic offspring number
0. When 0 ≤ 1, the population becomes extinct and it persists whenever 0 > 1. Therefore, it is imperative to identify model
parameters that are strongly correlated to 0. To investigate this relationship, we carried out sensitivity analysis using the Latin
hypercube sampling (LHS) technique and the partial rank correlation coefficients (PRCC) method. According to Gao et al. [21], a
PRCC provides a global sensitivity analysis for nonlinear but monotone relationships between inputs and outputs.

We adapted parameter values and ranges from published peer-reviewed articles (see ., Table 1). In particular, prior studies
suggest that under optimal environmental conditions, an adult female whitefly is capable of laying a maximum of 387 eggs for its
entire life span which ranges between 30–40 days [18]. Based on this assertion, we set 𝜇 = 1∕30 and 𝑏 = 387∕30. Experimental and
field studies also suggest that the whitefly life cycle takes: 6–10 days for egg hatch, 4–10 days as a first instar nymph, 3–7 days
as second instar nymph, 4–5 days as third instar nymph, 4–5 days as fourth instar nymph and 6–10 days for the pupa [20]. The
mortality of cassava whitefly can be categorized into several classes such as dislodgement, predation, parasitism (for nymphs only),
unknown death, and inviability (for eggs only) [22]. Furthermore, prior studies suggest that the mortality of egg and frst instar
stages is relatively higher than all other stages [18]. In particular, it is well known that first instars are highly mobile during the
first few hours after egg hatching making them more vulnerable to environmental stress factors [18].

Fig. 2 depict the PRCCs between the parameters and offspring number. We can observe that increasing the oviposition rate
significantly increases the offspring number while an increase in mortality rates of both immature and adult whitefly populations
significantly reduces the offspring number. This implies that efforts to reduce the whitefly population should be aimed at increasing
the mortality rates, particularly of the adult population.
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Table 1
Interpretation of model parameters and their baseline values adopted from literature.

Symbol Biological definition Unit Baseline value Source

𝑏 Oviposition rate Eggs laid per day 387∕31 [18]
𝜓 Egg development duration days 7.2 (6–10) [20]
𝑠1 First instar development duration days 7.5 (4–10) [20]
𝑠2 Second instar development duration days 4.7 (3–7) [20]
𝑠3 Third instar development duration days 4 (4–5) [20]
𝑠4 Fourth development duration days 4 (3–4) [20]
𝑠5 Pupal development duration days 10 (6–10) [20]
𝑑𝐸 , 𝑑1 Mortality rate of egg and first instar stages day−1 0.12 [4]
𝑑2 , 𝑑3 , 𝑑4, 𝑑5 Mortality of 2nd, 3rd 4th instar stages, repectively day−1 0.012 [4]
𝑑5 Mortality of pupa stages, repectively day−1 0.012 [4]
𝜇 Mortality rate of adult whitefly day−1 0.03 [4]
𝐾𝑊 Maximum egg density per plant egg per plant−1 5000 [4]

Fig. 2. Sensitivity analysis of 0.

2.3. Modeling transmission dynamics of the cassava mosaic disease

Whiteflies are infected with the disease upon feeding on an infected plant host. Infected whiteflies will the spread the disease
when they feed on cassava leaves. It is worth noting that just like adults, nymphs have sucking mouthparts to pierce the leaf
tissue and consume phloem sap [23], hence they are capable of transmitting the disease. However, in this study we ignored their
contribution since prior studies suggests that their contribution to disease dynamics is extremely minimal due to low mobility [24].

Moreover, prior studies suggest that CMD is not a transovarial disease [25]. Based on these assumptions, in this section, we
propose a new framework for CMD that incorporates the interaction of the plant host and whitefly. We are cognizant that if 0 < 1,
the whitefly population will become extinct, thus the proposed model considers 0 > 1, and that the whitefly population is at
the equilibrium ∗. To account for disease transmission in adult whitefly, we subdivide the adult whitefly population into two
compartments, 𝑈 and 𝑉 , representing susceptible and infected, respectively. Thus, the total adult whitefly population is 𝐴∗

𝑊 = 𝑈+𝑉 .
Meanwhile, let 𝑆(𝑡), 𝐿(𝑡) and 𝐼(𝑡) be the numbers of healthy, latent infected and infectious plants, respectively, at time 𝑡.

It is well documented that pathogen prevalence in vector-borne diseases (VBDs) generally depends on vector behavioral
dynamics. In particular, it has been established that vectors have different preference weights when selecting hosts [16,17]. Recent
studies have shown that vectors have heterogeneous feeding behavior for infected or healthy hosts, which significantly impacts
the spread of infection [16,17]. To account for this behavior, we introduced the parameters 𝑝1 and 𝑝2, which are defined as the
probabilities that an adult whitefly arrives on a plant at random and picks the plant that is non-infectious (susceptible and latent)
and infectious, respectively [17]. The higher the probability, the higher the preference weight. Thus, the likelihood of an adult
whitefly to chose a non-infectious plant is

𝑝1𝑆
𝑝1(𝑆 + 𝐿) + 𝑝2𝐼

, and the probability of an adult whitefly selecting an infectious plant is
𝑝2𝐼

𝑝1(𝑆 + 𝐿) + 𝑝2𝐼
. Therefore, the number of newly occurring infections in plant population per unit time at time 𝑡 be:

