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better understand these dynamics, we develop a mathematical model that incorporates ~ Accepted 4 September 2026

monocytes, macrophages, and Tlymphocytes. Analytical results show that the basic repro- KEYWORDS
duction number, R, depends on key infection and immune-response parameters and can Tuberculosis; mathematical
exceed unity under biologically plausible conditions, leading to persistent infection. Bifur- model; monocytes; drug

cation analysis reveals the occurrence of a backward bifurcation at R¢ = 1, indicating that combination; optimal control
reducing R below unity may not be sufficient for disease eradication, as stable endemic
equilibria can coexist with the disease-free equilibrium when R < 1. Numerical simu-
lations under baseline parameter values demonstrate that enhancing immune response
parameters substantially lowers bacterial burden, reducing bacterial populations by up
to 70% within 60 days, whereas increased infection rates accelerate disease progression,
doubling bacterial populations in approximately half the time. Furthermore, an optimal
control analysis suggests that, under representative treatment scenarios, intensified drug
treatment can reduce bacterial loads by more than 90% within 30 days; however, com-
plete bacterial clearance may remain unattainable because of the backward bifurcation
phenomenon. These findings underscore the importance of integrating immune enhance-
ment with optimized treatment strategies and highlight that achieving R¢ < 1alone may
not guarantee eradication of TB infection.

PLAIN LANGUAGE SUMMARY

TB remains one of the world’s leading infectious diseases and is caused by the bacterium
Mtb. The outcome of infection depends on complex interactions between the bacteria
and the body’s immune system. In this study, we developed a mathematical model to bet-
ter understand how immune cells and bacteria interact during infection and how these
interactions influence disease progression and treatment outcomes. Our results show that
the ability of TB to persist within the body depends on both bacterial growth and the
strength of the immune response. We found that improving immune function can sub-
stantially reduce bacterial levels, whereas higher infection rates can accelerate disease
progression. The model also revealed a phenomenon known as backward bifurcation,
meaning that reducing transmission or bacterial growth to a level traditionally consid-
ered sufficient for disease control may not always eliminate the infection. In some cases,
the infection can persist even when conditions appear favorable for eradication. We fur-
ther investigated the impact of drug treatment using optimal control methods. The results
suggest thatintensified treatment strategies can dramatically reduce bacterial burden, but
complete elimination of the bacteria may still be difficult because of the complex dynam-
ics of the infection. Overall, our findings highlight the importance of combining effective
drug treatment with strategies that strengthen the immune response. Such integrated
approaches may improve TB control and increase the likelihood of achieving complete
bacterial clearance.
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1. Introduction

Despite declines in TB incidence and mortality in some regions, the disease remains a significant global health
issue, especially in resource-limited settings [1]. According to WHO, in 2024, approximately 10.7 million people
contracted TB worldwide, including about 5.8 million men, 3.7 million women, and 1.2 million children [2].
TB is the leading cause of death from a single infectious agent and ranks among the top 10 causes of death
globally [2].

Mtb, the causative agent of TB, has evolved sophisticated mechanisms to survive within hosts, often
manipulating cell death pathways in infected macrophages to evade immune responses and antimicrobial
treatments [3-5]. By altering apoptosis and necrosis timing, Mtb shields itself from immune detection and
facilitates dissemination at strategic moments [5]. Enhancing therapies to better target these intracellular sur-
vival strategies is critical for improving treatment efficacy and moving toward eradication. Understanding
these mechanisms will inform the development of novel therapeutic approaches, ultimately improving clinical
outcomes and global TB control efforts.

Mathematical models have become invaluable tools for probing within-host disease dynamics, offering an
alternative to costly and time-consuming experiments [6-24]. For example, Wigginton and Kirschner [6] used
ODEs to simulate lung tissue interactions during respiratory infections, providing insights into immune reg-
ulation. Stewart et al. [24] reviewed latency modeling, emphasizing dormant bacterial states. Pedruzzi et al.
[9] modeled early macrophage interactions, revealing Mtb's interference with host iron and lipid homeosta-
sis. Despite these advances, the specific roles of monocytes and optimal drug combinations in within-host
TB dynamics remain less understood. This study introduces a new model explicitly incorporating monocytes
alongside other immune cells to address this gap.

Monocytes are circulating myeloid cells with short lifespans, yet they are essential in the immune response
against infections. They can engulf pathogens, produce cytokines, and present antigens [25, 26]. During Mtb
infection, monocytes rapidly migrate from blood to lungs, differentiating into monocyte-derived macrophages
(MDMs) that help contain the bacteria [25-28]. Despite their importance, monocytes are often underrepre-
sented or omitted in existing TB models, limiting their accuracy in capturing immune complexity.

Beyond modeling monocyte dynamics, this work focuses on identifying optimal drug combinations to con-
trol Mtb. Standard TB treatments (RIPE: Rifampicin, Isoniazid, Pyrazinamide, Ethambutol) aim to rapidly reduce
bacterial load, sterilize tissues, prevent resistance, and target dormant bacteria [29-31]. However, suboptimal
drug performance can lead to persistence or tolerance [32]. Quantitatively evaluating combination therapies’
potential to overcome persistence is thus essential. We develop a within-host Mtb model based on recent
literature [16-18]. The model is analyzed via the basic reproduction number (Rp) and bifurcation analysis,
revealing a backward bifurcation at Ro = 1. An optimal control problem is formulated with controls repre-
senting drug administration efforts, aiming to minimize bacterial and infected cell populations. This work is
among the first to assess drug combination optimization in the context of monocyte involvement, providing
insights into immune and treatment strategies to improve outcomes.

The paper is organized as follows: Section 2.1 formulates the model, computes R, and analyzes stability;
the model is extended into an optimal control problem with its optimality system derived. Section 3 presents
numerical results and discussion. Conclusions highlight key findings, limitations, and future directions.

2. Methods and results
2.1. Model derivation

A system of nonlinear ordinary differential equations (NODEs) is proposed to describe the interactions among
the Mtb pathogen, monocytes, macrophages, and T lymphocytes within the lung environment. When mono-
cytes are recruited into lung tissue, they differentiate into MDMs [27, 28]. To facilitate this, the variables
in the model are defined as follows: My represents uninfected monocytes, M; represents infected mono-
cytes, D, denotes uninfected MDMs, Dpy,; corresponds to infected MDMs, Ry, signifies uninfected resident
macrophages, Ry, indicates infected resident macrophages, B models the population of Mtb, and T represents
T lymphocytes. The model is built upon several key assumptions, outlined below:
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e Recruitment, differentiation and infection of monocytes: Circulating blood monocytes are recruited to the
lungs, especially during injury, infection, or inflammation. Once in the lung tissue, they differentiate into
MDMs, which are essential for immune defense and tissue repair [27]. These circulating monocytes are
short-lived, with an estimated half-life of approximately 1 to 3 days, significantly shorter than that of resi-
dent macrophages [28]. Previous studies suggest that monocytes may encounter soluble products of Mtb,
leading to their infection before completing the differentiation process [33].

e Interaction of Mtb with RAMs: When aerosolized Mtb enters the lungs, it first encounters RAMs, which are
critical components of the innate immune response. These RAMs become infected upon contact with Mtb,
either via phagocytosis or other mechanisms [34]. This interaction triggers recognition through pattern
recognition receptors (PRRs), such as Toll-like receptors (TLRs), leading to the production of cytokines and
chemokines that recruit additional immune cells. These early immune responses are vital for containing
the infection, activating adaptive immunity, and orchestrating a coordinated defense involving various
immune mediators [34, 35].

e Dynamics of RAMs: RAMs are among the first cells to encounter Mtb upon infection [34]. When uninfected
RAMs come into contact with Mtb, they become infected, initiating a cascade of immune responses. The
interaction between Mtb and macrophages triggers complex immune mechanisms that work together to
mount an effective defense against the pathogen [35].

e Population decline and bacterial proliferation: Over time, the populations of both uninfected and infected
RAM:s decline primarily due to natural cell death processes [23]. Additionally, infected RAMs decrease as a
result of immune-mediated clearance mechanisms [16]. Despite this decline, a certain fraction of alveolar
macrophages contributes to the proliferation of Mtb, thereby increasing the bacterial load within the host.

