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Abstract

This paper aims to demonstrate the fixed point theorem for extended interpolative non-self-
type contraction mapping in hyperbolic complex-valued metric spaces. We provide an example
for verification of the results. Further, as an application, we prove the existence and uniqueness
of solutions for a class of Hadamard partial fractional integral equations by applying some fixed
point theorems.
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1 Introduction

The study of non-linear contraction mapping was initiated by Boyd and Wong [5] in 1969. Then,
followed by Carmargo [10] showed an application of a fixed point theorem of Boyd and Wong
[5] in metric spaces. Assad and Kirk [2] formulated fixed point theorems for non-self mappings
in metrically convex metric spaces. Their result was extended by Rhoades [31] who proved the
existence of fixed points in metric spaces for what he termed as generalized contractions, which set
out sufficient conditions for a non-self mapping to have a unique fixed point in a metric space. Imdad
and Kumar [16] extended the theorem by Rhoades by demonstrating the existence of common fixed
points for pairs of non-self mappings obeying specified conditions in a metrically convex metric
space. Kirk [19] gave the Krasnoselskii’s iteration process in hyperbolic space. Berinde et al. [4]
proved a fixed point theorems for non-self single-valued almost contractions. Reich and Shafrir
[30] proved nonexpansive iterations in hyperbolic spaces. Shafrir [34] proved the approximated
fixed point property in Banach and hyperbolic spaces. Ciri¢ et al. [11] proved a common fixed
point theorems for non-self-mappings in metric spaces of hyperbolic type. Followed by Eke et al.
[13] proved the common fixed point theorems for non-self mappings of nonlinear contractive maps
in convex metric spaces. Recently, Wangwe and Kumar [42] proved the fixed point theorem for
multivalued non-self mappings in Partial Symmetric Spaces.
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In 2011, Azam et al. [3] extended the metric space to complex-valued metric spaces and estab-
lished the existence of fixed point theorems under the contraction condition in rational expression.
After that, several works were discovered. Rouzkard and Imdad [32] established some common fixed
point theorems on complex-valued metric spaces. Sintunavarat and Kumam [36] gave a generalized
common fixed point theorems in complex-valued metric spaces and applications. Sintunavarat et
al. [37] introduced Urysohn integral equations approach by common fixed points in complex-valued
metric spaces. Klin-eam and Suanoom [20] gave some common fixed point theorems for generalized
contractive type mappings on complex-valued metric spaces. Kumam et al. [23] gave the fixed
point results satisfying rational type contractive conditions in complex-valued metric spaces.

Karapinar [17] gave a novelty on interpolative Kannan mapping in metric spaces. Followed
by Mishra et al. [24] proved the interpolative Reich-Rus-Ciri¢ and Hardy-Rogers contraction on
quasi-partial b-metric space and related fixed point results. Gautam et al. [14] proved Interpolative
Chatterjea and cyclic Chatterjea contraction on quasi-partial b-metric space. Wangwe and Kumar
[41] proved fixed point results for interpolative W-Hardy-Rogers type contraction mappings in quasi-
partial b-metric space with applications. Wangwe [39] proved fixed point theorems for interpolative
Kanann contraction mappings in Busemann space with an application to a matrix equation, and
Wangwe [40] proved fixed point theorem for interpolative mappings in F-M,-metric space with an
application.

The innovation of this paper is to generalize the results of Mohammadi et al. [25], Karapinar
[17], Dass and Gupta [12] and Eke et al. [13] and other related works to proved the fixed point the-
orems for extended interpolative Kanann-Ciri¢-Reich-Rus non-self non-linear contractive mapping
in hyperbolic complex metric spaces. We provide an example for verification of the results. Fur-
ther, as an application, we prove the existence and uniqueness of solutions for a class of Hadamard
partial fractional integral equations by applying some fixed point theorems.

2 Preliminaries

In this section, we begin with some definitions and theorems for enhancing the main results.

Definition 2.1. [21] Let (X,d, W) be a hyperbolic space if (X,d) is a metric space and W :
X x X x[0,1] = X is a function satisfying

(i) Vu,v € X and VA € [0, 1].
d(z, W(u,v,X)) < (1= X)(z,u) + Ad(z,0),
(i) YV u,v € X and YAy, Ay € [0, 1].
d(W (u, v, A1), W (u, v, A2)) < |1 — Aa|d(u,v),
(iil) V u,v € X and VX € [0,1].
W(u,v,A) = W(v,u,1 —A),
(iv) Y u,v,z,w € X and VA € [0, 1].