𝛽𝑉 𝐻
𝑝1𝑆

𝑝1(𝑆 + 𝐿) + 𝑝2𝐼
𝑉 = 𝛽𝑉 𝐻

𝑝1𝑆
𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼

𝑉 , (2.17)
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since 𝑝1 + 𝑝2 = 1. In (2.17), parameter 𝛽𝑉 𝐻 models the rate of transfer of infection from an adult infectious whitefly vector to a
susceptible plant. Similarly, the population of newly generated adult whitefly per unit time at time 𝑡 is 𝛽𝐻𝑉

𝑝2𝐼
𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼

𝑈 ,
where 𝛽𝐻𝑉 is the transmission coefficient accounting for disease transfer from an infectious plant to a susceptible adult whitefly.
Thus, our new plant-vector model incorporating vector preference is given by:

𝑑𝑈
𝑑𝑡

=
𝐾𝑊 𝜇(𝜓 + 𝑑𝐸 )(0 − 1)

𝑏
−

𝛽𝐻𝑉 (1 − 𝑝1)𝐼𝑈
𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼

− 𝜇𝑈,

𝑑𝑉
𝑑𝑡

=
𝛽𝐻𝑉 (1 − 𝑝1)𝐼𝑈

𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼
− 𝜇𝑉 ,

𝑑𝑆
𝑑𝑡

= 𝑟𝑆

(

1 − 𝑆 + 𝐿 + 𝐼
𝐾𝐻

)

−
𝛽𝑉 𝐻𝑝1𝑉 𝑆

𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼
− ℎ𝑆,

𝑑𝐿
𝑑𝑡

=
𝛽𝑉 𝐻𝑝1𝑉 𝑆

𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼
− (𝛼 + ℎ)𝐿,

𝑑𝐼
𝑑𝑡

= 𝛼𝐿 − (ℎ + 𝑔)𝐼,

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

(2.18)

where 𝛽𝐻𝑉 is the transmission coefficient from plant host to susceptible whitefly, 𝑟 is the rate of replanting of healthy plants, 𝐾𝐻
is the plant density, 𝛽𝑉 𝐻 is the transmission coefficient from a vector to a plant host, 𝛼 is the rate of progression of latent infected
plants to the infectious state, ℎ is the harvesting rate, and 𝑔 models plant loss/rouging. It can be easily verified that the domain of
biological interest:

𝛺𝑉 𝐻 =
{

(𝑈, 𝑉 , 𝑆, 𝐿, 𝐼) ∈ R5
+ ∶ 𝑈 + 𝑉 = 𝐴∗

𝑊 , 𝑆 + 𝐿 + 𝐼 ≤ 𝐾𝐻
}

, (2.19)

is positively invariant and attracting all orbits with respect to the model (2.18). The disease-free equilibrium (DFE) for model (2.18)
is:

0 ∶ (𝑈0, 𝑉 0, 𝑋0, 𝑌 0) =

(

𝐾𝑊 (𝜓 + 𝑑𝐸 )(0 − 1)
𝑏

, 0, 𝐾𝐻 , 0, 0

)

. (2.20)

The basic reproduction number near the DFE can defined using the next generation matrix (NGM) [26]. Based on the NGM, it
follows that the non-negative matrix  that denotes the generation of new infection and the non-singular matrix  that denotes the
disease transfer among compartments, are respectively given by (evaluated at DFE) :

 =

⎡

⎢

⎢

⎢

⎣

0 0
𝛽𝐻𝑉 𝐾𝑉 (𝜓 + 𝑑𝐸 )(0 − 1)

𝑏
𝛽𝑉 𝐻𝐾𝐻 0 0

0 0 0

⎤

⎥

⎥

⎥

⎦

, and  =
⎡

⎢

⎢

⎣

𝜇 0 0
0 𝛼 + ℎ 0
0 −𝛼 𝑔 + ℎ

⎤

⎥

⎥

⎦

. (2.21)

From (2.21), it follows that the reproduction number of model (2.18) is:

0 =

√

𝛽𝐻𝑉 𝛽𝑉 𝐻
𝐾𝐻

(1 − 𝑝1)
𝑝1

𝛼
(𝛼 + ℎ)(𝑔 + ℎ)

𝐾𝐸
(𝜓 + 𝑑𝐸 )

𝑏
(0 − 1). (2.22)

The reproduction number 0 represents the average number of new cases (hosts or vectors) generated in a wholly susceptible
population, by one infectious individual (host or adult whitefly, respectively) during its entire infectious period. We can observe
that 0 makes biological sense whenever 0 > 1. The term 𝛼

(𝛼 + ℎ)
represents the probability that a plant will survive the exposed

state to become infectious, 1
(𝑔 + ℎ)

is the average infectious lifetime of the plant,
(1 − 𝑝1)
𝑝1

is the ratio of non-infectious to infectious
plants.