Based on these assumptions, the dynamics of uninfected macrophages are approximated by the following
system of equations. (A summary of the model variables and their biological definitions is provided in Table 1,
and the model transition diagram is in Figure 1.):

dm,
= 50— o+ ¢1)Mo — foBMo, (M
dm; y MiT
= BoBM, — M — ——, 2
ot BoBMo — (a0 + a1)M; p— 2
dD
Tﬁm = ¢'| MO —_ ﬂ] BDmu - #oDmu: (3)
dD,.; DmiT
— 7 = @1Mi+ $1BDpy — 11D — ; i @
dR
—d’:u =51 — ﬂzBRmu - #2Rmu: (5)
dRmi Y RmiT
dt ,5'2 mu mi a, +T ( )
dB B N])//VI,'T N3V DT
— =oB(1-- NoM; N1 Dpi + ——"2— 4 NgbRp;
dt ( K)+a°°’+ o T 1 2KPmit = g o+ Nabfmi
N5y RmiT
Z——i—m;' — (1o 4 Hoflo)BMo — (111 + H1 S1)BDumy — (2 + Ha82)BRmus )
dr _ o4 coMiT ~ c1DmiT | CRmiT GBT oT, ®)
dt 14+eT 14+eT  1+eT  1+e3T

with initial conditions:

Mo(0) =Moo >0, M;(0) =Mjp >0, Dmy(0) =Dpmyo >0, Dmi(0) = Dpmjo >0,
Rmu(0) = Rmuo > 0, Rmi(0) =Rmio >0, B(0)=By >0, T(0)=Ty>0.

e The first equation describes the dynamics of uninfected monocytes recruited into the lung environment.
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Table 1. Summary of variables in the model (1)-(8).

Variable Biological definition Variable Biological definition

Mo (t) Uninfected monocytes M;(t) Infected monocytes

Dimu(t) Uninfected MDMs Dpmi(t) Infected MDMs

Ronu (1) Uninfected RAMs Rmi(t) Infected RAMs

B(t) Population of Mtb T(t) Population of T lymphocytes

a; M;

YM; T
a0+T

}’Rmi T
a +T

NdoNo M+ N,y " NybRyi+Ns

+Hypy) BM
(mo +HoBo) BM (o4 HyB) BR,,,,

COMiT CleiT C2RmiT C3B T
I+egT 14+ T  14+eT  14e3T

Figure 1. Model flow diagram illustrating the interactions between Mtb and the host immune system, including key cellular
components, pathogen-host interactions, and immune responses modeled in the system (Equations (1)-(8)).

Uninfected monocytes are recruited into the lung tissue at a constant rate sg, and they undergo natural
death at rate ¢p9. Once in the tissue, monocytes differentiate into uninfected MDM:s at rate ¢1. Additionally,
monocytes can become infected by bacteria before differentiating into MDM:s at infection rate fy.

e The second equation accounts for the dynamics of infected monocytes prior to differentiation. This popula-
tion increases through infection of susceptible monocytes at rate fy. It decreases through natural death at
rate ag, differentiation into MDMs at rate a, and clearance by T-cells modeled by the function % where y
represent the cell-mediated immune response, and ay is the the saturation constant representing the T-cell
concentration at which the lysis rate is half-maximal.

e The third equation represents the dynamics of susceptible MDMs. This population increases through the
differentiation of uninfected monocytes. It decreases due to infection by Mtb pathogen, at rate 1, as well
as natural death, at rate uo.

e The fourth equation accounts for the dynamics of infected MDMs population, which increases through
infection of susceptible MDMs and the conversion of infected monocytes, with parameter a1 accounting for
the conversion rate. Infected MDMs decrease due to natural death at rate x1. Additionally, infected MDMs
are subject to T-cell-mediated lysis, modeled with a Michaelis-Menten term );?i’TT, where y is the maximum
lysis rate, and a; is the saturation constant representing the T-cell concentration at which the lysis rate is
half-maximal.

o The fifth equation represent the concentration of uninfected RAMs. This population increases at a constant

rate sq, and it decreases through infection by the bacteria B at rate 3, as well as through natural death at
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rate u;. Infected RAMs are produced when susceptible RAMs become infected, and they decrease due to
natural death at rate b. Additionally, infected resident macrophages are removed by T-cells, and this process
is modeled by a Michaelis-Menten term yR+T , Where y is the maximum lysis rate, and a, is the saturation
constant representing the T-cell concentration at which the lysis rate is half-maximal.

e The bacterial population proliferates logistically at rate J, with a maximum capacity K. Bacteria are released
from infected MDMs and RAMs, with contributions Ng, N1, N2, N3, N4, N5 representing the number of bac-
teria released per infected cell type. Bacteria are cleared through immune responses involving monocytes,
macrophages, and RAMs, each contributing to bacterial killing at rates 7o, 771, 72 respectively, modulated by
immune enhancement factors Ho, Hy, Hz.

e The T-cell population is produced at a baseline rate s3. T-cells are activated proportionally to the pres-
ence of infected macrophages, MDMs, RAMs, and bacteria, with activation rates co, ¢1, ¢z, ¢3, and maximum
activation levels e, e1, e, e3. These parameters model the immune system’s capacity to respond under dif-
ferent pathogen loads. The activation follows Michaelis-Menten dynamics, where the saturation constants
eo, e1, €2, e3 represent the T-cell concentration at which activation is half-maximal. T-cells decay at rate o.

2.2. Basic properties of the model

To demonstrate that the solutions of (1)-(8) are well-posed and bounded for all time, we start by showing that,
given any non-negative initial conditions (9), the solutions will remain positive. From the first, second, and
third equations of model (1), we have: 4 at Mo IM,=0 = S0 > 0, %lM,_o = foBM, > 0, and dD”““ [Dmu=0 = P1Mo,

dD”” D=0 = a1M; > 0, R’"”IRmu_o =s; >0, and dR’"’lgm,_o = B2BRmy > 0, respectively. S|m|IarIy, from the
remammg equations of model (1), we have:

dB Ny M;T N3y DT N5y RmiT

— = agNoM; + ——— + N Dmi + ———— + N4bRpj + —— > 0,

at oo aoNoM; + Go-l—T + Nou1Dmj + a T + N4ORmj + 02+T o
dr =s53>0

dtlro 77

Therefore, we conclude that, given any non-negative initial conditions (9), the solutions will remain positive
for all time. Consequently, the vector field defined by the right-hand side of model (1)-(8) on each coordi-
nate plane is either tangent to the plane or points inward toward the interior of Ri. Hence, the domain Rzr is
positively invariant.

