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ABSTRACT 

One of the new techniques currently used to address water shortage problems in 

the developed countries is the optimum conjunctive water use. Optimum 

conjunctive water use demands that the surface and subsurface reservoirs are 

fully characterized if deterministic methods are to give reliable results. However, in 

real world phenomena, full characterization of surface – groundwater reservoirs is 

neither practically nor economically feasible. This research, therefore, aimed at 

developing a combined simulation-optimization quantitative conjunctive water use 

management model which can sustainably manage water resources taking into 

account input parameter uncertainty. Response matrix technique was used to 

combine simulation model with optimization model (procedure). The novelty of this 

research work is that determination of optimum conjunctive water use was 

determined under scanty data and uncertain condition. Surface water and 

groundwater conceptual models were developed, and integrated to form a 

conjunctive water use conceptual model which was converted into numerical 

simulation model for both deterministic and stochastic simulations. MODFLOW-

2000 and RIVER Package (RIV) (together referred to as conjunctive water use 

simulation model) supported in Visual MODFLOW 2014.2 Classical Interface was 

used to determine aquifer system responses (drawdowns). These drawdowns 

were assembled as response matrices and then incorporated into an optimization 

management model as drawdowns constraints coefficients. The simulation-

optimization problems were solved and analysed through “Active-Set” (Sequential 

Quadratic Programming (SQP) optimizer (algorithm)) implemented under the 

MATLAB 2014a environment. The Retrospective Optimization Approximation 

(ROA) method was used for solving the stochastic optimization problem and to 
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investigate the impact of uncertainty on optimal management strategies. ROA 

procedure solves and evaluates a sequence of optimization sub-problems in an 

increasing number of realizations. Results indicated that the study area aquifer has 

potential groundwater resource which is undeveloped. Deterministic approach 

underestimates the water withdrawal rates. The optimal withdrawal rates designed 

based on ROA approach were relatively higher than those designed based on 

deterministic approach. Moreover, the overall percentages of contribution of 

surface water and groundwater sources to the total water demand obtained 

through ROA approach was about 58% and 42%, respectively while the overall 

percentages contribution obtained through deterministic approach was about 85% 

and 15%, respectively. This is about ±27 % variation (i.e., Differences between 

the approaches realized) of percentages of contribution of the two water sources 

to the total water demand. Furthermore, findings indicated that ROA conjunctive 

water use management technique has potential to ensure sustainability of limited 

water resources of river basins. Through ROA approach the expected total optimal 

objective function value converged to its maximum value within a relatively few 

iterations (6 to 8 iterations) in about 2.30 Hrs computational time. In conclusion, 

results demonstrated that the ROA approach is a promising technique for use in 

managing conjunctive water use under uncertainty conditions. It is recommended 

that guidelines for determination of the sequence of sample sizes for use in ROA 

method framework should be established. The use of parallel computer processors 

to enhance computational time efficiency for large optimization problems should be 

explored. Quantitative methods for determination of weights for estimating values 

of objective functions should be investigated. The application of the ROA approach 

to multi-objectives optimization problems should be explored. 
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CHAPTER ONE: INTRODUCTION 

1.1 BACKGROUND 

Most parts of the world, in recent years, are experiencing acute shortages of fresh-

water in terms of both quality and quantity due to various factors such as 

increasing population and changing land use activities. An increase in water 

demand for domestic, industrial and irrigation use as well as the conflicting 

demands for sustainability of the ecosystem, has resulted in water stressed river 

basins in many regions of the world (Roberts, 2010).  

 

Southern Africa has water shortage problems due to the geographical climatic 

conditions and financial constraints of the regions (Randell, 1999; Hornby et al., 

2016), thus adding new water supply structures is virtually impossible (Randell, 

1999). According to Randell (1999), allocation of water resources among river 

riparians within the region is becoming a great challenge to water resources 

management as populations dependent on water resources is rapidly expanding, 

consequently putting greater pressure on already overstressed river basin 

systems. In such situations, a question of how to effectively manage the use of this 

limited water resource to maximize overall benefit is inevitable.  

 

Mahjoub et al. (2011) argues that, by considering the fact that most of the region in 

Southern Africa have a problem in terms of water resources, conjunctive water use 

of surface water and groundwater can be considered as a proper technique for 

water security. This is because conjunctive water use of water resources relies on 

the principle that by using surface water when it is plentiful, recharging aquifers 

and conserving groundwater supplies in wet periods, water will then be available 
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for future pumping in the dry periods when surface water supplies are short 

(Mariño, 2001). Moreover, conjunctive water use involves coordination of the use 

of groundwater and surface water systems.  