AW (u, 2z, \), W(v,w,\)) < (1= N)d(u,v)+ Ad(z,w).
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If only condition (4) is satisfied, then (X, d, W) is a convex metric space by Takahashi concepts
[38]. According to Shafrir [34], suppose that (X, d) is a complete metric space. Assume that there
is a family W of metric lines (isometric images of R) in X such that for every u,v € X, u # v,
there is z unique line in W that passes through v and v. The closed metric segment connecting u
and v will be denoted by [u,v].

Definition 2.2. [27] Let X be a vector space. A subset K C X is said to be affinely convex if, for
all u,v € K, the affine segment

[u,v] := {(1 —ANu+ A€o, 1}}
is contained in X.
The unique point z € [u, v] satisfying
d(u, z) = Md(u,v)
and
d(z,v) = (1 — N)d(u,v).
Therefore, (X,d, W), is a hyperbolic space if

1 1 1 1 1
— —. = — < = .
d<2u€9 21),2u€9 22) < 2d(v,z)

Equivalent to
d1-=NudXz,(I1-Nveiw) < (1-XNd(z,y)+ Ad(z,w).
Consequently, we have
AW (u, z,\), W(v,w,\)) < (1—XN)d(u,v)~+ Ad(z,w).

Then a point z € [u,v] if and only if there exists A € [0,1] such that d(z,u) = Ad(u,v) and
d(z,v) = (1 — N)d(u,v). For simplicity, we will write

z=(1-Nz® \y.
If X is a hyperbolic space the metric d on X is convex. This means that for any z € X,
d(z, (1 =Nu® \y) < (1 = N)d(z,u) + Ad(z,v), (2.1)
for all ¢ € [0,1].
Lemma 2.1. [26] Let (X,d, W) be a convex metric space, then the following is true:

d(u,v) = d(u,W(u,v,\)) +d(v, W(u,v,\)) (2.2)
for all (u,v,A) € X x X x I.
d(u,W(u,v, %)) = d(v,W(u,v, %)) = %d(u,v) (2.3)

for all u,v € X.
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An example of hyperbolic space which is a CAT(0) space.

Example 2.1. [7, 29] A Hadamard space is a non-empty complete metric space (X,d) with the
property that for any pair of points u,v € X, there exists a point m € X such that

d(u,v)? < d(z,u)? +d(z,v)?

d(z,m)? + 1 < 5 ; (2.4)

Azam et al. [3] gave the following concept on complex-valued metric spaces.

Definition 2.3. Let C be a set of complex number and wi,ws € C define a partial order < on C
as follows: w; = wy if and only if one of the following conditions is satisfied:

(C1) R(wr) = R(wz), I(wr1) < I(wa),
(C2) R(wr) < R(wz), I(w1) = I(wa),
(C3) R(wr) < R(wz), I(w1) < I(wa),

(w1) ) S(wr) = (wz).

In particular, we will write wy; < ws if wy # wy and all of (C1),(C3) and (C4) is satisfied and we
will write wy < wy if only (C4) is satisfied.

Also, it is known that
(1) If 0 < wy 2 wo, then |wq| < |wa.
(ii) If w1 < wy and wy = ws, then wy < ws.
The following is the distance function in complex-valued metric space:

Definition 2.4. [8] Let X be a non-empty set. Assume that a mapping d : X x X — Cis a
distance on a complex-valued metric space if the following metric hold:

(CM1) 0 =d(u,v) for all u,v € X and d(u,v) =0 <= u =,

(CM2) d(u,v) =d(v,u) for all u,v € X,

(CM3) d(u,v) =< d(u,w) + d(w,v) for all u,v,w € X.

Then d is called a complex-valued metric on X and (X, d) is called a complex-valued metric space.
The following are examples which satisfy the axioms of complex-valued metric space.

Example 2.2. [35] Let X = C be a se of complex number, define d: C x C — C. By
d(wl,w2) = \ul — U2| +i|vl — ’U2|,

where w; = u; + 4v; and wy = uy + ive. Then (C,d) is a complex-valued metric space.
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Example 2.3. [36] Let X = C. Define a metric d: C x C — C by
d(wy, ws) = |wy — wo|e™®,
where k € [0, 7]. Then (C,d) is a complex-valued metric space.
The Cauchy sequence convergence properties on completeness of complex-valued metric spaces.
Definition 2.5. [3] Suppose that (X,d) is a complex-valued metric space.