2.4. Effects of vector feeding behavior on disease transmission potential

In this subsection, we makes use of the parameter values in Table 2 and the expression (2.22) to examine the influence of vector
feeding behavior, offspring number and infection rate on the disease transmission potential (Figs. 3 and 4). Figs. 3(a) and 3(b)
illustrate the effect of varying vector feeding preference for different offspring numbers. In Fig. 3(a), we can observe that when
the offspring number is 200 and at least 40% of adult susceptible whitefly prefers to feed on healthy plants, then the disease will
die out, otherwise it will persist. Similarly, in Fig. 3(b), we can note that if the offspring number is increased from 200 to 500,
then for the disease to become extinct, at least 60% of the susceptible adult whitefly population should have preference to feed on
plants with similar status. Overall, we can deduce that, if vectors exhibit a preference for host with the opposite infection status
then the disease transmission potential increases significantly (Fig. 4). In Fig. 3(c) we can also observe that disease transmission
potential is also significantly affected by disease transmission rates. When disease transmission rates are high (𝛽𝑉 𝐻 = 𝛽𝐻𝑉 = 0.25)
and the offspring number is 500, then the disease may die out if almost 100% of the vectors exhibit preference for hosts with similar
infection status.
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Fig. 3. Simulation results showing the effects of vector preference on disease transmission potential (0): we set (a) 0 = 200, 𝛽𝑉 𝐻 = 𝛽𝐻𝑉 = 0.025 (b) 0 = 500,
𝛽𝑉 𝐻 = 𝛽𝐻𝑉 = 0.025 (c) 0 = 500, 𝛽𝑉 𝐻 = 𝛽𝐻𝑉 = 0.25.

Fig. 4. A contour plot showing the influence of the offspring number (0) and vector feeding behavior (𝑝1) on disease transmission potential.
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Table 2
Interpretation of model parameters and their baseline values adopted from literature.

Symbol Biological definition Unit Baseline value Source

𝐾𝐻 Maximum plant density plants per area 10,000 [4]
𝛽𝑉 𝐻 Transmission coefficient

from vector to plant vector−1 day−1 0.0025 (0.002–0.5) [4]
𝛽𝐻𝑉 Transmission coefficient

from plant to vector plant−1day−1 0.0025 (0.002–0.5) [4]
𝛼 Plant incubation rate day−1 0.035 (0–1) [14]
𝑝1 Probability that a whitefly arrives

at plant at random and picks the plant
which is non-infectious dimensionless 0.5 (0–1)

𝑟 Growth rate of plant day−1 0.1 (0.025–0.5) [15]
𝑔 Plant roguing day−1 0.033 (0–0.033) [15]
ℎ Harvesting rate day−1 0.003 (0.002–0.004) [15]

Table 3
Number of possible positive real roots of (2.23) for 0 < 1 and 0 > 1.

Case 𝑎0 𝑎1 𝑎2 0 No. of sign changes No. of possible positive real roots

1 + + + 0 < 1 0 0
2 + + − 0 > 1 1 1
3 + − + 0 < 1 2 0, 2
4 + − − 0 > 1 1 1

2.5. Bifurcation analysis

In order to investigate the long-term dynamics of CMD, we investigate the existence of the endemic equilibrium point. For
this section alone, disease transmission follows the mass action principle as in [8,10–12]. Furthermore, it also worth noting that
𝛽𝐻𝑉 (1−𝑝1)𝐼𝑈

𝑝1(𝑆+𝐿)+(1−𝑝1)𝐼
≤ 𝛽𝐻𝑉 𝐼𝑈 and 𝛽𝑉 𝐻 𝑝1𝑉 𝑆

𝑝1(𝑆+𝐿)+(1−𝑝1)𝐼
≤ 𝛽𝑉 𝐻𝑝1𝑉 𝑆 for all 𝑡 ≥ 0. Thus, solving system (2.18) excluding the third equation in

terms of 𝐼 = 𝐼∗∗ leads to:

𝑈∗∗ =
𝐾𝑊 𝜇𝑚0(0 − 1)
𝑏(𝜇 + 𝛽𝐻𝑉 𝐼∗∗)

, 𝑉 ∗∗ =
𝛽𝐻𝑉 𝐾𝑊 𝑚0(0 − 1)𝐼∗∗

𝑏(𝜇 + 𝛽𝐻𝑉 𝐼∗∗),

𝑆∗∗ =
𝑏(𝛼 + ℎ)(𝑔 + ℎ)(𝜇 + 𝛽𝐻𝑉 𝐼∗∗)
𝛼𝛽𝐻𝑉 𝛽𝑉 𝐻𝐾𝑊 𝑚0(0 − 1)

, 𝐿∗∗ =
(𝑔 + ℎ)𝐼∗∗

𝛼
,

and 𝐼∗∗ is determined by:

𝑎0𝐼
2 + 𝑎1𝐼 + 𝑎2 = 0, (2.23)

where:

𝑎0 =
𝑏2(𝑟 − ℎ)(𝑔 + ℎ)2(𝛼 + ℎ)2

𝐾𝐻𝐾2
𝑊 𝑚

2
0(0 − 1)2𝛼2𝛽2𝑉 𝐻

(

1 +
(𝑔 + ℎ + 𝛼)

(𝑔 + ℎ)(𝛼 + ℎ)
𝛽𝑉 𝐻𝐾𝑊 𝑚0(0 − 1)

𝑏

)

> 0,

𝑎1 =
(𝑔 + ℎ)(𝛼 + ℎ)

𝛼

(

1 +
2(𝑔 + ℎ)(𝛼 + ℎ)(𝑟 − ℎ)𝜇𝑏2

𝐾𝐻𝐾2
𝑊 𝑚

2
0(0 − 1)2𝛼2𝛽2𝑉 𝐻𝛽𝐻𝑉

)

+
(𝑔 + ℎ)(𝛼 + ℎ)(𝑟 − ℎ)(𝛼 + 𝑔 + ℎ)𝑏2

𝐾𝐻𝐾2
𝑊 𝑚

2
0(0 − 1)2𝛽2𝑉 𝐻𝛽𝐻𝑉

(

1 −
𝛽𝐻𝑉 𝐾𝐻

𝜇
𝛼

(𝛼 + 𝑔 + ℎ)

)

,

𝑎2 =
(𝑟 − ℎ)(𝑔 + ℎ)2(𝛼 + ℎ)2𝜇2

𝐾𝐻𝐾2
𝑊 𝑚

2
0(0 − 1)2𝛼2𝛽2𝑉 𝐻𝛽

2
𝐻𝑉

(1 −0).