2.3. Basic reproduction number

The reproduction number Ry, is an important metric for epidemiological models since it determines the
strength of the disease to persist. If Rg > 1, it signals persistence of infection within a single host,and Ry < 1,
implies the disease dies out. To determine R, we follow the next generation method (NGM) [36, 37]. The first
step in determining R entails computing the disease-free equilibrium (DFE) point of the system. Through
direct calculations, one can easily verify that system (1)-(8) admits the DFE £* = (M}, 0, D}, O, R},,,, 0,0, T%),
with:

S N S

° go+d ™M woldo+p) ™ o o

Next, we define the relevant vectors, focusing on the infected compartments which are capable of generating
secondary infections, that is, M;, D, Rmi, B. Thus, the matrix F representing terms that account for the gener-
ation of new infection and the non-singular matrix V denoting the remaining transfer terms, evaluated at the
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disease-free equilibrium, are respectively given by:

_ s _
0 0 0 Poso
do + @1
S
0 0 0 B1sodn
F— ro(gpo + ¢1)
S I
0 0 0 Pasi
M2
s N3ys Nsys
aoNo + 1753 3753 Nab + 5753
L doo + 53 aio +S3 ao + 53 i
V53 n
oo+ oq + 0 0 0
doo + 53
V53
—a H 0 0
VY = ajo + s3 s , (11)
0 0 by 13 0
axo + S3
i 0 0 0 Qo

with:
0y = (0 + HopPo)so ~ (m + HiB)sopr  (m2 + HaB2)s1
0 ¢o + P uolgo + ¢1) 2 '

It follows that the reproduction number of model (1)-(8) is:

1
Ro=p(FV ) = 5 (Q1 + \/Qf +4(Q293 + Q495 + Q6Q7)) ,

0 Poso aoNo + % Napr + al:hg%;
9= Q' Q= Qo(do + ¢1)’ %= ao + o1 + b3 oo+ a1 + o) (i + 752 (12)
04— Brsog , 5:N2”1+a’:lc3%§3, 96:@’ 7:N4b+alvzf%§3

Qouo(go + ¢1) 1+ g 1290 b+ L3

2.4. Stability analysis of the disease-free equilibrium

Our goal in this section is to perform a stability analysis of the DFE. We will begin by analyzing the local stability
of the system, which involves examining the eigenvalues of the Jacobian matrix evaluated at the DFE. Follow-
ing this, we will proceed to assess the global stability of the equilibrium by closely following the approach
outlined in Castillo-Chavez [38]. Linearizing the model (Equations (1)-(8)) around the equilibrium point &o
yields:

[—(o+¢1) O O O 0 0 —J O
0 - 0 0 0 0 Jo 0
ol 0 — 1o 0 0 0 —) 0
0 a1 0 —J3 0 0 b)) 0
= , 1
J 0 0 0 0 —u 0 —Jy O (13)
0 0 0 0 0 —Js Ja 0
0 J6 0 J7 0 J8 0— QO 0
B 0 Jo 0 J1o 0 J1 J12 —0. |
where
Poso ( 753 P1sodn 753
Jo = , h=lewot+tor+—"—), h=——"—— L=t1+—F),
do + P dogo + S3 oldo + ¢1) ajo + s3
f2s1 783 N1y s3 N3y s3
J="20 gs= b+ —L2), Js=aoNo+ —L 2 = Nopy + —12
4 U2 > axo + s3 6= oo aopo + S3 ’ 21 aro + 53
Nsy s3 CoS3 €153 €253 (353
Jo=Nsob+ ——, Jo=——"—, Jio=—"— Jn=—— Jpnp=——
azo + 53 o + €ps3 o+ es3 o + €353 o + €353
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Notably, the eigenvalues —o, —u2, —uo, and —(¢o + ¢1) are associated with the diagonal entries of J.
Therefore, the matrixJ can be reduced to a4 x 4 matrix, focusing on the subspace relevant for stability analysis:

J= _ (14)

Observe thatJ = F — V, where matrices F and V are defined as in Equation (11). The basic reproduction number
Ry is identified as the dominant eigenvalue of the next-generation matrix F—V . Consequently, we conclude
that the DFE £°is locally asymptotically stable if Ry < 1,and unstable otherwise. This leads to the formal result:

Theorem 2.1: IfRq < 1, the DFE £C is locally asymptotically stable, otherwise it is unstable.

Now, we proceed to investigate the global stability of £°. By closely following the approach in Castillo-
Chavez [38], let X = (Mo, Dmu, Rmu, T’ € R% be the number of uninfected cells, and Y = (M;, Dpnj, Rmi, B) € R%
be the number of infected cells and bacterial population. It follows that model (1)-(8) can be rewritten as
Equation (15):

X'(t) = F(X,Y),
Y'(t) = G(X,Y), G(X,0)=0.

(15)

According to Castillo-Chavez [38], if the following conditions holds, then £ is said to be globally asymptotically
stable:

1:ForX'(t) = ,0) > 0, X is globally asymptotically stable, : LY) = -G , ,~ ,Y) >0,
H1:For X'(t) = F(X,0) X is globally asy ically stable, H2 : G(X, Y) = UY — G(X,Y),G(X,Y) > 0

where U is defined in Equation (14). For condition (H1), we have:

_ 5 -
(¢0+¢1)(—(¢0+¢1) _Mo)

Ko (—S°¢1 -D )
F(X,0) = toldo + ¢1) e . (16)
u2 (S—1 - Rmu)
H2
53
i o (7-7) i

Since My(t) < M* = ﬁ Dmu(t) < DY, = —9L__ R_.(t) < Riy = ;—12 and T(t) < T* = 2, forallt > 0t

u = uolpoten)’
follows that F(X,0) > 0. For condition (H2), it can be readily verified that:

Gi(X,Y)
Ga(X,Y)
G:(X,Y) |’
G4(X,Y)

GIX,Y) = (17)
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where

- T* T

G1(X,Y) = foB (M — Mo) — - M;,

1001 = pob (M = Mo) = 1 (s = o ) M

- T T

& (X,Y) = p1B (D%, — Dmu) — _ Do

200 Y) = 18 (D, — Do) y(m”* 01”) .

- T* T

G3(X,Y) = $2B (R’ — Rmu) — _ R

300Y) = 2B (R — Rma) y(az+T* 02”) .

Ga(X,Y) = —(BoHo + 10) (M} — Mo) B+ N r " \m,

4 ’ - or1g ;70 o o 17 ao+T* a0+_,_ I
(BrHh + 1) (Dly — D) B+ Nay (—— ") D
1M ’71 mu mu 33’ a'|+T* G1+T mi

(B2H2 + 12) (Rhy — Rmu) B+ N r ") R
2012 + 112 mu mu 57 a+ T o+ T mi-

Since T(t) < T*, it follows that, a,% < aii—*T*,i =0, 1,2, which implies that Gi(X, Y), Ga(X, Y),and G3(X, Y) may
not be greater than or equal to zero for all time. Additionally, G4(X, Y) contains negative terms, and as such,
it may also not be non-negative for all time. This outcome suggests that the disease-free equilibrium £° is
unlikely to be globally asymptotically stable when Ry < 1. There exists the possibility that both the DFE and

EE points coexist. Consequently, we arrive at the following result.

Theorem 2.2: IfRq < 1, then the disease-free equilibrium E° is not globally asymptotically stable.