(i) A sequence {u,} converges to an element u € X if for every 0 < ¢t € C there exist an integer N
such that

d(up,u) < t,
for all n > N. We write this by

lim d(up,u) = u, = uasn — oo.
n—oo

(ii) If for any ¢t € C with 0 < ¢, there exist N € N such that, for all n > N,
A(Up, Uptm) < t,
where m € N, then {u,} is called a Cauchy sequence in X.

(iii) If every Cauchy sequence in X is convergent, then (X,d) is said to be a complete complex-
valued metric space.

Lemma 2.2. [3] Let (X, d) be a complex-valued metric space and (x,) be a sequence in X. Then
{un} converges to a point u € X if and only if

|d(tn,u)| = 0 asn — oo.

Lemma 2.3. [3] Let (X, d) be a complex-valued metric space and (u,) be a sequence in X. Then
{un} is a Cauchy sequence if and only if

|d(tn, ptm)|] = 0 as n — oo.

Definition 2.6. [6] Let (X, d) be a metric space. A mapping T : X — X is said to be sequentially
convergent if we have, for every sequence {v, }, if {Tv,} is convergence then {v, } also is convergence.
T is said to be subsequentially convergent if we have, for every sequence {v, }, if {v,} is convergence
then {v,} has a convergent subsequence.

The concept of interpolative mapping in Banach space was introduced by Krein et al. [22] in
the following way:

Definition 2.7. Let (A, B) and (C, D) be two Banach couples. A linear mapping T acting from
the space A+ B to C'+ D is called a bounded operator from (4, B) to (C, D) if the restrictions of T
to the space A and B are bounded operator from A to C and B to D, respectively. It is denoted by
L(AB,CD) the linear space of all bounded operators from the couple (A4, B) to the couple (C, D).
This Banach space in the norm.

IT|lLa,cpy = max{|T|asz,||Tllc-p} (2.5)
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If the operator T,, from a Cauchy sequence in L(AB,CD), then their restriction to A and C
converge in L(A, C) and L(B, D) to operator T’ and T which coincides on AN B then the sequence
T,, converges in L(AB,CD) to uniquely defined operator T’ acting from A + B to C' + D which
implies that

T(u,v) = Tu+T"v, (2.6)
u€ Aand v e B.

Definition 2.8. |22] The triple (A, B, E) is said to be an interpolation triple of type v(0 < a < 1)
relative to (C, D, F) if it’s an interpolation triple and the following inequality holds:

17
ITle~r = T slITlc b (2.7)
for some constant c.

In case where A coincides with C; B with D, and E with F, F is said to be an interpolation
space of type v between A and B.
The following results for interpolative Kannan contraction have been proved in [17] as follows:

Definition 2.9. [17] Let (X, d) be a metric space, a mapping T : X — X is said to be interpolative
Kannan contraction mappings if

d(Tu, Tv) < 9[d(u, Tu)]’.[d(v, vv)]} 79, (2.8)
for all u,v € X with u # Tu, where ¥ € [0,1) and ¢ € (0, 1).

Theorem 2.1. [17] Let (X, d) be a complete metric space and T be an interpolative Kannan-type
contraction. Then T has a unique fixed point in X.

Mohammadi et al. [25] gave the following definition and theorem for the extended interpolative
Ciri¢-Reich-Rus type F-contraction mappings in metric space.

Definition 2.10. [25] Let (X, d) be a metric space, we say that the self-mapping T : X — X is
an extended interpolative Ciri¢-Reich-Rus type F-contraction mappings if there exists «, 8 € (0,1)
with a+ 3 < 1,7 >0 and F € F such that

7+ F(d(Tu, Tv)) < «aF(d(u,v))+ BF(d(u,Tu)) + (1 — a — B)F(d(v, Tv)),
for all u,v € X\ Fiz(T) with u # Tu with d(Tu, Tv) > 0.

Theorem 2.2. [25] Let (X,d) be a complete metric space and T be an interpolative Ciri¢-Reich-
Rus type F-contraction. Then T admits a fixed point in X.

Beride and Pacurar [4] gave the following definition and theorem for almost non-self contraction
mapping using M property given as follows:

Definition 2.11. [4] Let X be a hyperbolic space, K a non-empty closed subset of X and T : K —
X be an extended interpolative non-self mapping. Let v € K with Tu ¢ K and let v € 9K, such
that

d(v,Tv) < d(u,Tu),
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where
d(u,Tu) < d(u,v) + d(v, Tu),
for the corresponding v € Y.