We can observe that the number of possible positive real roots the polynomial depend on the signs of 𝑎1 and 𝑎2. Furthermore, one
can observe whenever 0 < 1, it follows that 𝑎2 > 0 since

𝛽𝐻𝑉 𝐾𝐻
𝜇

𝛼
(𝛼 + 𝑔 + ℎ)

< 1. Making use of the Descartes rule of signs on the
quadratic equation, we list the various possibilities for the roots of (2.23) in Table 3.

Based on this analysis, we can conclude that the only possibilities are 1, 2 and 4 this leads to the following results:

Theorem 2.1. The model (2.18) admits:
(i) No endemic equilibrium if 0 < 1, and cases 1 holds.
(ii) A unique endemic equilibrium ∗ if 0 > 1 when cases 2 and 4 are satisfied;

To support Theorem 2.1, we perform the bifurcation analysis of model (2.18) making use of the center manifold theorem
presented in [27]. This technique entails investigating the dynamical behaviors of model (2.18) near 0 and parameter values
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around 0 = 1 being governed by Eq. (2.24):

𝑢′(𝑡) = 𝑎𝑢2 + 𝑏𝑢𝜇 + (𝑢3), (2.24)

where 𝜇 is the bifurcation parameter, 𝑢 is the center manifold of system (2.18) at 0 = 1. We now redefine transmission coefficients
as follows; 𝛽𝑉 𝐻 = 𝜃𝑝𝑉 𝐻 and 𝛽𝐻𝑉 = 𝜃𝑝𝐻𝑉 , where 𝜃 is the whitefly feeding rate and 𝑝𝑉 𝐻 denotes the probability of infection when
an adult infectious whitefly feeds on a susceptible plant. Similarly, 𝑝𝐻𝑉 represents the probability of infection of a susceptible adult
whitefly when it feeds on an infectious host. Thus, in this section, we set our bifurcation parameter as 𝜇 = 𝜃. Furthermore, the
expression of 𝑎 and 𝑏 will be derived in the following discussion. We focus on the simple zero eigenvalue for 𝐷𝑥𝑓 (𝑥0, 𝜙)|0=1, and
the corresponding left and right eigenvectors 𝑣 and 𝑤, such that 𝑣𝑤 = 1, with 𝑤 and 𝑣 given by:

𝑣 =

(

0
𝜃𝑝𝑉 𝐻𝛼𝐾𝐻
𝜇(𝛼 + ℎ)

0 𝛼
𝛼 + ℎ

1

)

, (2.25)

and:

𝑤 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−
𝜃𝑝𝐻𝑉 𝐾𝑊 𝑚0(0 − 1)

𝑏
𝜃𝑝𝐻𝑉 𝐾𝑊 𝑚0(0 − 1)

𝑏
− 𝑟
𝑟 + ℎ

−
𝜃2𝑝𝐻𝑉 𝑝𝑉 𝐻𝐾𝐻 (𝑟 + 𝛼 + ℎ)

𝜇(𝑟 + ℎ)(𝛼 + ℎ)
𝐾𝑊 𝑚0(0 − 1)

𝑏
𝜃2𝑝𝐻𝑉 𝑝𝑉 𝐻𝐾𝑊 𝑚0(0 − 1)

𝑏(𝛼 + ℎ)
,

1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (2.26)

Then, we compute the second-order partial derivatives of 𝑓 for
𝜕2𝑓𝑖(𝑥0, 𝜙)
𝜕𝑥𝑗𝜕𝑥𝑘

|0=1 and
𝜕2𝑓𝑖(𝑥0, 𝜙)
𝜕𝑥𝑗𝜕𝜇

|0=1. The non-zero elements are

presented in Eq. (2.27)

