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Abstract

This paper aims to demonstrate the �xed point theorem for extended interpolative non-self-
type contraction mapping in hyperbolic complex-valued metric spaces. We provide an example
for veri�cation of the results. Further, as an application, we prove the existence and uniqueness
of solutions for a class of Hadamard partial fractional integral equations by applying some �xed
point theorems.
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1 Introduction

The study of non-linear contraction mapping was initiated by Boyd and Wong [5] in 1969. Then,
followed by Carmargo [10] showed an application of a �xed point theorem of Boyd and Wong
[5] in metric spaces. Assad and Kirk [2] formulated �xed point theorems for non-self mappings
in metrically convex metric spaces. Their result was extended by Rhoades [31] who proved the
existence of �xed points in metric spaces for what he termed as generalized contractions, which set
out su�cient conditions for a non-self mapping to have a unique �xed point in a metric space. Imdad
and Kumar [16] extended the theorem by Rhoades by demonstrating the existence of common �xed
points for pairs of non-self mappings obeying speci�ed conditions in a metrically convex metric
space. Kirk [19] gave the Krasnoselskii's iteration process in hyperbolic space. Berinde et al. [4]
proved a �xed point theorems for non-self single-valued almost contractions. Reich and Shafrir
[30] proved nonexpansive iterations in hyperbolic spaces. Shafrir [34] proved the approximated
�xed point property in Banach and hyperbolic spaces. �iri¢ et al. [11] proved a common �xed
point theorems for non-self-mappings in metric spaces of hyperbolic type. Followed by Eke et al.
[13] proved the common �xed point theorems for non-self mappings of nonlinear contractive maps
in convex metric spaces. Recently, Wangwe and Kumar [42] proved the �xed point theorem for
multivalued non-self mappings in Partial Symmetric Spaces.
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In 2011, Azam et al. [3] extended the metric space to complex-valued metric spaces and estab-
lished the existence of �xed point theorems under the contraction condition in rational expression.
After that, several works were discovered. Rouzkard and Imdad [32] established some common �xed
point theorems on complex-valued metric spaces. Sintunavarat and Kumam [36] gave a generalized
common �xed point theorems in complex-valued metric spaces and applications. Sintunavarat et
al. [37] introduced Urysohn integral equations approach by common �xed points in complex-valued
metric spaces. Klin-eam and Suanoom [20] gave some common �xed point theorems for generalized
contractive type mappings on complex-valued metric spaces. Kumam et al. [23] gave the �xed
point results satisfying rational type contractive conditions in complex-valued metric spaces.

Karapinar [17] gave a novelty on interpolative Kannan mapping in metric spaces. Followed
by Mishra et al. [24] proved the interpolative Reich-Rus-�iri¢ and Hardy-Rogers contraction on
quasi-partial b-metric space and related �xed point results. Gautam et al. [14] proved Interpolative
Chatterjea and cyclic Chatterjea contraction on quasi-partial b-metric space. Wangwe and Kumar
[41] proved �xed point results for interpolative Ψ-Hardy-Rogers type contraction mappings in quasi-
partial b-metric space with applications. Wangwe [39] proved �xed point theorems for interpolative
Kanann contraction mappings in Busemann space with an application to a matrix equation, and
Wangwe [40] proved �xed point theorem for interpolative mappings in F -Mv-metric space with an
application.

The innovation of this paper is to generalize the results of Mohammadi et al. [25], Karapinar
[17], Dass and Gupta [12] and Eke et al. [13] and other related works to proved the �xed point the-
orems for extended interpolative Kanann-�iri¢-Reich-Rus non-self non-linear contractive mapping
in hyperbolic complex metric spaces. We provide an example for veri�cation of the results. Fur-
ther, as an application, we prove the existence and uniqueness of solutions for a class of Hadamard
partial fractional integral equations by applying some �xed point theorems.

2 Preliminaries

In this section, we begin with some de�nitions and theorems for enhancing the main results.

De�nition 2.1. [21] Let (X, d,W ) be a hyperbolic space if (X, d) is a metric space and W :
X ×X × [0, 1] → X is a function satisfying

(i) ∀ u, v ∈ X and ∀λ ∈ [0, 1].

d(z,W (u, v, λ)) ≤ (1− λ)(z, u) + λd(z, v),

(ii) ∀ u, v ∈ X and ∀λ1, λ2 ∈ [0, 1].

d(W (u, v, λ1),W (u, v, λ2)) ≤ |λ1 − λ2|d(u, v),

(iii) ∀ u, v ∈ X and ∀λ ∈ [0, 1].

W (u, v, λ) = W (v, u, 1− λ),

(iv) ∀ u, v, z, w ∈ X and ∀λ ∈ [0, 1].

d(W (u, z, λ),W (v, w, λ)) ≤ (1− λ)d(u, v) + λd(z, w).
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If only condition (i) is satis�ed, then (X, d,W ) is a convex metric space by Takahashi concepts
[38]. According to Shafrir [34], suppose that (X, d) is a complete metric space. Assume that there
is a family W of metric lines (isometric images of R) in X such that for every u, v ∈ X, u ̸= v,
there is z unique line in W that passes through u and v. The closed metric segment connecting u
and v will be denoted by [u, v].