Theorem 2.3. [4] Let (X, d) be a Banach space, K a nonempty closed subset of X and T : K —
X a nonself almost contraction if there exists a constant 6 € (0,1) and some L > 0 such that

d(Tu,Tv) < dd(u,v)+ Ld(v, Tu),Vu,v € X.
If T satisfies Rother’s boundary condition T(0K) C K. Then T has a fixed point in K.

3 Main results

In this section, we prove the main results as follows:

Theorem 3.1. Let (X,d) be a convex hyperbolic complex metric space, K a non-empty closed
subset of X, and 0K the boundary of K. Let 0K be non empty and and T : K — X be an
extended interpolative Kanann-Ciri¢-Reich-Rus type contraction mappings of K into X. If there
exists three constants o, 8 and ¥ with a + 5 + 9 < 1 satisfy the following conditions:

(i) T(OK) C K,
(ii) T has property M,
(iii) T is sequentially convergent in K,
(iv)
d(Tu, Tv) = Iad(u,v) + pd(u, Tu)] + (1 — a — B)d(v, Tv), (3.1)
for all u,v € K.

(v) if z € affine convex segment [u,v] and m = “F¥ the midpoint of [u,v], then the Hadamard
extended the interpolative equation

{d(uév)}2 - a[d(%u)r-i-ﬁ{d(\%v)]z_(l_a_ﬂ)[d(z’m)r’

200+48—4

is satisfied with A(z,u,v) a geodesic triangle in K and 0 < 9 <1, ¢ = 15

Then T admits the unique fixed point in K € X.

Proof. Let z( be an arbitrary point in X. If T(K) C K, T is a self-extended interpolative mapping
on a closed set K and X = K. Otherwise, we consider the case T(K) ¢ K, X # Kand T: K — X
a non-self extended interpolative mapping. Let uy € dK. Using condition (i) of Theorem 3.1
we have Tuy € K. Denotes by u; = Tug that is up € K. If Tu; € K, implies that us € K
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and ug = Tuy. Our proof is completed. If Tu; ¢ K, we choose ug on the affine convex segment
[u1, Tuy] € OK, such that
uy = (1 —MNug + ATuq,
which is equivalent to
d(ur, Tur) = d(ur,v)+d(v, Tuy),

veIK.
Let z =up € 0K and m = %T“l = u; the mid point of ug and Tu;. By using (v) of Theorem
3.1 we get

T 2
dluo, 0T

: {d(uo,ul)r_~_5{cl(zL(),T7ut1)}2

V2 V2

-0 - [T

(67

satisfy the Hadamard extended interpolative equation.
Repeating the above steps through induction, we can construct two sequences {u,} and {v,}
whose terms satisfy the following conditions

(i) v, = Tu, and upy1 = Vpg1,
(ii) Uy = TUp_1, if Tu,_1 € K,
(iii) w, = vy, if and only if v, € K, unt1 # Vnt1,

(iv) w, # v, whenever v, ¢ K and w,, € K such that u,, on the affine convex segment [u,,, Tu,] €
OK which implies that

Unp = (1 - A)Un_l + ATun_l.

If 2= up,_; € OK and m = % = u, be the midpoint of affine convex segment

[ttr, Tuy], we have

[d(un,QTun)]z < a{d(un\_/g un)r

“(1—a-p) [d(un_l,

d(un_l,Tun)}2
V2

Up—1 + Tun 2
=)

+B[

We partition the sequence {u,} and {v,} into two sets P and Q.

P = K={u;€{uy}:u;=v;=Tu;—1,i=1,2,3...},
Q = aK:{uiE{un}:ui#vi:Tui,hi:l,Q,S...}.

From this, we have three cases to investigate.

(i) Both wy,,u,41 € P,
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(ii) If u, € P and up41 € Q,

(iii) If u, € Q and up4q € P.

Case 1 Let uy,,un1 € P. Using property M, we have

d(unaunJrl) =
Let u = u,—1 and v = u,, in (3.1), we get

d(Twp—1, Tuy)
d(un7 unJrl)

A(tUp, unt1) — (1 — a— B)d(tn, tnt1)
(o + B)d(tn, tunt1)

d(Un, Unt1)

( )

AU, Up41

for all n > 0.