𝜕2𝑓1(𝑥0, 𝜙)
𝜕𝑥1𝜕𝑥5

|0=1 =
𝜕2𝑓1(𝑥0, 𝜙)
𝜕𝑥5𝜕𝑥1

|0=1 = −𝜃𝑝𝐻𝑉 ,
𝜕2𝑓2(𝑥0, 𝜙)
𝜕𝑥1𝜕𝑥5

|0=1 =
𝜕2𝑓2(𝑥0, 𝜙)
𝜕𝑥5𝜕𝑥1

|0=1 = 𝜃𝑝𝐻𝑉 ,

𝜕2𝑓3(𝑥0, 𝜙)
𝜕𝑥2𝜕𝑥3

|0=1 =
𝜕2𝑓3(𝑥0, 𝜙)
𝜕𝑥3𝜕𝑥2

|0=1 = −𝜃𝑝𝑉 𝐻 ,
𝜕2𝑓4(𝑥0, 𝜙)
𝜕𝑥2𝜕𝑥3

|0=1 =
𝜕2𝑓4(𝑥0, 𝜙)
𝜕𝑥3𝜕𝑥2

|0=1 = 𝜃𝑝𝑉 𝐻 ,

𝜕2𝑓3(𝑥0, 𝜙)
𝜕𝑥3𝜕𝑥3

|0=1 = − 2𝑟
𝐾𝐻

,
𝜕2𝑓3(𝑥0, 𝜙)
𝜕𝑥3𝜕𝑥4

|0=1 =
𝜕2𝑓3(𝑥0, 𝜙)
𝜕𝑥4𝜕𝑥3

|0=1 = − 𝑟
𝑘𝐻

,

𝜕2𝑓3(𝑥0, 𝜙)
𝜕𝑥4𝜕𝑥5

|0=1 =
𝜕2𝑓3(𝑥0, 𝜙)
𝜕𝑥5𝜕𝑥4

|0=1 = − 𝑟
𝐾𝐻

,
𝜕2𝑓1(𝑥0, 𝜙)
𝜕𝑥5𝜕𝜃

|0=1 = −
𝐾𝑉 𝑝𝐻𝑉 𝜇𝑚0(0 − 1)

𝑏
,

𝜕2𝑓2(𝑥0, 𝜙)
𝜕𝑥5𝜕𝜃

|0=1 =
𝐾𝑊 𝑝𝐻𝑉 𝜇𝑚0(0 − 1)

𝑏
,

𝜕2𝑓3(𝑥0, 𝜙)
𝜕𝑥2𝜕𝜃

|0=1 = −𝐾𝐻𝑝𝑉 𝐻 ,

𝜕2𝑓4(𝑥0, 𝜙)
𝜕𝑥2𝜕𝜃

|0=1 = 𝐾𝐻𝑝𝑉 𝐻 .

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(2.27)

Utilizing formulas and results in [27], we compute 𝑎 and 𝑏 as presented in (2.28):

𝑎 = 1
2

5
∑

𝑖,𝑗𝑘=1
𝑣𝑖𝑤𝑗𝑤𝑘

𝜕2𝑓𝑖(𝑥0, 𝜙)
𝜕𝑥𝑗𝜕𝑥𝑘

|0=1

= −
𝐾𝑊 𝜃2𝑝𝑉 𝐻𝑝𝐻𝑉 𝛼𝐾𝐻𝑚0(0 − 1)

𝑏(𝛼 + ℎ)

[

𝑝𝐻𝑉 +

(

𝜃3𝑝2𝐻𝑉 𝑝𝑉 𝐻𝐾𝐻𝛼𝑟(𝑟 + 𝛼 + ℎ)

(𝛼 + ℎ)(𝑟 + ℎ)2

)

𝐾𝑊 𝑚0(0 − 1)
𝑏

]

,

𝑏 =
5
∑

𝑖,𝑗𝑘=1
𝑣𝑖𝑤𝑗

𝜕2𝑓𝑖(𝑥0, 𝜙)
𝜕𝑥𝑗𝜕𝜃

|0=1

=
𝐾𝑊 𝑚0𝜃𝛼𝑝𝑉 𝐻𝐾𝐻 (1 + 𝑝𝐻𝑉 )(0 − 1)

𝑏(𝛼 + ℎ)
.

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

(2.28)

We can observe that when 0 > 1, 𝑎 < 0 and 𝑏 > 0 and it implies that model (2.18) admits a forward bifurcation at 0 = 1, as
illustrated graphically in Fig. 5. Based on this result, we have the following theorem:

Theorem 2.2. At 0 = 1, model (2.18) admits a forward bifurcation.

2.6. Optimal control

Insecticide use and the removal of infected plants from the field (roguing) are some of the commonly used strategies to control
the spread of CMD. In this section, we seek to investigate the cost effectiveness of mitigating the two aforementioned strategies.
Thus, we propose the objective functional (2.29):

𝐽 (𝑐, 𝑔) = ∫

𝑡𝑓

0

[

𝐿(𝑡) + 𝐼(𝑡) + 𝑉 (𝑡) + 𝑈 (𝑡) + 𝑃 (𝑡) + 𝐸(𝑡) +
4
∑

𝑖=1
𝑁𝑖(𝑡) +

𝐵1𝑐2(𝑡)
2

+
𝐵2𝑔2(𝑡)

2

]

𝑑𝑡, (2.29)
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Fig. 5. Bifurcation diagram of model (2.18) showing the existence of a forward bifurcation at 0 = 1, with the bifurcation parameter 𝜃 = 2.5 × 10−7 and all
other parameter values are as in Table 2.

subject to system (2.30)–(2.40):

𝐸′(𝑡) = 𝑏

(

1 − 𝐸
𝐾𝑊

)

(𝑈 + 𝑉 ) − 𝜓𝐸 − 𝑑𝐸𝐸, (2.30)

𝑁 ′
1(𝑡) = 𝜓𝐸 − 𝑠1𝑁1 − 𝑑1𝑁1 − 𝜖1𝑐(𝑡)𝑁1, (2.31)

𝑁 ′
2(𝑡) = 𝑠1𝑁1 − 𝑠2𝑁2 − 𝑑2𝑁2 − 𝜖1𝑐(𝑡)𝑁2, (2.32)

𝑁 ′
3(𝑡) = 𝑠2𝑁2 − 𝑠3𝑁3 − 𝑑3𝑁3 − 𝜖1𝑐(𝑡)𝑁3, (2.33)