 

However, in managing conjunctive water use of surface water and groundwater 

systems, it is important to realize that surface water and groundwater systems are 

usually interconnected and thus should be treated accordingly. In short, surface 

water system can be defined as one of the components of hydrological cycle 

system that comprises all water collecting on the ground or in a stream, river, lake, 

wetland, or ocean while groundwater is the water system that is found beneath the 

earth’s surface.  

 

Moreover, it should be noted that groundwater is a significant component of many 

river basins that is essential for sustaining stream flow during dry periods 

(Sahuquillo & Lluria, 2002). Depending on hydraulic head, surface water bodies 

can also flow to groundwater systems. Thus, for sustainability of surface water and 

groundwater resource systems, development of an efficient management tool for 

optimizing the conjunctive water use of surface water and groundwater resources 

exploitation is of paramount importance. 

 

However, one barrier to the development of conjunctive water use management 

systems is lack of guidelines on how to operate such systems and how to evaluate 

the benefit of capacity expansion. As a result, groundwater has traditionally been 

used only as a backup supply during times of shortage (Lettenmaier & Burges, 

1979). Moreover, several literatures (Peralta, 2001; Jolly et al., 2010; Katambara, 
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2011) have added that, apart from lack of guidelines there is also inadequate data 

for groundwater and surface water to sufficiently model such systems. However, in 

spite of these data scarcity problems, water resource developments must continue 

to take place to satisfy the economic and social development needs of 

communities (Mazvimavi, 2003).  

 

Thus, there is a significant need to develop an effective conjunctive water use 

management tool which can suitably manage simultaneously groundwater and 

surface water in river basins that have scarce data and uncertainty conditions. This 

is because uncertainties in input parameters to water resource problems have 

been recognized as impediment to designing efficient water resource management 

strategies (Ndambuki et al., 2003). Moreover, nature and interdependence of 

surface water and groundwater coupled with size and complexity of river basin 

systems as well as legal and administrative issues, has intensified use of 

simulation and optimization models for conjunctive water use management 

(Mariño, 2001).  

 

Application of optimization techniques is most challenging in water resources 

systems area when it comes to the management of water resources systems both 

in terms of quality and quantity. This is because of the large number of decision 

variables involved, stochastic nature of the inputs, and multiple objectives 

(Ndambuki et al., 2003; Datta & Harikrishna, 2005).  However, according to Mariño 

(2001), by applying simulation-optimization methods one can quickly and efficiently 

identify best options for control and planning when a range of options exists. 

Therefore, this research focuses on the application of simulation-optimization 
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approach based on optimization technique which is suitable for optimizing the 

conjunctive water use of surface water and groundwater in a water stressed river 

basin with scarce data and uncertain conditions. 

 

1.1.1 The Role of Conjunctive Water Use in South African Water Security 

South Africa is a water scarce country. Allocation of water resources among river 

riparian is becoming a great challenge to water resources managers (planners and 

decision makers) as population dependent on water resources is rapidly 

expanding, putting more pressure on already overstressed river basin systems 

(Randell, 1999). The existing water resource available in South Africa comprises of 

77 percent surface water, 9 percent groundwater and 14 percent re-used water of 

return flows (Waterwiki.net, 2006; DWAF, 2008). Moreover, a recently updated 

study on water resource availability in South Africa shows that 98 percent of 

surface water has already been allocated for use, leaving only 2 percent available 

for future development (Underwood, 2009; Cape Town Green Map, 2009). 

 

It is important to note that South Africa's surface water resources have been highly 

developed and utilized, and in many instances over-exploited (Lévite et al., 2003; 

Warburton, 2011). Of the 19 water management areas, 10 are currently water 

stressed (Warburton, 2011). Moreover, over 80 percent of South Africa is 

underlain by relatively low-yielding aquifer systems (Woodford et al., 2007). In 

such situations, the question of how to utilize efficiently this limited water resource 

to maximize overall benefit is of paramount importance.  
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Conjunctive water use technique, if properly administered has the potentials to 

alleviate many problems associated with water shortages in South Africa. Mahjoub 

et al. (2011) pointed out that by considering the fact that most of the Southern 

African countries have a problem in terms of water resources, conjunctive water 

use of surface water and groundwater can be considered as a proper technique for 

enhancing water security.  