Case 2 Given u,, = v, if and only if v,, € K, up41 # vp41 € OK. Let u,, € P and u,41 € Q,

PN

A TA IA

IA

PN

A(tp, Tuy) 2 d(Tup—1, Tuy).

ad(twp—1,un) + Bd(tun—1, Tthy—1)]
+(1 — a— B)d(un, Tu,),
ﬁ[ad(unflvun) + ﬁd(un,l,un)] +
(1 —a = B)d(un; unt1),
ﬂ[ad(un_l, Up) + Bd(tn—1, un)]a
Ha+ B)d(un—1, un),

Ha+ 8)

Wd(un—hun)»

ﬂd(un—ly un)a

we have u, = Tu,—1 € P and u,+1 # Tu, € Q. (a contradiction)

By convexity relation we obtain

d(’u”ﬂd un+1) + d(un+1, Tun) =

Therefore
d(una un+1)
Let u = u,—1 and v = u,, in (3.1), we get

d(Tup—1, Tuy,)

d(umunJrl) - (1 —a— B)d

PN

IA 1A IA

PN

IA

d(tn, Tuy,).

< d(un, Tu,) = d(Tup—1, Tuy).

ﬁ[ad(un,l, Up) + Bd(tn_1, Tun—l)]
+(1 — a— B)d(un, Tu,),
ﬂ[ad(un_l, Up) + Bd(tn—1, Un)] +
(1—a—PB)d(un,unt1),
Iad(un—1,un) + Bd(un—1,un)],
Ko+ B)d(un—1,un),
ot B) 1),

(a+B)
19d(unfla un)a

for all n > 0, which is a contradiction. Hence yields an equation in case 1.
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Suppose z = u,_1 € OK and u = m = u"%ﬁu‘ = u, € K be the midpoint of affine convex

segment [u,, Tu,] and v = u, 41 € 0K, we have
d(tp, Tu,)12 d(tp—1,up)72 d(tp—1,Tu,)72
ZATny ZTm) < An—ly Png Atn—ly = 7n)
e B ey e R e

(1= 0 ) d(un oy, ]
O{d(un,l,un)}2 ﬁ{d(un,l,unﬂ)r

V2 V2
2
7(1 70‘*5) {d(un—lvun] .

[Fegel]

By (CM3), we have
d(un—la un+1) = d(un—la un) + d(una un+1)~

Assume that

(d(un—la un) + d(unv un+1))2

5 =< d(un,un_,_l)Q.

Using the above inequalities, we get
[d(un;un+1):|2 2

o [d(unfh Unp
2

\/i )}2 +ﬂ[d(un,un+1)}
—(1-a-p0) {d(un_l,unr,
d(up—1,u,)72?
o =]
—(1-—a-p0) [d(un_l, unr.

4 — a+28—2
Jd(un,unﬂf 75

[~ sfatun ]

IA

d(unflv un)Qa

IA

4 2
Consequently, we have
2004+ 48 — 4
d(unv un+1)2 = 7Bd(un—17 Un)2~
4-p
2 48 —4
d(unvun-‘rl) %d(un—laun)'
Letting ¢ = {/29445=4 " we obtain

4-p
d(un7un+1) j ﬂd(un—la un)

Case 3 Let u, # v, whenever v, ¢ K and u,_1,u, € 0K such that u, on the affine convex
segment [uy,, Tu,] € 0K which implies that

Up = (1= Nup—1+ ATu,.
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If u, € Q and u,41 € P. Then u,,_; € P. By property M, it follows that
d(una unJrl) = d(una Tun) < d(unfla Tun71> < d(Tun727 Tun71)~

Let u = u,—9 and v = u,—1 in (3.1), we obtain

d(Tun—Za Tun—l) = ﬂ[ad(un—% un—l) + /Bd(un—Zv Tun—Q)]
+(1 S B)d(un—17 Tun—1)7
d(unfhun) j ﬁ[ad(unf%unfl) +6d(un727un71)] +

(1 —a—pB)d(un—1,un),
INad(tn—2, Un—1) + Bd(Un—2, Un—_1)],
Ha+ B)d(un—2,Un-1),

d(a + )
(a+B)
Vd(Up—2,Un—1),
Id(Up—2, Up—1).

d(up—1,un) — (1 —a—p)d

A TA

d(un727 un71)7

D
3
L
S

L L L
PN

A TA

Hence

d(un7u7L+1) = d(Tun—27Tun—1) = ﬁd(un—27un—1)~

Up_2+TUn_1

Suppose z = u,_o € 0K and u = m = = u,_1 € K be the midpoint of affine

p)
convex segment [u,_1, Tu,—1] and v = u,, € 0K, we have

(67

{d(un,l, Ttp_1) } 2

d<un72a Tunfl) i| 2
2

{d(un,g,un,l)r -

V2
n— Tup— 2
—(1-—a-p) [d(un_g, %)} ,

N {d(un\g/,iunﬂr LB {d(un\/g un)} 2

—(1-—a-p) {d(un_g, un_l} 2.