𝑁 ′
4(𝑡) = 𝑠3𝑁3 − 𝑠4𝑁4 − 𝑑4𝑁4 − 𝜖1𝑐(𝑡)𝑁4, (2.34)

𝑃 ′(𝑡) = 𝑠4𝑁4 − 𝛾𝑃 − 𝑑𝑃𝑃 , (2.35)

𝑈 ′(𝑡) = 𝛾𝑃 −
𝛽𝐻𝑉 (1 − 𝑝1)𝐼𝑈

𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼
− 𝜇𝑈 − 𝜖2𝑐(𝑡)𝑈, (2.36)

𝑉 ′(𝑡) =
𝛽𝐻𝑉 (1 − 𝑝1)𝐼𝑈

𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼
− 𝜇𝑉 − 𝜖2𝑐(𝑡)𝑉 , (2.37)

𝑆′(𝑡) = 𝑟𝑆

(

1 − 𝑆 + 𝐿 + 𝐼
𝐾𝐻

)

−
𝛽𝑉 𝐻𝑝1𝑉 𝑆

𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼
− ℎ𝑆, (2.38)

𝐿′(𝑡) =
𝛽𝑉 𝐻𝑝1𝑉 𝑆

𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼
− (𝛼 + ℎ)𝐿, (2.39)

𝐼 ′(𝑡) = 𝛼𝐿 − ℎ𝐼 − 𝜖3𝑔(𝑡)𝐼, (2.40)

where the constants 𝐵1 and 𝐵2 represent the weight associated with control variables 𝑐(𝑡) (insecticide application) and 𝑔(𝑡) (roguing),
respectively. Moreover, 𝜖1 and 𝜖2 represent the efficiency of insecticide use to reduce immature and mature whitefly population,
respectively. Similarly, 𝜖3 accounts for the efficiency of plant rouging. Our optimal control problem seek to determine a sect of
controls capable of minimizing the infected plant population as well as the total vector population at minimal cost of implementing
controls 𝑐 and 𝑔. Let 𝑐∗ and 𝑔∗ be the optimal controls. We desire to determine a set of control functions such that:

𝐽 (𝑐∗, 𝑔∗) = min 𝐽 (𝑐, 𝑔), (𝑐, 𝑔) ∈  , (2.41)

subject to system (2.30)–(2.40), where  is the set of measurable function defined from [0, 𝑡𝑓 ] to [0, 1]. Making use of the
Pontryagin’s maximum Principle [28], we have the Hamiltonian function 𝐻(2.42):

𝐻 = 𝐿 + 𝐼 + 𝑉 + 𝑈 + 𝑃 + 𝐸 +
4
∑

𝑖=1
𝑁𝑖 +

1
2
(𝐵1𝑐

2(𝑡) + 𝐵2𝑔
2(𝑡))

+ 𝜆1𝐸′(𝑡) + 𝜆2𝑁 ′
1(𝑡) + 𝜆3𝑁

′
2(𝑡) + 𝜆4𝑁

′
3(𝑡) + 𝜆5𝑁

′
4(𝑡) + 𝜆6𝑃

′(𝑡)

+ 𝜆7𝑈 ′(𝑡) + 𝜆8𝑉 ′(𝑡) + 𝜆9𝐿′(𝑡) + 𝜆10𝐼 ′(𝑡), (2.42)

where 𝜆𝑗 , 𝑗 = 1, 2,… , 10 are the adjoint variables satisfying the adjoint system (2.43)–(2.53):

𝑑𝜆1
𝑑𝑡

= − 𝜕𝐻
𝜕𝐸
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= −1 +

(

𝑏𝑈
𝐾𝑊

+ 𝜓 + 𝑑𝐸

)

𝜆1 − 𝜓𝜆2, (2.43)

𝑑𝜆2
𝑑𝑡

= − 𝜕𝐻
𝜕𝑁1

= −1 + (𝜖1𝑐(𝑡) + 𝑑1 + 𝑠1)𝜆2 − 𝑠1𝜆3, (2.44)
𝑑𝜆3
𝑑𝑡

= − 𝜕𝐻
𝜕𝑁2

= −1 + (𝜖1𝑐 + 𝑑2 + 𝑠2)𝜆3 − 𝑠2𝜆4, (2.45)
𝑑𝜆4
𝑑𝑡

= − 𝜕𝐻
𝜕𝑁3

= −1 + (𝜖1𝑐 + 𝑑3 + 𝑠3)𝜆4 − 𝑠3𝜆5, (2.46)
𝑑𝜆5
𝑑𝑡

= − 𝜕𝐻
𝜕𝑁4

= −1 + (𝜖1𝑐 + 𝑑4 + 𝑠4)𝜆5 − 𝑠4𝜆6, (2.47)
𝑑𝜆6
𝑑𝑡

= − 𝜕𝐻
𝜕𝑃

= −1 + 𝑑𝑃 𝜆6 − 𝛾𝜆7, (2.48)
𝑑𝜆7
𝑑𝑡

= − 𝜕𝐻
𝜕𝑈

= −1 − 𝑏

(

1 − 𝐸
𝐾𝑉

)

𝜆1 + (𝜖2𝑐 + 𝜇)𝜆7 +
𝛽𝐻𝑉 (1 − 𝑝1)𝐼

𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼
(𝜆7 − 𝜆8), (2.49)