De�nition 2.2. [27] Let X be a vector space. A subset K ⊂ X is said to be a�nely convex if, for
all u, v ∈ K, the a�ne segment

[u, v] :=
{
(1− λ)u+ λv : λ ∈ [0, 1]

}
is contained in X.

The unique point z ∈ [u, v] satisfying

d(u, z) = λd(u, v)

and

d(z, v) = (1− λ)d(u, v).

Therefore, (X, d,W ), is a hyperbolic space if

d

(
1

2
u⊕ 1

2
v,

1

2
u⊕ 1

2
z

)
≤ 1

2
d(v, z).

Equivalent to

d((1− λ)u⊕ λz, (1− λ)v ⊕ λw) ≤ (1− λ)d(x, y) + λd(z, w).

Consequently, we have

d(W (u, z, λ),W (v, w, λ)) ≤ (1− λ)d(u, v) + λd(z, w).

Then a point z ∈ [u, v] if and only if there exists λ ∈ [0, 1] such that d(z, u) = λd(u, v) and
d(z, v) = (1− λ)d(u, v). For simplicity, we will write

z = (1− λ)x⊕ λy.

If X is a hyperbolic space the metric d on X is convex. This means that for any z ∈ X,

d(z, (1− λ)u⊕ λy) ≤ (1− λ)d(z, u) + λd(z, v), (2.1)

for all t ∈ [0, 1].

Lemma 2.1. [26] Let (X, d,W ) be a convex metric space, then the following is true:

d(u, v) = d(u,W (u, v, λ)) + d(v,W (u, v, λ)) (2.2)

for all (u, v, λ) ∈ X ×X × I.

d
(
u,W

(
u, v,

1

2

))
= d
(
v,W

(
u, v,

1

2

))
=

1

2
d(u, v) (2.3)

for all u, v ∈ X.
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An example of hyperbolic space which is a CAT(0) space.

Example 2.1. [7, 29] A Hadamard space is a non-empty complete metric space (X, d) with the
property that for any pair of points u, v ∈ X, there exists a point m ∈ X such that

d(z,m)2 +
d(u, v)2

4
≤ d(z, u)2 + d(z, v)2

2
, (2.4)

Azam et al. [3] gave the following concept on complex-valued metric spaces.

De�nition 2.3. Let C be a set of complex number and w1, w2 ∈ C de�ne a partial order ⪯ on C
as follows: w1 ⪯ w2 if and only if one of the following conditions is satis�ed:

(C1) ℜ(w1) = ℜ(w2),ℑ(w1) < ℑ(w2),

(C2) ℜ(w1) < ℜ(w2),ℑ(w1) = ℑ(w2),

(C3) ℜ(w1) < ℜ(w2),ℑ(w1) < ℑ(w2),

(C4) ℜ(w1) = ℜ(w2),ℑ(w1) = ℑ(w2).

In particular, we will write w1 ⪯ w2 if w1 ̸= w2 and all of (C1), (C3) and (C4) is satis�ed and we
will write w1 ⪯ w2 if only (C4) is satis�ed.

Also, it is known that

(i) If 0 ⪯ w1 ⪵ w2, then |w1| < |w2|.

(ii) If w1 ⪯ w2 and w2 ⪯ w3, then w1 ≺ w3.

The following is the distance function in complex-valued metric space:

De�nition 2.4. [3] Let X be a non-empty set. Assume that a mapping d : X × X → C is a
distance on a complex-valued metric space if the following metric hold:

(CM1) 0 ⪯ d(u, v) for all u, v ∈ X and d(u, v) = 0 ⇐⇒ u = v,

(CM2) d(u, v) = d(v, u) for all u, v ∈ X,

(CM3) d(u, v) ⪯ d(u,w) + d(w, v) for all u, v, w ∈ X.

Then d is called a complex-valued metric on X and (X, d) is called a complex-valued metric space.

The following are examples which satisfy the axioms of complex-valued metric space.

Example 2.2. [35] Let X = C be a se of complex number, de�ne d : C× C → C. By

d(w1, w2) = |u1 − u2|+ i|v1 − v2|,

where w1 = u1 + iv1 and w2 = u2 + iv2. Then (C, d) is a complex-valued metric space.
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Example 2.3. [36] Let X = C. De�ne a metric d : C× C → C by

d(w1, w2) = |w1 − w2|eik,

where k ∈ [0, π
2 ]. Then (C, d) is a complex-valued metric space.

The Cauchy sequence convergence properties on completeness of complex-valued metric spaces.

De�nition 2.5. [3] Suppose that (X, d) is a complex-valued metric space.

(i) A sequence {un} converges to an element u ∈ X if for every 0 ≺ t ∈ C there exist an integer N
such that

d(un, u) ≺ t,

for all n ≥ N. We write this by

lim
n→∞

d(un, u) =⇒ un → u as n → ∞.

(ii) If for any t ∈ C with 0 ≺ t, there exist N ∈ N such that, for all n > N ,

d(un, un+m) ≺ t,

where m ∈ N, then {un} is called a Cauchy sequence in X.

(iii) If every Cauchy sequence in X is convergent, then (X, d) is said to be a complete complex-
valued metric space.