+B{

[Altat )]

By (CM3), we have
d(un—Qaun) j d(un—Qvun—l) + d(un—hun)-

Assume that

(d(unf% unfl) + d(unfla un))2
2

j d(un—laun)2~
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Using the above inequalities, we get

PN

d(Up_1,Up)72
(Al

: QWQE&EZQT+5Pm%h%ﬂ2

V2
—(1—a-p0) {d(un_g,un_lr,

(1)1 )] afwnz;mﬂr
~(1 = §)[dunzun 1]
A= F L at26-2

Td(unflv un)2

PN

d(unfb un71)2~

Consequently, we have

20+ 48 — 4
4-p

2004+ 48 — 4
d(Un—1,up) = \/Td(un%unl)a
2 46 — 4
d(Tun—27Tun—1) = %d(un_g,un_l).

Letting ¢ = Q“Zf’g_‘l, we obtain

IA

d(un—lyun)Q d(un—Qaun—l)Qa

d(u’ru un+1> j ﬁd(unfla un)~

By combining all three cases, we conclude that a sequence {u,} and {v,} satisfy the following
inequality

|d(un’un+1)‘ = 19| max{d(un—27un—1)ad(un—laun)H'
For n > 0, we have
‘d(um un+1)| = 79%_1 ‘ maX{d(un—Qa un—l): d(un—la Un)}|-

By induction, we establish the cases n =0,n=1,n=2,n = 3.
For n = 0, we have

ld(uo,u1)| = 97 |max{d(u_s,u_1),d(u_1,up)}|.
For n = 1, we have
|d(uy,uz)] = |max{d(u—_1,ug),d(ug,u1)}|
For n = 2, we have

|d(ug, us)| = ik | max{d(ug,u1),d(ur,u2)}|-
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For n = 3, we have
|d(us,ug)| = O max{d(ui,us),d(us,us)}|.

Letting 0, = max{d(un—2,Un—1),d(tn—1,un)}, for n > 0 we have

lm |d(up, unt1)] = V7 op.
n— oo

For n — oo the sequence {u,} converges to 0, using Lemma 2.2 and Definition 2.5 implies that

lim |d(tn, Uunt1)] = 0 as n — oco.
n—oo

We show that {u, } is a Cauchy sequence. From Definition 2.5, Lemma 2.3 and (CM3), for n,m € N
such that n > m, we have

d(un7 um) j d(una un—l) + d(un—la 7un—2) + d(un—2> ) un—3) + -+

d(um+1a um) + d(uma umfl)a

n—1

< [z _~_19L52 _|_..._|_19L51]Um
(ﬂ%)nfl

< Y7

—_ 1_19% ny

Hence
|d(tn, Uny1)| — 0,

which implies that (uy,, ty41) = 0. Therefore {u,} for all n € N is a Cauchy sequence in K.
For completeness of K, let u* € K such that

lim u, = u*
n— oo

and
ze K, Tu" = z.

Since T is sequentially convergent in K, there exists a subsequence {uy,} of {u,} and {v,, } of
{vn} such that

im up, = vp, = Ty, _,.
n— oo

Implies that

lim Tu,, , ==z
n—oo

Now we show that Tu* = z, using (CM3), we have
d(Tu*,z) = d(Tu*,Tupn,_,) + d(Tun,_,, 2).
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Let v = v* and v = u,,_, using (3.1), we obtain

d(Tu*, T, _,) = Vad(u*, uy,_,)+ Bd(u*, Tu")]
+(1 —a— B)d(unk—l’Tunk—1)7

d(Tu*,z) =< Yad(u*, up, ,)+ Bd(u*, Tu*))
+(1—a—B)d(un,_,, Tun,_,) + d(Tun,_,, 2).
=< Jad(u*, z) + Bd(u*, 2)] + (1 — a — B)d(z, z) + d(z, 2),
=< Ha+ p)d(u*, z),
d(Tu*,z) =< 0.

This implies that d(Tu*, z) = 0. Thus, Tu* = z, hence z is a fixed point of T in K.
The uniqueness of z in K, we assume that w € K is another fixed point of T in K such that
u =z and v = w, using using (3.1) we get

d(Tz, Tw) = Yad(z,w)+ Bd(z,T2)] + (1 — a — B)d(w, Tw),
d(z,w) =X dad(z,w)+ Bd(z,2)]+ (1 — a— B)d(w,w),
d(z,w) =X Yad(z,w),
d(z,w) —Yad(z,w) = 0,
(1 -9da)d(z,w) = 0,
d(z,w) =< 0,
d(z,w) = 0.
Implies that z = w. Thus z is a unique fixed point of T in K. Q.E.D.