𝑑𝜆8
𝑑𝑡

= − 𝜕𝐻
𝜕𝑉

= −1 + (𝜖2𝑐(𝑡) + 𝜇)𝜆8 +
𝛽𝑉 𝐻𝑝1𝑆

𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼
(𝜆9 − 𝜆10), (2.50)

𝑑𝜆9
𝑑𝑡

= − 𝜕𝐻
𝜕𝑆

= −
𝛽𝐻𝑉 𝐼𝑈𝑝1(1 − 𝑝1)(𝜆7 − 𝜆8)
[𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼]2

−
𝛽𝑉 𝐻𝑝1𝑉 (𝑝1𝐿 + (1 − 𝑝1)𝐼)
[𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼]2

(𝜆9 − 𝜆10)

− 𝑟

(

1 − 2𝑆 + 𝐿 + 𝐼
𝐾𝐻

)

𝜆9 + ℎ𝜆9, (2.51)

𝑑𝜆10
𝑑𝑡

= − 𝜕𝐻
𝜕𝐿

= −1 −
𝛽𝐻𝑉 𝑝1(1 − 𝑝1)𝐼𝑈

[𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼]2
(𝜆7 − 𝜆8) +

𝛽𝑉 𝐻𝑝21𝑉 𝑆

[𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼]2
(𝜆9 − 𝜆10)

+ 𝑟𝑆
𝐾𝐻

𝜆9 + ℎ𝜆10 + 𝛼(𝜆10 − 𝜆11), (2.52)

𝑑𝜆11
𝑑𝑡

= − 𝜕𝐻
𝜕𝐼

= −1 +
𝛽𝐻𝑉 (1 − 𝑝1)𝑈

𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼
(𝜆7 − 𝜆8) −

𝛽𝐻𝑉 (1 − 𝑝1)2𝐼𝑈
[𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼]2

(𝜆7 − 𝜆8)

+
𝛽𝑉 𝐻𝑝1(1 − 𝑝1)𝑉 𝑆

[𝑝1(𝑆 + 𝐿) + (1 − 𝑝1)𝐼]2
(𝜆10 − 𝜆9) +

𝑟𝑆
𝐾𝐻

𝜆9 + (𝜖3𝑔(𝑡) + ℎ)𝜆11. (2.53)

with transversality conditions 𝜆𝑗 (𝑡𝑓 ) = 0. Furthermore, by applying the Pontryagin’s maximum Principle and the optimality
conditions, we have:

𝜕𝐻
𝜕𝑐

= 0, and, 𝜕𝐻
𝜕𝑔

= 0. (2.54)

Thus, optimal controls are characterized by:

𝑐∗ = min
{

𝑐max,max
{

0,
𝜖1(𝜆2𝑁1 + 𝜆3𝑁2 + 𝜆4𝑁3 + 𝜆5𝑁4) + 𝜖2(𝜆7𝑈 + 𝜆8𝑉 )

𝐵1

}}

, (2.55)

𝑔∗ = min
{

𝑔max,max
{

0,
𝜖3𝜆11𝐼
𝐵2

}}

, (2.56)

where 𝑐max ≤ 1 and 𝑔max ≤ 1 are the feasible upper bounds of the controls 𝑐(𝑡) and 𝑔(𝑡).
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Fig. 6. Simulation results showing the dynamics of immature and adult whitefly population with and without optimal control under strategy A with 𝐵1 = 0.1,
𝐵2 = 0.01, 𝜖1 = 0.8, 𝜖2 = 0 and 𝜖3 = 0.5.

3. Results and discussions

To determine the strength and effectiveness of the control strategies, we numerically solve the optimal control problem using
the forward–backward sweep method [29] with the Runge–Kutta fourth order scheme programmed in Matlab. In our simulations,
we set the weight constants 𝐴1 and 𝐴2 to unity, and this implies that the reduction of adult vectors has equivalent importance to
the reduction of immature vectors. Furthermore, we assume that use of insecticides is more expensive in comparison to roguing,
hence we set 𝐵1 ≥ 𝐵2. To investigate the effectiveness of the control strategies, we shall compare the implications of varying the
efficacy of the control strategies (𝜖𝑖).
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Fig. 7. Simulation results showing the dynamics of adult whitefly and plant population with and without optimal control under strategy A with 𝐵1 = 0.1,
𝐵2 = 0.01, 𝜖1 = 0.8 𝜖2 = 0 and 𝜖3 = 0.5.

Fig. 8. Plots of the control profiles 𝑐(𝑡) and 𝑔(𝑡) for strategy A with 𝐵1 = 0.1, 𝐵2 = 0.01, 𝜖1 = 0.8 𝜖2 = 0 and 𝜖3 = 0.5.

Figs. 6–8 show a scenario in which the insecticides used by farmers have no effect on the adult whitefly population. For example,
when farmers utilize IGR as an intervention strategy, these insecticides are known to be effective against whitefly nymphs but
not on adult population [3]. As we can observe, implementing time dependent controls strategies will significantly reduce vector
populations (both immature and adult) compared to non-time-dependent control strategies but this will not result in the extinction
of the vector population. We can also note that this approach may not result in significant changes in the host populations (Fig. 7).
Moreover, to achieve these results, all control efforts need to be maintained at their maximum intensity throughout the time horizon
(Fig. 8).