Lemma 2.2. [3] Let (X, d) be a complex-valued metric space and (xn) be a sequence in X. Then
{un} converges to a point u ∈ X if and only if

|d(un, u)| → 0 as n → ∞.

Lemma 2.3. [3] Let (X, d) be a complex-valued metric space and (un) be a sequence in X. Then
{un} is a Cauchy sequence if and only if

|d(un, un+m)| → 0 as n → ∞.

De�nition 2.6. [6] Let (X, d) be a metric space. A mapping T : X → X is said to be sequentially
convergent if we have, for every sequence {vn}, if {Tvn} is convergence then {vn} also is convergence.
T is said to be subsequentially convergent if we have, for every sequence {vn}, if {vn} is convergence
then {vn} has a convergent subsequence.

The concept of interpolative mapping in Banach space was introduced by Krein et al. [22] in
the following way:

De�nition 2.7. Let (A,B) and (C,D) be two Banach couples. A linear mapping T acting from
the space A+B to C+D is called a bounded operator from (A,B) to (C,D) if the restrictions of T
to the space A and B are bounded operator from A to C and B to D, respectively. It is denoted by
L(AB,CD) the linear space of all bounded operators from the couple (A,B) to the couple (C,D).
This Banach space in the norm.

∥T∥L(AB,CD) = max{∥T∥A→B , ∥T∥C→D}. (2.5)
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If the operator Tn from a Cauchy sequence in L(AB,CD), then their restriction to A and C
converge in L(A,C) and L(B,D) to operator T′ and T′′ which coincides on A∩B then the sequence
Tn converges in L(AB,CD) to uniquely de�ned operator T′ acting from A + B to C + D which
implies that

T(u, v) = T′u+T′′v, (2.6)

u ∈ A and v ∈ B.

De�nition 2.8. [22] The triple (A,B,E) is said to be an interpolation triple of type γ(0 ≤ α ≤ 1)
relative to (C,D, F ) if it's an interpolation triple and the following inequality holds:

∥T∥E→F = c∥T∥γA→B .∥T∥
1−γ
C→D, (2.7)

for some constant c.

In case where A coincides with C,B with D, and E with F,E is said to be an interpolation
space of type γ between A and B.

The following results for interpolative Kannan contraction have been proved in [17] as follows:

De�nition 2.9. [17] Let (X, d) be a metric space, a mapping T : X → X is said to be interpolative
Kannan contraction mappings if

d(Tu,Tv) ≤ ϑ[d(u,Tu)]δ.[d(v, vv)]1−δ, (2.8)

for all u, v ∈ X with u ̸= Tu, where ϑ ∈ [0, 1) and δ ∈ (0, 1).

Theorem 2.1. [17] Let (X, d) be a complete metric space and T be an interpolative Kannan-type
contraction. Then T has a unique �xed point in X.

Mohammadi et al. [25] gave the following de�nition and theorem for the extended interpolative
�iri¢-Reich-Rus type F -contraction mappings in metric space.

De�nition 2.10. [25] Let (X, d) be a metric space, we say that the self-mapping T : X → X is
an extended interpolative �iri¢-Reich-Rus type F -contraction mappings if there exists α, β ∈ (0, 1)
with α+ β < 1, τ > 0 and F ∈ F such that

τ + F (d(Tu,Tv)) ≤ αF (d(u, v)) + βF (d(u,Tu)) + (1− α− β)F (d(v,Tv)),

for all u, v ∈ X\Fix(T) with u ̸= Tu with d(Tu,Tv) > 0.

Theorem 2.2. [25] Let (X, d) be a complete metric space and T be an interpolative �iri¢-Reich-
Rus type F -contraction. Then T admits a �xed point in X.

Beride and Pacurar [4] gave the following de�nition and theorem for almost non-self contraction
mapping using M property given as follows:

De�nition 2.11. [4] Let X be a hyperbolic space, K a non-empty closed subset of X and T : K →
X be an extended interpolative non-self mapping. Let u ∈ K with Tu /∈ K and let v ∈ ∂K, such
that

d(v,Tv) ≤ d(u,Tu),
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where

d(u,Tu) ≤ d(u, v) + d(v,Tu),

for the corresponding v ∈ Y .

Theorem 2.3. [4] Let (X, d) be a Banach space, K a nonempty closed subset of X and T : K −→
X a nonself almost contraction if there exists a constant δ ∈ (0, 1) and some L ≥ 0 such that

d(Tu,Tv) ≤ δd(u, v) + Ld(v,Tu),∀u, v ∈ X.

If T satis�es Rother's boundary condition T(∂K) ⊂ K. Then T has a �xed point in K.

3 Main results

In this section, we prove the main results as follows:

Theorem 3.1. Let (X, d) be a convex hyperbolic complex metric space, K a non-empty closed
subset of X, and ∂K the boundary of K. Let ∂K be non empty and and T : K → X be an
extended interpolative Kanann-�iri¢-Reich-Rus type contraction mappings of K into X. If there
exists three constants α, β and ϑ with α+ β + ϑ < 1 satisfy the following conditions:

(i) T(∂K) ⊂ K,

(ii) T has property M ,

(iii) T is sequentially convergent in K,

(iv)

d(Tu,Tv) ⪯ ϑ[αd(u, v) + βd(u,Tu)] + (1− α− β)d(v,Tv), (3.1)

for all u, v ∈ K.