The corollary provided below is the extended interpolative rational type mapping from [12]
using hyperbolic complex metric space for the novelty of Theorem 3.1.

Corollary 3.1. Let (X,d) be a hyperbolic complex-valued metric space, K a non-empty closed
subset of X, and 0K the boundary of K. Let 0K be non empty and ug € K. Let T : K — X be
an extended interpolative Gupta-type contraction non-self mapping, then the following condition
holds:

(i) T(OK) C K,

(ii) T has property M,

(iii) T is sequentially convergent in K,
(iv)

d(u, Tu)d(v, Tv)

d(Tu, Tv) = Hd(u,v)+ (1 —9) a(u) ,

for all u,v € K, where 9; < 1.
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(v) if z € affine convex segment [u,v] and m = “3* the midpoint of [u,v], then the Hadamard
extended interpolative equation

57 = [T AT -0 alaen]

is satisfied with A(z,u,v) a geodesic triangle in K and 0 <9 <1, ¢ = ,/20‘%@*4.

Then, there exists a unique fixed point of T in K.

Proof. The proof of this corollary follow the similar proof of Theorem 3.1. This completes the
proof. Q.E.D.

We formulate an example for verification of the results proved above.

Example 3.1. Let X = 90K =[0,1], K = {O, %, i} Denote the unit interval of real numbers and
T: K — X given by

2"t —1y
Tu = ()

for u,v € K.
Let X =1[0,1) and d: K x X — C be defined by
ik

d(u,v) = |u—wvle™,

where £ € [0, 5] and e’* = cosk +isink. Then, (X,d) is a complete hyperbolic complex-valued

metric space.
To demonstrate the conditions in Theorem 3.1, we calculate the following hyperbolic complex-

valued distances.
2ntl N o2nth 1y
AT ) = d () ()
ontl _q
( 2n+1 )
2ntl—1q
- ( on+l )

d(u, Tu) = d(u, (%)u”)

2nt L (y — u™) +u™
2n+1

2t (y — u™) + u™
2n+1

u” — "

(i)
COS — 7811 —
2 2/’

n n

u't — "1,

(5 in5)
COS — 7811 —
2 2/’

7

)
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2ntt — 1
d(v, Tv) = d(v, (W>v">
27l+1(v _ Un) —|—U" ( T N o 7T>
= cos — +isin —
2n+l 2 2/’
o2t o —o") + oy
- 2n+1 L
_ ik
d(u,v) = |u—ovle™,
d(u,v) = |u7v|<cosg+ising),
d(u,v) = |u—oli.

Applying all of the equalities above in (3.1), we get

2n+1 -1 2n+1 _n n
(W) u =" =< ﬁ{a\u—vh’—&—ﬁ (u2n+ul)+u z}
20t (y —u™) + v
+1-a-p) S

Le‘ctinga:%,ﬂ:lemd19:l

1 3 in the above inequality, we obtain

ontl Wl 171 Co L2t —um)
()l =i = glghe— vl g ]
1 2n+1 o n
g (Uznf1)+v g
Equivalently to
P N LIl 127t (u — u™) + u”
(gl =] = glghe-vi+g gt ]
112" (v —o™) + "
T on+1

Hence, for all n > 0 the hypothesis of Theorem 3.1 are satisfied. Therefore a mappings T has a
unique fixed point in K.

4 An application of Hadamard partial fractional differential equation in
hyperbolic complex-valued metric spaces

In this section, we aim to investigate the uniqueness of the solution of Hadamard partial fractional
differential equation for demonstration of Theorem 3.1. Butzer et al. [8] investigated Fractional
calculus in the Mellin setting and Hadamard-type fractional integrals and their derivatives. Butzer
et al. [9], they obtained the Mellin transform analysis and integration by parts for Hadamard-type
fractional integrals and differential operators. Pooseh et al. [28] obtained expansion formulas in
terms of integral order derivatives for the Hadamard fractional integral and derivative. Samko et
al. [33] derived more operators on fractional Integrals and Derivatives.
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Abbas et al. [1] considered the uniqueness of the solution to the following Hadamard partial
fractional integral equation

o) = e g f (o) ()

dt d 4.1
i 5 (4.

for all t,s € K =[1,a] x [1,b],a,b > 1,71,r2 > 0 where K : X X X xR" - Cand p: K - R, f:
K x R — R are continuous functions. Let X = C(X,R"™) on C be Banach space of continuous
functions p : K — R with the norm

Jullx = sup |ul,
(z,y)EK

and L/(K, R) be Banach space of continuous p : K — R that are Lebesgue integral with norm

a b
lully = / / ju(z, 9)\dy dx.