2.5. Bifurcation analysis

According to Theorem 2.2, there is a possibility that both the DFE and endemic equilibrium (EE) points coex-
ist. To investigate this likelihood, we perform bifurcation analysis. Without loss of generality, for this analysis,
we consider a simplified version of models (1)-(8). Du et al. [17] refer to previous work [6-8] and note that,
in Equations (1)-(7), the action of cytotoxic T lymphocytes (CTLs) is proportional to the CD4 T-cell effector
function - the ratio of the total number of CD4 T-cells to the total number of target cells (T(t)/j), where
j = Mj(t), Dmi(t), Rmi(t). This suggests that the asymptotic behavior of the immune response can be described
aseitherT(t)/j < axorT(t)/j > ak, with a, representing the corresponding saturation constant of the variable
j. Consequently, the infected cell killing term 1T can be simplified to y *j, where y * € {0, y }. This reduction

ar+T
allows us to simplify models (1)-(8) to the redukced form (18)-(24):

My (t) = so — (¢ + ¢1)Mo — BoBMo, (18)
M;(t) = PoBMo — (a0 + a1)M; — y *M;, (19)
Dlpy(t) = $p1Mo — $1BDmu — #0Dmu, (20)
D;,i(t) = a1M; + B1BDmy — 1£1Dmi — 7 *Dpmi, (21)
Rinu(®) = 51 — B2BRmuy — 12Rmu, (22)
Rini(t) = B2BRmu — bRmi — 7 * R, (23)

B
B'(t) =B (1 - R) + aoNoM; + N1y *Mi 4+ N2 111D mi + N3y *Dpj

+ NabRmi + N5y *Rmi — (10 + Hofo)BMo — (1 + H151)BDmy
- (’72 + HZﬂZ)BRmu: (24)
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Denote £ = (Mo, /\71;, [)mu, ﬁmi, f?mu, ﬁmi, é) as an arbitrary endemic equilibrium of Equation (18)-(24). At steady
state £ we have:

A A S0 A oA S B ~ A S0
Mo®) = —2 ., =L b= _
no + poB n1(no + poB) (B1B + wo)(no + BoB)
~ N 1 o ES [3 S ~ N S
DrilBy = | B0 FiBdso , RmuBy= —— 25)
N2 | n(no+ foB)  (no + BoB)(B1B + po) f2B + 2
A B
R = — P28
n3(f2B + 12)
with
no=(po+¢1), m=(ao+ar+y*), m=@w+y*), n3=(0b+y").
Substituting /\7!0, /\71;, 15mu, 15,,,;, f?mu, and f?m; into Equation (23) yields
9(B) = a4B* + a3B° + G,B8° + a1 B + do, (26)

where ay,, m=0,1,2,3,4, are constants. The full expressions for a, are extremely lengthy, making it difficult to
draw conclusions. Nevertheless, the system (18)-(24) can be further condensed by grouping cells based on
infection status and summing them up. Thus, one can consider all uninfected cells (Mo, Dmu, Rmu) and infected
cells (M, Di, Rmi)- This approach reduces (26) to:

g1(B) = 428> + a1B + ao, (27)

where

ao = (So + 1) (1 + H1p1 + m1 + Hipinz + H22)(1 — Ro),

=0 (w = (Bo+ p1 + ﬂz)) ' (28)
. o(fo+ p1+ B2)
="

The number of endemic equilibria depends on the signs and values of dg, a1, and a,. The bifurcation analysis
summarized in Theorem 2.3 provides criteria for their existence.

Theorem 2.3: The model (18)-(24) admits:

) aunique endemic equilibrium if ag < 0;

) aunique endemic equilibrium ifa; < 0,and ag = 0 or G, — 4dpa, = 0;
(iii) two endemic equilibriaifa; < 0,a9 > 0and a; — 4agd, > 0;

) no endemic equilibrium otherwise.

To complete the analysis of the endemic equilibrium we will perform the the bifurcation analysis. We will
make use of Center Manifold Theorem (CMT) as described in Castillo-Chavez et al. [39]. The CMT entails investi-
gating the dynamical behaviors of model (18)-(24) in the neighbourhood of &%and parameter values around
Ro = 1 being governed by Equation (29):

U (t) = au? + bufy + OW), (29)

where fy is the bifurcation parameter (with o = (&1 81, £62), &1 > 0and & > 0), fo is the center manifold of
model (18)-(24) at R¢ = 1. Moreover, corresponding expressions of a and b are determined in the next discus-
sion. Thus, our focus is on determining the simple zero eigenvalue for Dyf (o, ¢)|R,=1, and the corresponding
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left and right eigenvectors v and w, such that vw = 1. Linearizing system (18)—(24) about the DFE leads to

(=g 0 0 0 0 0 —pM]
0 —gn 0 0 0 0  foM
o 0 —wo O 0 0 —5Dp,
G= 0 a1 0 —J44 0 0 ﬂ] D;knu

0 0 0 0 —u2 0 —BRy,
0 0 0 0 0 —ges P2Rmy

0 g72 0 g7 0 g -g977 |

@
=

where

gi=(o+d) g=0"+ao+a1), gaa=Q " +u1) ge=0b+7y"),
972 = (y *Ni + Noao), 974 = (y *N3 + Nau1),  gze = (Nab + y *Ns),

0
977 = ¢ + Mg (HoBo + 10) + Dy, (H1 61 + 1) + Ry, (Ha B2 + 172)

Making use of matrix G (30), the corresponding expression for w and v given by:

Mg Bow7 Mg Bow7 (Dmug11 81 + MgBodr) w
Wi=——— W)y=—-— W3=-— '
gn g22 grito
Mza1 fo + D w RE Bow Reu oW
wa — (Mga1fo + Drug221) 7 ws— _M, we = M wy > 0,
922944 M2 966
and;
v v v
=0, v=Y (94972 +g74a1), im0 va= I 0 ve=97 oo
922944 944 gee

2¢ 2¢
Next, we determine the second-order partial derivatives of f for %@moﬂ and %%%Q|R0:1. One can

easily verify that the non-zero elements second-order partial derivatives of f are:

azfz(Xo, (}5) 62f4(X0,¢) 62f6(x0,¢) 82f7(X0, d))
—_— 2 ’ —_— = 2 ’ - = = 2 ’ 2 H
g P Taaa S Taean - Taaen (HoPo =+ 10).
62f7(X0, ¢) 62f7(Xo,¢) 62f2(X0, P)
— T — _J(H ———— = =-2(H ——— =M,
X307 (H1p1 +m), X0 (H22 + 12), hooxs o
82f4(X0, ) 62f6(Xo,¢)
— L =&5DF, ————= =&RE .
Shodxs 1O opawy  <2mu

Based on formulae and results in Castillo-Chavez [39], we compute a and b as follows:

8%fi(xo,
a— Z viwwi (X0, $) P e

ijk=1 Jax
ZM* 2R
2Mspo ((Ho,b’o + o) — Bo (9aag72 + 974061)) wivy + mub2 ((Hzﬁz ) — ﬁ2976) wvy
gn 922944 U2 Jds6
+ M3
2 Ohugui/ o) ((H1ﬁ1 +m) — ﬁ1g74) wivs, 31)
g1 o gaa
= 27: v-W~—62fi(XO' ¢)|
T 00 R
ijk=1
* + g7aa . .
= MO ((944972—9741) — Ho) VW7 + Dmu (% — H-I) Vw7 + Rmu (glé — H2) Vawy > 0.
922944 9as Jee

Based on the results in Equations (31), one can observe that a > 0 and b > 0, and this implies that model (1)
admits a backward bifurcation at Rg = 1. The results are summarized in Theorem 2.4.