(v) if z ∈ a�ne convex segment [u, v] and m = u+v
2 the midpoint of [u, v], then the Hadamard

extended the interpolative equation[d(u, v)
2

]2
⪯ α

[d(z, u)√
2

]2
+ β

[d(z, v)√
2

]2
− (1− α− β)

[
d(z,m)

]2
,

(3.2)

is satis�ed with △(z, u, v) a geodesic triangle in K and 0 < ϑ ≤ 1, ϑ =
√

2α+4β−4
4−β .

Then T admits the unique �xed point in K ∈ X.

Proof. Let x0 be an arbitrary point in X. If T(K) ⊂ K, T is a self-extended interpolative mapping
on a closed set K and X = K. Otherwise, we consider the case T(K) ⊈ K, X ̸= K and T : K → X
a non-self extended interpolative mapping. Let u0 ∈ ∂K. Using condition (i) of Theorem 3.1
we have Tu0 ∈ K. Denotes by u1 = Tu0 that is u0 ∈ K. If Tu1 ∈ K, implies that u2 ∈ K
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and u2 = Tu1. Our proof is completed. If Tu1 /∈ K, we choose u2 on the a�ne convex segment
[u1,Tu1] ∈ ∂K, such that

u2 = (1− λ)u1 + λTu1,

which is equivalent to

d(u1,Tu1) = d(u1, v) + d(v,Tu1),

v ∈ ∂K.
Let z = u0 ∈ ∂K and m = u0+Tu1

2 = u1 the mid point of u0 and Tu1. By using (v) of Theorem
3.1 we get [

d(u0,
u0 +Tu1

2
)
]2

⪯ α
[d(u0, u1)√

2

]2
+ β

[d(u0,Tu1)√
2

]2
−(1− α− β)

[d(u1,Tu1)

2

]2
,

satisfy the Hadamard extended interpolative equation.
Repeating the above steps through induction, we can construct two sequences {un} and {vn}

whose terms satisfy the following conditions

(i) vn = Tun and un+1 = vn+1,

(ii) un = Tun−1, if Tun−1 ∈ K,

(iii) un = vn if and only if vn ∈ K, un+1 ̸= vn+1,

(iv) un ̸= vn whenever vn /∈ K and un ∈ ∂K such that un on the a�ne convex segment [un,Tun] ∈
∂K which implies that

un = (1− λ)un−1 + λTun−1.

If z = un−1 ∈ ∂K and m = un−1+Tun

2 = un be the midpoint of a�ne convex segment
[un,Tun], we have

[d(un,Tun)

2

]2 ⪯ α
[d(un−1, un)√

2

]2
+ β

[d(un−1,Tun)√
2

]2
−(1− α− β)

[
d(un−1,

un−1 +Tun

2
)
]2
.

We partition the sequence {un} and {vn} into two sets P and Q.

P = K = {ui ∈ {un} : ui = vi = Tui−1, i = 1, 2, 3 . . . },
Q = ∂K = {ui ∈ {un} : ui ̸= vi = Tui−1, i = 1, 2, 3 . . . }.

From this, we have three cases to investigate.

(i) Both un, un+1 ∈ P ,
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(ii) If un ∈ P and un+1 ∈ Q,

(iii) If un ∈ Q and un+1 ∈ P .

Case 1 Let un, un+1 ∈ P . Using property M, we have

d(un, un+1) = d(un,Tun) ⪯ d(Tun−1,Tun).

Let u = un−1 and v = un in (3.1), we get

d(Tun−1,Tun) ⪯ ϑ[αd(un−1, un) + βd(un−1,Tun−1)]

+(1− α− β)d(un,Tun),

d(un, un+1) ⪯ ϑ[αd(un−1, un) + βd(un−1, un)] +

(1− α− β)d(un, un+1),

d(un, un+1)− (1− α− β)d(un, un+1) ⪯ ϑ[αd(un−1, un) + βd(un−1, un)],

(α+ β)d(un, un+1) ⪯ ϑ(α+ β)d(un−1, un),

d(un, un+1) ⪯ ϑ(α+ β)

(α+ β)
d(un−1, un),

d(un, un+1) ⪯ ϑd(un−1, un),

for all n ≥ 0.
Case 2 Given un = vn if and only if vn ∈ K, un+1 ̸= vn+1 ∈ ∂K. Let un ∈ P and un+1 ∈ Q,

we have un = Tun−1 ∈ P and un+1 ̸= Tun ∈ Q. (a contradiction)
By convexity relation we obtain

d(un, un+1) + d(un+1,Tun) = d(un,Tun).

Therefore

d(un, un+1) ≤ d(un,Tun) = d(Tun−1,Tun).