Definition 4.1. [15, 18] The Hadamard fractional integral order ¢ > 0 for a function g € L'([1, ], R),
is defined by

o) = o (10g2)" 4 gy

where T'(.) is the Euler gamma function.

Definition 4.2. [15, 18] Let 71,7y > 0,0(1,1) and r = (r1,75) for v € L'(K,R), define the
Hadamard partial fractional integral of order r by the expression function g € L,([l,a],R), is

defined by
1 vy x\T1—1 y\"2~Lo(s,t)
Hyr _ d Z RS
CLov)ey) = F(rlf(rz)/l /1 (IOgs) (IOgt) st dids,

Define a hyperbolic complex-valued metric on X, by d: X x X — C and

dlu,v) = max |u- vle™, k € [0, %]-

Then (X, d) is a hyperbolic complete complex-value metric space.
Theorem 4.1. Suppose that the following conditions holds:
(i) f: K xR — R and p: R — R are continuous functions,

(ii) there exists f : K x R — R such that

1£ (st uls, ) = f(s,t0(s, ) = Iu—v]e™,
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where
dlu0) = max fu— ol k€ [0,5)
and
d(u,v) = d(Tu,Tv) 2 Vad(u,v) + Bd(u, Tu)] + (1 — a — B)d(v, Tv),

for all u,v € K.
(iii) there exists ¥ € [0,1) such that

4(7’1 — 1)(7’2 — 1)
F(rl)F(rg)mrQ

Inzlny =< 9, (4.2)

for 11,73 > 0,9 < 1 and (z,y) € K.

Then, the partial fractional differential equation (4.1) has a unique solution in K.

Proof. Let us define a non-self-mappings T : K — X by

Tu(z,y) = M(m,y)+m/lx/ly(10g§>rl—1(log?>r2—l

Ftu(s,0) 4y g (4.3)
st

forall t,s € K.
Let u,v € C([1,1],R) with v < v, we assume that d(Tu, Tv) > 9d(u,v)). By the conditions
(1), (#9)and(iii), we have

1 Ty 11
Tu(z,y) — Tv(z, <  max H x, +7// log —
ITu(e,y) = Tet@ )l = max o) + oo | (1)

(10g¥)" Lt 0) 4y 4

H (1) + 1 /“"/y(l x)mﬂ
a , _— og —
Gayer I TR0y Jy Sy Vs

(10 %)Tﬂif (s, t’;(s’ t) 4 ds| (4.4)

Through integration by parts we obtain the following

v m-11 2(rg — 1)
Y 2
log = —dt = ——~1 4.5
‘/1 ( 08 t) t T9 nY, ( )

and

r ri—1 _
/ <log f) .lds = A —1) Inz. (4.6)
1

S T
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Using (4.5) and (4.6) in (4.4), we obtain

max H 1 2(7"1 — 1) Inz 2(T2 — 1)
(z,y)EK I‘(n)l"(rg)' 1 ’ T2
f(s,tyu(s,t)) — f(s,t,v(s,t),

(r1 —1)2(re — 1)

ITu(z, y) — To(z, y)|| =

Iny

< (IH;)GKH T () Inz.Iny
f(s,t,uls, t)) f(st,u(s, 1),
2(7’1 — 1) (7‘2 — ].)
< T (ra) 17 nz.Iny
max |[|f(s,t,u(s,t)) — f(s,t,v(s, 1), ||
(z,y)EK

ITu(z,y) = To(z,y)|| = Illu—wvle*

Equivalently to
d(Tu, Tv) =< ¥d(u,v),
Implies that
d(Tu, Tv) =< Yad(u,v)+ Bd(u, Tu)] + (1 — a — B)d(v, Tv),

which is a contradiction to the claim that d(Twu,Tv) > dd(u,v)). Therefore a mapping T has a
unique fixed point u in K, which is a solution of a partial fractional differential equation (4.1).
Thus, this verifies the conditions imposed in Theorem 3.1 and Theorem 4.1. Hence, the proof is
completed. Q.E.D.
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