Theorem 2.4: Model (1)-(8) admits a backward bifurcation at Rg = 1.
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2.6. Effects of optimized treatment regimen

Combination therapy for the treatment of Mtb, RIPE - is carefully designed to achieve multiple therapeutic
aims. Primarily, these drug regimens are intended to deliver a strong early bactericidal effect, effectively reduc-
ing the population of actively dividing bacteria within the host in a relatively short period. Additionally, one of
their key objectives is to sterilize infected tissues by eliminating residual bacterial reservoirs, thereby signifi-
cantly lowering the risk of disease relapse after treatment completion. An equally important goal is to prevent
the development of drug resistance, which can undermine the efficacy of therapy and pose significant chal-
lenges to disease management. To this end, these drugs are formulated to target both actively replicating and
dormant, persistent bacterial forms — ensuring a comprehensive approach to infection eradication. The syner-
gistic interaction among the drugs enhances their overall effectiveness: during the initial, intensive phase of
treatment, they work collectively to rapidly decrease the bacterial load, while in the subsequent continuation
phase, their focus shifts to eradicating persistent, non-replicating bacteria that are often resistant to individual
drugs, thereby reducing the likelihood of relapse and increasing the chances of a complete cure [29-31].

To explore the potential benefits of optimized treatment strategies, we transform model (1)-(8) into an
optimal control (OC) problem. Within this framework, we introduce two control functions, uq(t) and ux(t),
which represent therapeutic activities that need to be maximized to effectively control Mtb infection. Specifi-
cally, the control u; (t) measures the drug combination’s capacity to reduce the population of infected cells
[32], while uy(t) reflects the ability of the therapy to inhibit Mtb replication and self-replication processes.
The goal of this optimal control problem is to minimize the proliferation of Mtb, as well as the populations of
infected macrophages, monocytes, and MDMs, through an appropriate choice of control functions. Mathemat-
ically, this can be represented by a payoff function that seeks to reduce bacterial replication and immune cell
infection levels over the treatment period, thereby optimizing therapeutic outcomes and minimizing disease
persistence:

tr AU2(t)  AuA(t
S (B, u2(0) = / (/Vl;(t) Do) + R + 800y + 2110 4220 ) g (32)
to
subject to
dm
] t" = 50 — (¢po + $1)Mo — BoBMo, (33)
M _ 8Mo — (o + oM — 2T _ om (34)
—_— = — (a a j— —— — i\
dt 0 o 0 1 i ao T T 1Vl
dD
i = #Mo = $1BDmu — 0D, 35)
dDpj Dini T
gt = @M+ 1By — 1D = e — 1Dy, (36)
dR
% =81 — p2BRmuy — 12Rmu, (37)
dRumi RoniT
le = B2BRmu — bRmi — 22 _n;IT — U1Rmi, (38)
dB B Nyy M;T
— —5B(1 — 1—— 1— NoM; + (1 — 1 — U1)Ny 01D
ar ( Uz)( K)+( ut)aoNoM; + ( U1)GO+T+( U1)N2 111D
N3y Dy T N5y Rni T
(1= un) =L (= un)NgbRmi + (1 — un) = 4 4y (M + Dy + R
ar+T a+T
— (10 + Hopo)BMo — (i1 + H1$1)BDmy — (112 + H282) BRmu, (39)
d_T = 53 n Co/\/l,'T C1Dm,‘T Csz,'T CgBT — T (40)
dt 1+eT 14+eT T4+eT 1+esT

The OC problem is considered to start at time zero ty and to run for a fixed duration t¢. In defining the payoff
function, the positive constants A, and A, represent the weights associated with the control variables u; (t) and
uy (1), respectively. It is also important to note that quadratic payoff functions have been employed. The choice



12 (&) M.HELIKUMI AND S. MUSHAYABASA

of mathematical functions to model drug efficacy and dose-response relationships is a well-documented and
debated topic in pharmacodynamics and biostatistics. Some studies utilize piece-wise linear payoff functions
[40, 41], while others adopt linear payoff functions [42-45].

Quadratic payoff functions are also commonly used [46-48]. Overall, quadratic payoff functions are favored
due to their desirable mathematical properties, such as their smoothness and the presence of only a sin-
gle extremum, which facilitates the determination of optimal solutions [49]. From a biological perspective,
quadratic terms impose a harsher penalty on large control values compared to small ones. This feature is
particularly relevant in treatments like chemotherapy, where excessive control measures can be detrimental.
Consequently, quadratic payoff functions are often preferred in such contexts [49].

Consequently, the optimal control problem involves finding control functions that optimize the specified
payoff, leading to the determination of optimal strategies within this framework. U = (uj (t), u5(t)), such that

Jui (), uz (b)) = “ igf)euj(m (1), ux(t)),

for the admissible set U = {(u1(t), uz(t)) € (L°(0,t))? : 0 < U;(t) < Ujmax; Uimax € R, i = 1,2}, where Ujmax
denotes the upper bound of the controls. The optimal control problem (33)-(40) can be reduced to minimizing
the corresponding Hamiltonian with respect to u; and u;

A uf(t) n Azug(t)

Aif 41
5 5 + Afk (41)

H(t,x,u, 1) = Mi(t) + Dmi(t) + Rmi(t) + B(t) +

where A = [A1(t), A2(t),..., A7(t)] are the adjoint variable for a 7 dimensional state, that is, x =
(Mo, Mi, Dmu, Dmi, Rmu, Rmin B, T), u = (uq,uz), and fi is the right hand side of model (33)-(40) with k =

1,2,...,7.The Hamiltoniam is constructed to satisfy the first the following relation % = —%, thatis:
di,
o (o + 1) + PoB (A1 — 22) — A7(s0 + HoPo)B,
diy yT NyyT
— ==141 —A —A7(1 — 1 N
it + 2((ao+a1+u)+aO+T+U1) 4007 7( U1)( + ao o+ao+T
coT
- 8 I
14+ eoT
dis
i 23 (B1B + po) — Aap1B,
d/14 yT N3yT aT
=4 14 ) - 10- 1+N —g—,
at + 4(U1+ﬂ1+a1+7.) 7( U1)( + 2ﬂ1+a1+T ST reT
di
. =75 (BBt p2) = depaB+ iy (2 + Haf2)Ba,
d/16 yT N5yT C2T
— =—=14+16l0b — ) =171 = 14+ Nab -1 ,
It + 6( +“1+a2+7) 7( u])( + Ng +a2+T 1T &7
di o(1—u
d_t7 = =14+ 21foMo(A1 — 22) + f1Dmu(A3 — A4) + P2Rmu(As — Ae) + /1772)
3T
+ 47(no + Hofo)Mo + 47 (111 + H181)Dmu + A7(112 + H2f2)Rmu — 48 1_:—e37.,
dig 1 T 1 T 1 T
=8 M, - + A4 Dimi - + A6y R -
at '(ao+T (ao+T)2) 47 ””(a1+r (a1+T)2) o7 ’”’(a2+r (a2+T)2)
1 T 1 T
—A7(1 = uy)N1y M; - — A7(1 — uq)N3y Dy —
7( N1y '(ao+T (ao+T)2) 7(1 = u1)N3y m’(a1+T (a1+T)2)
1 T 1 eo(coM; +T)
—A7(1 — Nsy Rmj — —0oA A —
7(1 = unNsy ’"’(a2+T (az+T)2) o8t 8(1+eoT (1 + eoT)?

1 e1(c1Dmi+T) 1 e(C2Rmi +T)
+ /’{8 - 2 + /18 - 2
1+eT (1+eT) 1+ eT (1+e7)
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Table 2. Forward-backward sweep iterative method.

Algorithm

1. Subdivide the time interval [to, tf] into N equal subintervals. Set the state variable at different times as x = x(t) and assume a piecewise-
constant control ufo)(t),t € [ty, ty+1], wherek =0,1,2,...,N—1andj=1,2.