Let u = un−1 and v = un in (3.1), we get

d(Tun−1,Tun) ⪯ ϑ[αd(un−1, un) + βd(un−1,Tun−1)]

+(1− α− β)d(un,Tun),

d(un, un+1) ⪯ ϑ[αd(un−1, un) + βd(un−1, un)] +

(1− α− β)d(un, un+1),

d(un, un+1)− (1− α− β)d(un, un+1) ⪯ ϑ[αd(un−1, un) + βd(un−1, un)],

(α+ β)d(un, un+1) ⪯ ϑ(α+ β)d(un−1, un),

d(un, un+1) ⪯ ϑ(α+ β)

(α+ β)
d(un−1, un),

d(un, un+1) ⪯ ϑd(un−1, un),

for all n ≥ 0, which is a contradiction. Hence yields an equation in case 1.
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Suppose z = un−1 ∈ ∂K and u = m = un−1+Tun

2 = un ∈ K be the midpoint of a�ne convex
segment [un,Tun] and v = un+1 ∈ ∂K, we have[d(un,Tun)

2

]2
⪯ α

[d(un−1, un)√
2

]2
+ β

[d(un−1,Tun)√
2

]2
−(1− α− β)

[
d(un−1,

un−1 +Tun

2
)
]2
,[d(un, un+1)

2

]2
⪯ α

[d(un−1, un)√
2

]2
+ β

[d(un−1, un+1)√
2

]2
−(1− α− β)

[
d(un−1, un

]2
.

By (CM3), we have

d(un−1, un+1) ⪯ d(un−1, un) + d(un, un+1).

Assume that

(d(un−1, un) + d(un, un+1))
2

2
⪯ d(un, un+1)

2.

Using the above inequalities, we get

[d(un, un+1)

2

]2 ⪯ α
[d(un−1, un)√

2

]2
+ β

[
d(un, un+1)

]2
−(1− α− β)

[
d(un−1, un

]2
,[d(un, un+1)

2

]2
− β

[
d(un, un+1)

]2
⪯ α

[d(un−1, un)√
2

]2
−(1− α− β)

[
d(un−1, un

]2
.

4− β

4
d(un, un+1)

2 ⪯ α+ 2β − 2

2
d(un−1, un)

2,

Consequently, we have

d(un, un+1)
2 ⪯ 2α+ 4β − 4

4− β
d(un−1, un)

2.

d(un, un+1) ⪯

√
2α+ 4β − 4

4− β
d(un−1, un).

Letting ϑ =
√

2α+4β−4
4−β , we obtain

d(un, un+1) ⪯ ϑd(un−1, un).

Case 3 Let un ̸= vn whenever vn /∈ K and un−1, un ∈ ∂K such that un on the a�ne convex
segment [un,Tun] ∈ ∂K which implies that

un = (1− λ)un−1 + λTun.
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If un ∈ Q and un+1 ∈ P . Then un−1 ∈ P . By property M, it follows that

d(un, un+1) = d(un,Tun) ≤ d(un−1,Tun−1) ≤ d(Tun−2,Tun−1).

Let u = un−2 and v = un−1 in (3.1), we obtain

d(Tun−2,Tun−1) ⪯ ϑ[αd(un−2, un−1) + βd(un−2,Tun−2)]

+(1− α− β)d(un−1,Tun−1),

d(un−1, un) ⪯ ϑ[αd(un−2, un−1) + βd(un−2, un−1)] +

(1− α− β)d(un−1, un),

d(un−1, un)− (1− α− β)d(un−1, un) ⪯ ϑ[αd(un−2, un−1) + βd(un−2, un−1)],

(α+ β)d(un−1, un) ⪯ ϑ(α+ β)d(un−2, un−1),

d(un−1, un) ⪯ ϑ(α+ β)

(α+ β)
d(un−2, un−1),

d(un−1, un) ⪯ ϑd(un−2, un−1),

d(Tun−2,Tun−1) ⪯ ϑd(un−2, un−1).

Hence

d(un, un+1) ⪯ d(Tun−2,Tun−1) ⪯ ϑd(un−2, un−1).

Suppose z = un−2 ∈ ∂K and u = m = un−2+Tun−1

2 = un−1 ∈ K be the midpoint of a�ne
convex segment [un−1,Tun−1] and v = un ∈ ∂K, we have[d(un−1,Tun−1)

2

]2
⪯ α

[d(un−2, un−1)√
2

]2
+ β

[d(un−2,Tun−1)√
2

]2
−(1− α− β)

[
d(un−2,

un−2 +Tun−1

2
)
]2
,[d(un−1, un)

2

]2
⪯ α

[d(un−2, un−1)√
2

]2
+ β

[d(un−2, un)√
2

]2
−(1− α− β)

[
d(un−2, un−1

]2
.

By (CM3), we have

d(un−2, un) ⪯ d(un−2, un−1) + d(un−1, un).

Assume that

(d(un−2, un−1) + d(un−1, un))
2

2
⪯ d(un−1, un)

2.
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Using the above inequalities, we get

[d(un−1, un)

2

]2 ⪯ α
[d(un−2, un−1)√

2

]2
+ β

[
d(un−1, un)

]2
−(1− α− β)

[
d(un−2, un−1

]2
,[d(un−1, un)

2

]2
− β

[
d(un−1, un)

]2
⪯ α

[d(un−2, un−1)√
2

]2
−(1− α− β)

[
d(un−2, un−1

]2
.

4− β

4
d(un−1, un)

2 ⪯ α+ 2β − 2

2
d(un−2, un−1)

2.