To quantify disease dynamics when insecticides are effective to both immature and mature whitefly population, we simulated
model (2.30)–(2.40) with 0 < 𝜖1 < 1, and 0 < 𝜖2 < 1, and the output is presented in Figs. 9–11. Without loss of generality,
we set 𝜖1 = 𝜖2 = 0.8, and 𝜖3 = 0.5. As we can observe, the findings show that when insecticides are effective at reducing
both the immature and adult whitefly population, time-dependent control efforts will lead to the extinction of vectors (both
immature and adult population) and infectious plants. As has been shown, this outcome will be attained if the control efforts are
maintained at their maximum intensity for the entire time horizon. To further quantify the impact of the effectiveness of the control
strategies on the population dynamics of the host and vector, we simulated model (2.30)–(2.40) on two levels of effectiveness: low
(𝜖1 = 𝜖2 = 𝜖3 = 40%) and high (𝜖1 = 𝜖2 = 𝜖3 = 80%) and the output is presented in Figs. 12 and Fig. 13. As highlighted in earlier
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Fig. 9. Simulation results showing the dynamics of immature whitefly population with and without optimal control under strategy A with 𝐵1 = 0.1, 𝐵2 = 0.01,
𝜖1 = 𝜖2 = 0.8 and 𝜖3 = 0.5.

optimal control results, we can also observe that when the effectiveness of control strategies is relatively high, the vector population
decreases significantly and may become extinct after 50 days of implementing the controls. These results reinforce the argument
that effectiveness of control strategies is of utmost importance on controlling the spread of CMD.

4. Concluding remarks

We proposed a plant-vector-virus model of CMD that incorporates all known immature stages of the whitefly, vector feeding
behavior and control strategies, to understand the disease dynamics and the impact control strategies. Prior studies have shown that
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Fig. 10. Simulation results showing the dynamics of adult whitefly and plant population with and without optimal control under strategy A with 𝐵1 = 0.1,
𝐵2 = 0.01, 𝜖1 = 𝜖2 = 0.8 and 𝜖3 = 0.5.

Fig. 11. Plots of the control profiles 𝑐(𝑡) and 𝑔(𝑡) for strategy A with 𝐵1 = 0.1, 𝐵2 = 0.01, 𝜖1 = 𝜖2 = 0.8 and 𝜖3 = 0.5.

the preference of vector settlement for the infected or healthy host significantly impacts the disease transmission dynamics [17].
Hence, this aspect needs to be integrated in host-vector-virus models. We commence by investigating the growth dynamics of the
whitefly population. Thus, we proposed a mathematical framework that fully tracks the life cycle of the whitefly population from
egg to adult stages. We included all the four instar stages and the pupa stage since the probability of survival and development
varies from one stage to another. In particular, it is well known that first instars are highly mobile during the first few hours after
egg hatching making them more vulnerable to environmental stress factors [18]. From the whitefly growth model, we established
a threshold parameter, the offspring number which gives the average number of new offsprings an adult female whitefly is capable
of producing in its entire lifespan. In other words, the offspring number measures the power of the whitefly population to persist.
We performed the sensitivity analysis of the offspring number to identify the model parameters that have a strong influence on its
growth or decrease. The findings showed that an increase in the oviposition of the adult whitefly significantly increases the growth
of the whitefly population. In contrast, we observed that an increase in mortality rates, particularly at the adult stage, significantly
reduces the persistence of whitefly population.
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Fig. 12. Simulation results showing the dynamics of immature whitefly population with low (𝜖1 = 𝜖2 = 𝜖3 = 40%) and high (𝜖1 = 𝜖2 = 𝜖3 = 80%) efficient controls.

We extended the whitefly growth model to incorporate the host and virus transmission-influenced by vector feeding behavior.
We derived the reproduction number (0)-a metric for measuring the power of the disease to invade the population. We observed
that the reproduction number strongly depends on the offspring number. If the offspring number is less than unity, then the disease
will die out due to the extinction of the whitefly population. In contrast, an increase of the offspring number significantly increases
disease transmission potential. We carried out a bifurcation analysis and observed a forward bifurcation at 0 = 1. We then extended
the host-vector-virus model to incorporate time-dependent insecticide and roguing efforts. Exploring various ways of implementing
the aforementioned control strategies revealed that the best outcome will be achieved whenever the controls are implemented in
combination and at maximum possible efficiency. The findings from this study demonstrate the importance of the interplay between
vector feeding behavior and control strategies in disease dynamics.

Our study only predicted the impact of insecticide and plant roguing on CMD dynamics, however, there is a growing interest
among researchers to establish the significance of biological control programs in controlling disease prevalence. Of particular
importance is the fact that biocontrol has the potential to control the pest at the threshold level in an eco-friendly way and make
a sustainable environment without affecting fauna and flora [30]. Hence, in future we hope to extend the proposed framework
to incorporate biological control strategies. Additionally, although mathematical models have made considerable contributions
in predicting disease dynamics in the human population and agricultural realm, it is essential for these to be validated with
experimental data so that the proposed model(s) will yield a reasonably accurate prediction. Due to the scarcity of experimental
data we were not able to validate our study with experimental data, however, in future we aim to work with researchers who have
the necessary data. With reliable datasets we will enhance the applicability of our work.
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Fig. 13. Simulation results showing the dynamics of adult whitefly and plant population with low (𝜖1 = 𝜖2 = 𝜖3 = 40%) and high (𝜖1 = 𝜖2 = 𝜖3 = 80%) efficient
controls.
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