2. Apply the assumed control uj(o)(r) to integrate the state system with an initial condition x(tp) = x(0),forward in time [to, t¢] using the
fourth-order Runge-Kutta method, where xg = (Mg (0), M;(0), Dy (0), Dmi(0), Rmu (0), Rmi(0), B(0), T(0)).

3. Apply the assumed control uj(o)(t) to integrate the costate system with the transversality condition j.(tf) =Aitr), i=1,23,...,
backward in time [to, t] using the fourth-order Runge-Kutta method.

4. Update the control by entering the new state and costate solutions x(t) and }u(tf), respectively, through the characterization
equation (43). » ‘

5. STOP the algorithm if ”ﬁ];ﬁﬁ"' < ¢; otherwise update the control using a convex combination of the current and previous control and
GO to step 2. Here, X' is the ith iterative solution of the state system and & is an arbitrarily small positive quantity (Tolerance level). We set
& =107 and use a step size of 1074,

1 e3(c3B+T)
A - . 42
* 8(1+€37 (1+€37)2) 42

Furthermore, the optimality condition is determined by minimizing the Hamiltonian % = 0.Thus, the optimal
controls are characterized by:

0 5(K—B)/17”’ 43)

) A .
u; = min {uimax,max{0,—tt, u3 = min Juxmax, max {0,
A] KA2

where:

N])/T N3yT
=M; {1, — A7N, -1 Dmi | 24 — 27N — A
A :(2 7Noao 7ao+T)+ m:<4 7N2 111 "

NsyT
Rmil e — A7N4b — A .
+ ml(6 7N4 702_”_)

In (43), U1 max < 1and uamax < 1 are the feasible upper bounds of the controls uq (t) and ux(t), respectively.

3. Numerical results and discussions

To support the analytical findings presented in this study, this section conducts comprehensive numerical
simulations of the models described by systems (1)-(8) and (33)-(40). The simulations were performed using
MATLAB R2024a. To numerically solve the proposed optimal control problem (system (33)-(40)), solutions
were obtained by solving the associated optimality system comprising eight ordinary differential equations
derived from the state and costate equations. The method employed is commonly known as the forward-
backward sweep iterative technique [50]. The procedure begins with an initial guess for the control variables
over the simulated time horizon. The state equations are then integrated forward in time using the fourth-
order Runge-Kutta scheme. Subsequently, the control variables are updated via a convex combination of their
previous values and the values obtained from the optimality conditions. This iterative process is repeated until
the solutions converge, i.e. until the difference between successive iterations falls below a predefined toler-
ance level [50]. Table 2 summarizes the essential steps of the forward-backward sweep method. For a more
detailed discussion, the reader is referred to [50].

These simulations are designed to validate and illustrate the theoretical results derived earlier. We utilize
specific parameter values listed in Table 3, which have been carefully selected and adapted from reputable,
peer-reviewed journal articles to ensure the accuracy and relevance of our simulations.

3.1. Sensitivity analysis of the reproduction number

In this subsection, we investigate the impact of model parameters on the transmission potential of Mtb within
the host. Specifically, we study the sensitivity analysis of the reproduction number. We use the Latin hypercube
sampling technique and the partial rank correlation coefficients (PRCC) method in Marino et al. [51]. The sign
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Table 3. Model parameters and their interpretations.

Symbol Biological definition Baseline value Source
o Recruitment rate of circulating monocytes into lung tissue 5 x 10°(10* — 10'%) cells mI~" day ™" [52]
@0 Natural death rate of uninfected monocytes 0.33(0.33—1) day_1 [28]
N Differentiation rate of monocytes to MDMs 0.1(0.1-0.5) day_1 [28]
b Infected macrophages clearance rate 0.11(0.05, O.S)day‘1 [16]
Bo Infection rate of monocytes by MtbB 10781078 — 10™) ml/cell - day (16l
)iz Infection rate of MDMs by Mtb 10781078 — 10™) ml/cell - day [16]
B Infection rate of RAM by Mtb 1078(10~8 — 10=>) ml/cell - day [1e]
ao Natural death rate of infected monocytes 0.2(0.2—0.5) day™" [28]
a Conversion rate of infected monocytes to infected MDMs 0.05(0.05—0.2) day_1 [28]
y Max rate of T-cell mediated lysis 1.5(0.1-2) day™! [1el
ag, a,d> Saturation constants for T-cell lysis 3(0.3,30) [16]
5 Recruitment rate of resident macrophages 5000(3300, 7000) ml~'day~’ [16]
1o Natural death rate of susceptible MDMs 0.1-0.3 day_1 [28]
u Natural death rate of infected MDMs 0.2(0.2—0.5) day ™" [28]
12 Natural death rate of RAMs 0.01(0.01—0.2) day_l [16]
B Bacterial logistic growth rate 5.1074(0,0.26) day™! [16]
K Carrying capacity for bacteria 106(106,10') mI~! [1e]
No, N1, N2, N3, Ng, N5 Mean population of Mtb released by one macrophage 50(50, 100) [16]
70, 1, 12 Bacterial clearance rates by immune cells 1077 — 107% ml/cell - day [16]
Ho, H1, H> Mean number of Mtb carried by one macrophage 25(25,50) [16]
€0, €1,€2,C3 T-cell activation rates via infected cells 1072(0.01,0.1) [16]
eg, e1,€, €3 Saturation constants for T-cell activation 10(107,10?) cells [16]
53 Baseline T-cell production rate 6.6(0.33,33) ml~"day ™" [16]
o T-cell decay rate 0.33(0.05,0.33) day ™" [16]

of the PRCC value demonstrates whether the parameter is inversely or positively correlated to the output. A
model parameter with an absolute PRCC value close to unity has a significance influence on the output [51].

Simulation results, illustrated in Figure 2 and supported by the numerical data presented in Table 4, elu-
cidate the relationships between various model parameters and the basic reproduction number Ry. These
relationships are derived from Partial Rank Correlation Coefficients (PRCC) and their corresponding p-values.
Parameters with p-values less than 0.05 are considered to have a statistically significant association with R,
suggesting that variations in these parameters are likely to influence the transmission potential of the infection
as represented by Rg. Notably, certain parameters such as the monocyte recruitment rate (so), the infec-
tion rates of different macrophage populations (So, 51, f2), and the differentiation rates of monocytes into
macrophages (¢, ¢1) exhibit positive correlations with Rg. This indicates that increases in these parameters
tend to elevate Ry, thereby potentially enhancing the infectiousness and spread of the pathogen within the
host environment. Conversely, parameters such as the natural death rate of resident alveolar macrophages
(2), and the maximum rate of T-cell mediated lysis (y ), show strong negative correlations. These findings
imply that higher values of these parameters are associated with reductions in R, possibly curbing the infec-
tion’s transmission. The magnitude and sign of the PRCCs, coupled with the very low p-values, underscore
the pivotal role of these parameters as key determinants of the infection’s transmission dynamics. Parameters
exhibiting non-significant p-values are less likely to exert a substantial impact on Rg and may be deprioritized
when designing intervention strategies. Overall, this analysis emphasizes the importance of targeting specific
parameters — particularly those with significant correlations — for effective control and management of Mtb
infection.