Consequently, we have

d(un−1, un)
2 ⪯ 2α+ 4β − 4

4− β
d(un−2, un−1)

2,

d(un−1, un) ⪯

√
2α+ 4β − 4

4− β
d(un−2, un−1),

d(Tun−2,Tun−1) ⪯

√
2α+ 4β − 4

4− β
d(un−2, un−1).

Letting ϑ =
√

2α+4β−4
4−β , we obtain

d(un, un+1) ⪯ ϑd(un−1, un).

By combining all three cases, we conclude that a sequence {un} and {vn} satisfy the following
inequality

|d(un, un+1)| ⪯ ϑ|max{d(un−2, un−1), d(un−1, un)}|.

For n ≥ 0, we have

|d(un, un+1)| ⪯ ϑ
n−1
2 |max{d(un−2, un−1), d(un−1, un)}|.

By induction, we establish the cases n = 0, n = 1, n = 2, n = 3.
For n = 0, we have

|d(u0, u1)| ⪯ ϑ
−1
2 |max{d(u−2, u−1), d(u−1, u0)}|.

For n = 1, we have

|d(u1, u2)| ⪯ |max{d(u−1, u0), d(u0, u1)}|.

For n = 2, we have

|d(u2, u3)| ⪯ ϑ
1
2 |max{d(u0, u1), d(u1, u2)}|.
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For n = 3, we have

|d(u3, u4)| ⪯ ϑ1|max{d(u1, u2), d(u2, u3)}|.

Letting σn = max{d(un−2, un−1), d(un−1, un)}, for n ≥ 0 we have

lim
n→∞

|d(un, un+1)| = ϑ
n−1
2 σn.

For n → ∞ the sequence {un} converges to 0, using Lemma 2.2 and De�nition 2.5 implies that

lim
n→∞

|d(un, un+1)| → 0 as n → ∞.

We show that {un} is a Cauchy sequence. From De�nition 2.5, Lemma 2.3 and (CM3), for n,m ∈ N
such that n > m, we have

d(un, um) ⪯ d(un, un−1) + d(un−1, , un−2) + d(un−2, , un−3) + · · ·+
d(um+1, um) + d(um, um−1),

⪯ [ϑ
n−1
2 + ϑ

n−2
2 + · · ·+ ϑ

m−1
2 ]σn,

⪯ (ϑ
1
2 )n−1

1− ϑ
1
2

σn,

⪯ (
√
ϑ)n−1

1−
√
ϑ

σn → 0 as n → ∞.

Hence

|d(un, un+1)| → 0,

which implies that (un, un+1) = 0. Therefore {un} for all n ∈ N is a Cauchy sequence in K.
For completeness of K, let u⋆ ∈ K such that

lim
n→∞

un = u⋆

and

z ∈ K,Tu⋆ = z.

Since T is sequentially convergent in K, there exists a subsequence {unk
} of {un} and {vnk

} of
{vn} such that

lim
n→∞

unk
= vnk

= Tunk−1
.

Implies that

lim
n→∞

Tunk−1
= z.

Now we show that Tu⋆ = z, using (CM3), we have

d(Tu⋆, z) ⪯ d(Tu⋆,Tunk−1
) + d(Tunk−1

, z).
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Let u = u⋆ and v = unk−1
using (3.1), we obtain

d(Tu⋆,Tunk−1
) ⪯ ϑ[αd(u⋆, unk−1

) + βd(u⋆,Tu⋆)]

+(1− α− β)d(unk−1
,Tunk−1

),

d(Tu⋆, z) ⪯ ϑ[αd(u⋆, unk−1
) + βd(u⋆,Tu⋆)]

+(1− α− β)d(unk−1
,Tunk−1

) + d(Tunk−1
, z).

⪯ ϑ[αd(u⋆, z) + βd(u⋆, z)] + (1− α− β)d(z, z) + d(z, z),

⪯ ϑ(α+ β)d(u⋆, z),

d(Tu⋆, z) ⪯ 0.

This implies that d(Tu⋆, z) = 0. Thus, Tu⋆ = z, hence z is a �xed point of T in K.
The uniqueness of z in K, we assume that w ∈ K is another �xed point of T in K such that

u = z and v = w, using using (3.1) we get

d(Tz,Tw) ⪯ ϑ[αd(z, w) + βd(z,Tz)] + (1− α− β)d(w,Tw),

d(z, w) ⪯ ϑ[αd(z, w) + βd(z, z)] + (1− α− β)d(w,w),

d(z, w) ⪯ ϑαd(z, w),

d(z, w)− ϑαd(z, w) ⪯ 0,

(1− ϑα)d(z, w) ⪯ 0,

d(z, w) ⪯ 0,

d(z, w) = 0.

Implies that z = w. Thus z is a unique �xed point of T in K. q.e.d.

The corollary provided below is the extended interpolative rational type mapping from [12]
using hyperbolic complex metric space for the novelty of Theorem 3.1.

Corollary 3.1. Let (X, d) be a hyperbolic complex-valued metric space, K a non-empty closed
subset of X, and ∂K the boundary of K. Let ∂K be non empty and u0 ∈ K. Let T : K → X be
an extended interpolative Gupta-type contraction non-self mapping, then the following condition
holds:

(i) T(∂K) ⊂ K,

(ii) T has property M ,

(iii) T is sequentially convergent in K,

(iv)

d(Tu,Tv) ⪯ ϑ1d(u, v) + (1− ϑ1)
d(u,Tu)d(v,Tv)

d(u, v)
,

for all u, v ∈ K, where ϑ1 < 1.