To further assess the relationship between R and each individual’'s parameter identified in Figure 2 as hav-
ing a significant relationship with R, we carried out a Monte Carlo simulation of 2,000 sample values for each
parameter. The outputis illustrated in Figure 3. Within each plot, a colored dot represents one parameter com-
bination, and the red dotted line illustrates the trend in the relationship between R and the focal parameter,
averaged over all parameter combinations. Overall, we observe that the trend line for model parameters that
are positively correlated with R has a positive gradient, and the reverse is true for parameters negatively cor-
related with Ro. The steepness of the trend line increases as the strength of the relationship between R and
the parameter increases.

Sensitivity analysis demonstrated that the infection rate of the Mtb pathogen on immune cells - specifically
monocytes and macrophages — exerts a significant influence on the within-host dynamics. To further investi-
gate this relationship, we conducted simulations of the model (1)-(8), varying the parameters g; for i=0,1,2.
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Figure 2. Sensitivity analysis of Ry, illustrating how variations in model parameters influence its estimated value and the

potential implications for disease transmission dynamics. Note that only the most sensitive parameters are included in this
graphical presentation; the effects of all parameters on R are detailed in Table 4.

Table 4. Model parameters and their p-values.

Parameter PRCC P-value  Parameter PRCC P-value  Parameter PRCC P-value

So 0.6987 0.0000 o —0.3176 0.0000 o] 0.2959 0.0000
Bo 0.8182 0.0000 P 0.1093 0.0000 P 0.2365 0.0000
ao —0.1659 0.0000 a —0.1044  0.0000 y —-0.5172 0.0000
do 0.1083 0.0000 ap 0.0098 0.6626 az —0.0020 0.9303
51 0.0830 0.0002 1o 0.0356 0.1115 i 0.0208 0.3522
M2 —0.2589 0.0000 0 0.0052 0.8167 No 0.4043 0.0000
Ny 0.0443 0.0477 N 0.0290 0.1944 N3 0.0575 0.0102
Ny 0.0474 0.0340 Ns 0.0611 0.0062 o 0.0259 0.2475
m —0.0176 0.4310 m 0.0247 0.2703 Ho —0.0282 0.2077
Hy —0.0414 0.0642 H; —0.0473 0.0346 53 —0.1814 0.0000
b —0.0044 0.8452 14 —0.1760 0.0000

The simulation results are presented in Figure 4. From these results, it is evident that an increase in the infection
rate leads to a substantial rise in the populations of infected monocytes, macrophages, and the Mtb bacteria
itself. Additionally, as the infection rate f; increases, these populations grow rapidly and tend to attain their
respective endemic equilibrium states within a period of less than 100 days.

Within the context of within-host dynamics, it is well-established that the pathogenicity of Mtb is typically
higher in individuals with compromised immune systems. Therefore, these findings highlight the significant
impact of tuberculosis progression in individuals with varying immune strengths. Specifically, the results
illustrate how a stronger immune response can mitigate infection proliferation, whereas a weaker immune
response facilitates rapid bacterial growth and immune cell infection.

Figure 5 demonstrates the occurrence of a backward bifurcation, supporting Theorem 2.4. This bifurcation,
generated using g1 (B) from Equation (27) with parameters listed in Table 3, indicates that the model admits
multiple equilibrium points under certain conditions. Importantly, it suggests that simply reducing the basic
reproduction number R below 1 does not guarantee disease eradication, as a stable endemic equilibrium can
still exist. Therefore, control strategies solely focused on lowering R below 1 may be ineffective, emphasizing
the need to consider the system'’s bifurcation structure

The simulation results presented in Figure 6 illustrate the impact of varying the parameter #;, which repre-
sents the strength of the immune system in clearing Mtb bacteria. The results indicate that higher values of #;
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Figure 3. Monte Carlo simulations involving 1000 sample values for six illustrative parameters, which were selected using
Latin Hypercube Sampling to efficiently explore parameter space and capture variability in the model outcomes.

significantly decrease the Mtb bacterial load, thereby reducing the overall bacterial population within the host.
Consequently, this also leads to a reduction in the number of infected immune cells. Furthermore, these find-
ings are consistent with earlier observations depicted in Figure 4, which demonstrate that the pathogenicity of
Mtb tends to be higherin individuals with compromised immune responses. Specifically, a diminished immune
clearance capacity, represented by lower #; values, correlates with increased bacterial proliferation and greater
immune cell infection, emphasizing the critical role of immune efficacy in controlling Mtb infection.

Simulation results, as depicted in Figure 7, illustrate the impact of an optimized treatment regimen on the
within-host dynamics of Mtb over time, particularly under conditions of a low upper bound on the control
variables. The results demonstrate that implementing the optimized treatment significantly reduces the pop-
ulations of infected cells and the bacterial load of Mtb. These reductions are associated with a modest increase
in the population of uninfected derived macrophages and a substantial increase in the resident macrophage
population. Notably, these changes become observable shortly after the initiation of treatment, approximately
50 days into the regimen.
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Figure 4. Simulation results illustrating the impact of varying Mtb infection rates on immune cell populations and infec-
tion outcomes. The initial conditions are: M, (0) = 108, M;(0) = 0, Dy (0) = 0, Dyyi(0) = 0, Rmu(0) = 5000, B(0) = 103, and
T(0) = 50.0ther model parameters are as listed in Table 3. Panel (a) shows infected monocytes M;; (b) displays infected MDMs
Dpmi; (c) depicts infected resident macrophages Rp;; and (d) illustrates the Mtb population B.
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Figure 5. Bifurcation diagram of model (1)—(8) illustrating the occurrence of a backward bifurcation at the basic reproduction
number Ry. The graphical illustration was generated using g (l§) Equation (27). The solid black line indicates the interval
where a stable disease-free equilibrium (DFE) exists. The solid red line represents the region where the DFE becomes unstable.
The dotted red line shows the region where the endemic equilibrium (EE) is unstable, while the continuous blue line depicts
the region where the EE is stable. These regions highlight the coexistence of multiple equilibria and the complex bifurcation
behavior of the model. All other parameter values used in the analysis are consistent with those specified in Table 3.
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Figure 6. Simulation results demonstrating the influence of varying #; (for i = 0,1,2) on within-host pathogen dynamics over
time. The initial conditions for the model variables are specified as follows: M, (0) = 10°, M;(0) = 0, Dy (0) = 0, Dmi(0) = 0,
Rmu(0) = 5000, B(0) = 103,and T(0) = 50. All other model parameters are adopted from the values listed in Table 3. Panel (a)
shows infected monocytes M;; (b) displays infected MDMs Dpyyj; (c) depicts infected resident macrophages Rpyi; and (d) illustrates
the Mtb population B.

In contrast, the population of monocytes appears to be unaffected by the treatment, exhibiting minimal or
no significant variation over time. Importantly, the simulation outcomes suggest that these treatment strate-
gies do not lead to the complete eradication of Mtb bacteria or infected cells. Instead, they maintain these
populations at persistently low levels throughout the duration of the treatment period.

Furthermore, the control profiles, as observed in the simulations, initially commence at a low value of
approximately 0.2. This initial value is attributable to the initial conditions, where the infected cell populations
are set to zero. Subsequently, the control variables increase sharply to their respective maximum values and
remain at these levels for the entire treatment duration. Overall, these findings imply that, while the optimized
treatment regimen effectively suppresses pathogen populations and influences immune cell dynamics, it does
not achieve complete clearance of the infection. Instead, it sustains the infection at a controlled, low-level state,
which may help reduce disease progression and transmission risk over time.

Figure 8 illustrates the optimal control strategies when higher upper bounds are imposed on the con-
trol variables, specifically 0 < u; < 0.85and 0 < uy(t) < 0.9. As observed in previous analyses, the optimized
treatment regimen significantly reduces the within-host Mtb population. In this scenario, the increased upper
bounds on the control variables facilitate more aggressive treatment strategies, which lead to a rapid decline
in both the infected cell population and the Mtb load. Notably, under these conditions, the infected cell and
bacterial populations can be effectively eliminated within approximately 20 days of initiating the treatment
regimen. This rapid eradication underscores the potential effectiveness of intensified treatment protocols
when higher control limits are feasible. Overall, these findings suggest that maximizing control efforts within
permissible bounds can substantially improve treatment outcomes, leading to quicker clearance of infection.
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Figure 7. Simulation results showing the effect of an optimized treatment regimen on within-host pathogen dynamics. Initial
conditions are M, (0) = 10%,M;(0) = 0, Dy (0) = 0, Dpyi(0) = 0, Rmu(0) = 5000, B(0) = 103, T(0) = 50.Control constraints
are0 < uy < 0.35,0 < up < 04, withweightsA; = A, = 1078, based on parameters in Table 3. Panels show: (a) uninfected
monocytes, (b) infected monocytes, (c) uninfected MDMs, (d) infected MDMs, () uninfected resident macrophages, (f) infected
resident macrophages, (g) Mtb population, and (h) control profiles.
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Figure 8. Simulation results illustrating the impact of an optimized treatment regimen on within-host pathogen dynam-
ics over time. The initial conditions for the model variables are specified as follows: M, (0) = 108, M;(0) = 0, Dyy(0) = O,
Dpi(0) = 0, Ry (0) = 5000, B(0) = 103, and T(0) = 50. The treatment control variables are constrained within the ranges
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MDM:s, (e) uninfected resident macrophages, (f) infected resident macrophages, (g) Mtb population, and (h) control profiles.
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Study Model Type  Key Biological Components Main Objective Key Findings Limitations
Wigginton and ODE Macrophages, CD4* T Immune regulation  Macrophage-T-cell No treatment dynamics
Kirschner [6] cells, Mtb of TB interactions are critical
Marino and ODE Macrophages, T cells, Granuloma Cytokine regulation is No treatment component
Kirschner [7] cytokines, Mtb formation essential
Segovia-Juarez ABM Immune cells, Mtb, Granuloma Identified key granuloma Simplified immunity and
etal. [10] granuloma development drivers pathology
Day et al. [13] ODE Macrophages, intracellular ~ Chemotherapy Treatment timing affects Simplified immune
bacteria effects clearance response
Ray et al. [14] PDE Spatial bacteria, immune TNF-mediated TNF functions act No treatment or
cells control synergistically lymph-node dynamics
Pienaar & Lerm [15]  ODE Macrophages, Early infection Macrophage activation No adaptive immunity or
intracellular/extracellular dynamics determines outcome treatment
Mtb
Joslyn et al. [20] Hybrid Granulomas, macrophages,  Predict TB Early immunity predicts Limited to pulmonary TB
T cells, cytokines outcomes disease outcome
Helikumietal.[22] ODE+ OC  Drug-sensitive/resistant Optimize TB Backward bifurcation; high  No spatial dynamics
Mtb, macrophages therapy efficacy controls
infection
Present study ODE+0C  Monocytes, macrophages,  TB persistenceand  Backward bifurcation; No spatial or stochastic

T cells, Mtb control immune response drives effects

outcomes

4. Comparison with other studies

We developed a within-host mechanistic model for Mycobacterium tuberculosis (Mtb) to understand the piv-
otal role of monocytes in the immune response and to evaluate the implications of optimizing treatment
regimens. Prior to our work, several mechanistic models of Mtb exist in the literature [6-24]. These models
have significantly advanced our understanding of Mtb dynamics. In these prior studies, various techniques
have been employed to formulate the models, including NODEs, agent-based models (ABMs), partial differ-
ential equations (PDEs), and fractional-order differential equations (FODEs). The main biological components
incorporated into these models vary depending on the specific research questions. In this section, we will pro-
vide an overview of previous models, compare their approaches and findings with our work, and summarize
these in Table 5.

5. Discussion and conclusions

This study provides a comprehensive mathematical framework for understanding the within-host dynamics of
Mtb infection, emphasizing the pivotal role of monocytes in the immune response. The model integrates key
cellular populations, including uninfected and infected monocytes, macrophages, resident macrophages, and
T lymphocytes, along with the bacterial load. Rigorous analysis derived the basic reproduction number Ry,
serving as a threshold parameter indicating whether the infection persists or dies out within the host. Bifur-
cation analysis revealed a backward bifurcation at Ry = 1, highlighting the potential for disease persistence
even when Ry is below unity and underscoring the complexity of TB dynamics. The presence of this backward
bifurcation aligns with findings from other researchers, such as [16, 17].

Sensitivity analysis identified critical parameters — such as infection rates ofimmune cells,immune response
efficacy, and monocyte recruitment rates — that significantly influence Rg and, consequently, the infection
outcome. These findings emphasize the importance of targeting specific immune pathways and cellular
interactions for therapeutic intervention. Simulation results demonstrated that increasing immune response
strength, particularly bacterial clearance rates, markedly reduces bacterial load and infected cell populations.
Conversely, higher infection rates of immune cells facilitate rapid disease progression, highlighting the need
for strategies that limit bacterial invasion and replication.

The formulation of an optimal control problem enabled exploration of potential benefits from combina-
tion therapies. Numerical simulations showed that optimized treatment strategies — represented as control
functions modeling drug efficacy — can substantially reduce bacterial burden and infected cell populations.
Higher bounds on control efforts lead to quicker eradication of Mtb, suggesting that intensified treatment
regimens, when feasible, can accelerate disease clearance. However, even with optimal control, complete
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eradication within typical treatment durations remains challenging, indicating the necessity for sustained or
adjunct therapies.

5.1. Concluding remarks

These mathematical insights address key questions regarding TB persistence and control. The identification
of a backward bifurcation demonstrates that reducing %o below one may not suffice for disease eradication
within the host, paralleling challenges at the population level where transmission control alone may not elim-
inate endemic TB. Sensitivity analyses highlight the importance of immune response modulation, informing
vaccine development and immunotherapy strategies. The results from optimal control support the implemen-
tation of combined and intensified treatment approaches, emphasizing that overcoming biological thresholds
is essential for successful eradication. This modeling approach offers valuable guidance for designing effec-
tive interventions and understanding biological thresholds that sustain TB infection at both within-host and
population scales.

5.2. Limitations

Despite the strengths of our approach, several limitations warrant acknowledgment. First, the model simplifies
the multifaceted immune response by focusing primarily on monocytes, macrophages, and T cells, omitting
other relevant immune components such as dendritic cells, neutrophils, and cytokine networks, which may
influence disease progression. Second, parameter estimation relies heavily on literature values and assump-
tions, and variability across individuals or disease states could affect the model’s predictive accuracy. Third,
the model assumes homogeneous mixing within the lung environment, neglecting spatial heterogeneities
that can impact infection dynamics. Fourth, the optimal control formulation considers only two control vari-
ables and does not account for potential toxicity or side effects associated with intensified therapies. Lastly,
the study does not incorporate stochastic effects or the impact of immune memory, which are relevant in real
biological systems.

In future work, extending the model to include spatial dynamics, additional immune components, and
stochastic effects could provide a more realistic representation of TB within-host progression. Incorporating
patient-specific data and exploring multi-objective optimization approaches could further enhance the clini-
cal relevance of the findings. Despite these limitations, our results offer a foundational quantitative framework
that can inform the development of more effective and personalized TB treatments.
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