Fixed point theorems for extended interpolative Kanann-�iri¢-Reich-Rus non-self type mapping 15

(v) if z ∈ a�ne convex segment [u, v] and m = u+v
2 the midpoint of [u, v], then the Hadamard

extended interpolative equation[d(u, v)
2

]2
⪯ α

[d(z, u)√
2

]2
+ β

[d(z, v)√
2

]2
− (1− α− β)

[
d(z,m)

]2
,

is satis�ed with △(z, u, v) a geodesic triangle in K and 0 < ϑ ≤ 1, ϑ =
√

2α+4β−4
4−β .

Then, there exists a unique �xed point of T in K.

Proof. The proof of this corollary follow the similar proof of Theorem 3.1. This completes the
proof. q.e.d.

We formulate an example for veri�cation of the results proved above.

Example 3.1. Let X = ∂K = [0, 1],K =
{
0, 1

2 ,
1
4

}
. Denote the unit interval of real numbers and

T : K → X given by

Tu =
(2n+1 − 1

2n+1

)
un,

for u, v ∈ K.
Let X = [0, 1) and d : K ×X → C be de�ned by

d(u, v) = |u− v|eik,

where k ∈ [0, π
2 ] and eik = cos k + i sin k. Then, (X, d) is a complete hyperbolic complex-valued

metric space.
To demonstrate the conditions in Theorem 3.1, we calculate the following hyperbolic complex-

valued distances.

d(Tu,Tv) = d
((2n+1 − 1

2n+1

)
un,
(2n+1 − 1

2n+1

)
vn
)

=
(2n+1 − 1

2n+1

)∣∣∣un − vn
∣∣∣( cos π

2
+ i sin

π

2

)
,

=
(2n+1 − 1

2n+1

)∣∣∣un − vn
∣∣∣i,

d(u,Tu) = d
(
u,
(2n+1 − 1

2n+1

)
un
)

=
∣∣∣2n+1(u− un) + un

2n+1

∣∣∣( cos π
2
+ i sin

π

2

)
,

=
∣∣∣2n+1(u− un) + un

2n+1

∣∣∣i,
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d(v,Tv) = d
(
v,
(2n+1 − 1

2n+1

)
vn
)

=
∣∣∣2n+1(v − vn) + vn

2n+1

∣∣∣( cos π
2
+ i sin

π

2

)
,

=
∣∣∣2n+1(v − vn) + vn

2n+1

∣∣∣i,
d(u, v) = |u− v|eik,

d(u, v) = |u− v|
(
cos

π

2
+ i sin

π

2

)
,

d(u, v) = |u− v|i.

Applying all of the equalities above in (3.1), we get(2n+1 − 1

2n+1

)∣∣∣un − vn
∣∣∣i ⪯ ϑ

[
α|u− v|i+ β

∣∣∣2n+1(u− un) + un

2n+1

∣∣∣i]
+(1− α− β)

∣∣∣2n+1(v − vn) + vn

2n+1

∣∣∣i.
Letting α = 1

2 , β = 1
4 and ϑ = 1

3 in the above inequality, we obtain(2n+1 − 1

2n+1

)∣∣∣un − vn
∣∣∣i ⪯ 1

3

[1
2
|u− v|i+ 1

4

∣∣∣2n+1(u− un) + un

2n+1

∣∣∣i]
+
1

4

∣∣∣2n+1(v − vn) + vn

2n+1

∣∣∣i.
Equivalently to (2n+1 − 1

2n+1

)∣∣∣un − vn
∣∣∣ ⪯ 1

3

[1
2
|u− v|+ 1

4

∣∣∣2n+1(u− un) + un

2n+1

∣∣∣]
+
1

4

∣∣∣2n+1(v − vn) + vn

2n+1

∣∣∣.
Hence, for all n ≥ 0 the hypothesis of Theorem 3.1 are satis�ed. Therefore a mappings T has a

unique �xed point in K.

4 An application of Hadamard partial fractional di�erential equation in

hyperbolic complex-valued metric spaces

In this section, we aim to investigate the uniqueness of the solution of Hadamard partial fractional
di�erential equation for demonstration of Theorem 3.1. Butzer et al. [8] investigated Fractional
calculus in the Mellin setting and Hadamard-type fractional integrals and their derivatives. Butzer
et al. [9], they obtained the Mellin transform analysis and integration by parts for Hadamard-type
fractional integrals and di�erential operators. Pooseh et al. [28] obtained expansion formulas in
terms of integral order derivatives for the Hadamard fractional integral and derivative. Samko et
al. [33] derived more operators on fractional Integrals and Derivatives.
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Abbas et al. [1] considered the uniqueness of the solution to the following Hadamard partial
fractional integral equation

u(x, y) = µ(x, y) +
1

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

(
log

x

s

)r1−1(
log

y

t

)r2−1

f(s, t, u(s, t))

st
dt ds, (4.1)

for all t, s ∈ K = [1, a] × [1, b], a, b > 1, r1, r2 > 0 where K : X × X × Rn → C and µ : K → R, f :
K × R → R are continuous functions. Let X = C(X,Rn) on C be Banach space of continuous
functions µ : K → R with the norm

∥u∥X = sup
(x,y)∈K

|u|,

and L
′
(K,R) be Banach space of continuous µ : K → R that are Lebesgue integral with norm

∥u∥L′ =

∫ a

1

∫ b

1

|u(x, y)|dy dx.

De�nition 4.1. [15, 18] The Hadamard fractional integral order q > 0 for a function g ∈ L
′
([1, a],R),

is de�ned by

(HIr1g)(x) =
1

Γ(q)

∫ x

1

(
log

x

s

)q−1 g(s)

s
ds,

where Γ(.) is the Euler gamma function.

De�nition 4.2. [15, 18] Let r1, r2 ≥ 0, σ(1, 1) and r = (r1, r2) for v ∈ L
′
(K,R), de�ne the

Hadamard partial fractional integral of order r by the expression function g ∈ L
′
([1, a],R), is

de�ned by

(HIrσv)(x, y) =
1

Γ(r1Γ(r2)

∫ x

1

∫ y

1

(
log

x

s

)r1−1(
log

y

t

)r2−1 v(s, t)

st
dtds,

De�ne a hyperbolic complex-valued metric on X, by d : X ×X → C and

d(u, v) = max
(x,y)∈K

|u− v|eik, k ∈ [0,
π

2
].

Then (X, d) is a hyperbolic complete complex-value metric space.

Theorem 4.1. Suppose that the following conditions holds:

(i) f : K × R → R and µ : R → R are continuous functions,

(ii) there exists f : K × R → R such that

∥f(s, t, u(s, t))− f(s, t, v(s, t))∥ ⪯ ϑ∥u− v∥eik,
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where

d(u, v) = max
(x,y)∈K

|u− v|eik, k ∈ [0,
π

2
].

and

d(u, v) = d(Tu,Tv) ⪯ ϑ[αd(u, v) + βd(u,Tu)] + (1− α− β)d(v,Tv),

for all u, v ∈ K.

(iii) there exists ϑ ∈ [0, 1) such that

4(r1 − 1)(r2 − 1)

Γ(r1)Γ(r2)r1r2
lnx ln y ⪯ ϑ, (4.2)

for r1, r2 > 0, ϑ < 1 and (x, y) ∈ K.

Then, the partial fractional di�erential equation (4.1) has a unique solution in K.

Proof. Let us de�ne a non-self-mappings T : K → X by

Tu(x, y) = µ(x, y) +
1

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

(
log

x

s

)r1−1(
log

y

t

)r2−1

f(s, t, u(s, t))

st
dt ds (4.3)

for all t, s ∈ K.
Let u, v ∈ C([1, 1],R) with u ≺ v, we assume that d(Tu,Tv) ≥ ϑd(u, v)). By the conditions

(i), (ii)and(iii), we have

∥Tu(x, y)− Tv(x, y)∥ ⪯ max
(x,y)∈K

∥∥∥µ(x, y) + 1

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

(
log

x

s

)r1−1

(
log

y

t

)r2−1 f(s, t, u(s, t))

st
dt ds

∥∥∥−
max

(x,y)∈K

∥∥∥µ(x, y) + 1

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

(
log

x

s

)r1−1

(
log

y

t

)r2−1 f(s, t, v(s, t))

st
dt ds

∥∥∥. (4.4)

Through integration by parts we obtain the following∫ y

1

(
log

y

t

)r1−1

.
1

t
dt =

2(r2 − 1)

r2
ln y, (4.5)

and ∫ x

1

(
log

x

s

)r1−1

.
1

s
ds =

2(r1 − 1)

r1
lnx. (4.6)
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Using (4.5) and (4.6) in (4.4), we obtain

∥Tu(x, y)− Tv(x, y)∥ ⪯ max
(x,y)∈K

∥∥∥ 1

Γ(r1)Γ(r2)
.
2(r1 − 1)

r1
lnx.

2(r2 − 1)

r2
ln y

f(s, t, u(s, t))− f(s, t, v(s, t)
∥∥∥,

⪯ max
(x,y)∈K

∥∥∥2(r1 − 1)2(r2 − 1)

Γ(r1)Γ(r2)r1r2
. lnx. ln y

f(s, t, u(s, t))− f(s, t, v(s, t)
∥∥∥,

⪯ 2(r1 − 1)2(r2 − 1)

Γ(r1)Γ(r2)r1r2
. lnx. ln y

max
(x,y)∈K

∥f(s, t, u(s, t))− f(s, t, v(s, t), ∥

∥Tu(x, y)− Tv(x, y)∥ ⪯ ϑ∥u− v∥eik.

Equivalently to

d(Tu,Tv) ⪯ ϑd(u, v),

Implies that

d(Tu,Tv) ⪯ ϑ[αd(u, v) + βd(u,Tu)] + (1− α− β)d(v,Tv),

which is a contradiction to the claim that d(Tu,Tv) ≥ ϑd(u, v)). Therefore a mapping T has a
unique �xed point u in K, which is a solution of a partial fractional di�erential equation (4.1).
Thus, this veri�es the conditions imposed in Theorem 3.1 and Theorem 4.1. Hence, the proof is
completed. q.e.d.
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