 

Moreover, Peralta (2001) asserted that conjunctive water use management is 

needed in many areas to assure sustainable availability of water resources. This is 

because conjunctive use of water resources relies on the principle that by using 

surface water when it is plentiful, recharging aquifers and conserving groundwater 

supplies in wet years, water will then be available for future pumping in the dry 

years when surface water supplies are short (Mariño, 2001). However, it should be 

realized that, as in any other aspects of modelling, conjunctive water use 

simulation optimization modelling is prone to be associated with uncertainties; 

hence, it is important that uncertainties should be properly addressed for efficient 

management, planning and reliable decision making. 

 

1.1.2 Uncertainties in Conjunctive Water Use Simulation-Optimization    

Modeling   

Usually models that optimize water resources based on objective function and 

constraints have a simulation component. This is because simulation component is 

used to predict the physical behaviour of the systems response when subjected to 

external stresses (Basagaoglu and Mariño, 1999; McKinney et al., 1999). Peralta 

(2001) argues that predicting how diversions and pumping affect the coupled water 
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resources requires data describing the physical system. These data can include 

groundwater and stream stages (or heads), flow rates, and parameters such as 

hydraulic conductivity, transmissivity and storativity. It is important to note that for 

these predictions to be accurate, the input parameters should be accurate as well.  

 

Similarly, in order to have an accurate optimum conjunctive water use 

(withdrawals) of surface water and groundwater, it is imperative that the 

simulations should be as accurate as possible. This implies that the input 

parameters must be adequate and accurate. Hence, the accuracy of optimum 

conjunctive water use management models is highly dependent on the availability 

and accuracy of the input parameters. 

 

Uncertainty in estimating the optimum conjunctive water use (surface water – 

groundwater withdrawals) lies not only on variability of the hydrological cycle and 

the climate but also on lack of adequate data and perfect knowledge about the 

surface water  – groundwater system interactions, errors in historic data and 

inherent variability of system parameters both in space and time. Hence, one 

should expect uncertainties when predicting surface water – groundwater 

conjunctive use system responses (i.e., when surface water – groundwater system 

is subjected to external stresses). Bear et al. (1992) pointed out that the degree of 

uncertainty is increased in most cases by the lack of sufficient data for parameter 

estimation and model validation. Errors in observed data used for parameter 

identification also contribute to uncertainty in the estimated values of model 

parameters (Bear et al., 1992; Ndambuki et al., 2005).  
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Various methods for introducing uncertainty into the models and the modelling 

process have been proposed. For example, one approach is to employ Monte 

Carlo Methods in which the various possibilities are represented in a large number 

of simulated realizations. Another approach is to construct stochastic models in 

which the various coefficients are represented as probability distributions rather 

than deterministic values. Thus, management decision makers must make use of 

such predictions in the decision-making process (Bear et al., 1992).    

 

Unfortunately, most researchers used to determine optimum conjunctive water use 

based on deterministic approach (i.e., an approach which assumes that all the 

input data are sufficiently measured and known without error). This assumption is 

not valid, because in reality only a few set of data are available to define current 

situation of river basin system with certainty. Hence, there is a need to develop a 

tool which can efficiently determine optimum conjunctive water use, taking into 

account the scarcity of data and uncertainty conditions. 

 

1.1.3 Research Motivation 
 

In South Africa, many river basins (including Olifants River basin, the Great Letaba 

River catchment (the study area)) are water stressed with scarce hydrological 

data. Hughes (2005) argued that development and successful application of 

hydrological models in Southern Africa has been seriously hampered by high 

degree of spatial and temporal variation in hydrometeorological variables and 

resulting stream flows, a lack of adequately long or continuous records, a lack of 

information on land use changes and both spatial and temporal variations in water 
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utilization as well as lack of quantitative understandings of the mechanisms of 

critical hydrological and hydrogeological processes.  

 

Lévite et al. (2003) used demand management approach to analyse water demand 

management scenarios in water-stressed river basin in South Africa and found that 

in South Africa, water resources in river basins are almost fully allocated. They 

also observed that within the limits of data availability, it appears that, in Olifants 

river basins water users are not able to meet their water requirements from the 

river basins. It was found that in the river basins even the ecological reserve is not 

being fully met during dry periods. This is because in dry years, the river has zero 

flow as it flows into the Kruger National Park (IWMI, 2007).  

 

Moreover, Lévite et al. (2003) study revealed that demand management approach 

is inefficient during dry periods. Furthermore, Sami and Hughes (1996) asserted 

that very few contributions in South Africa have focused on integrating 

groundwater and surface water estimation models and it is difficult to apply both 

locally and internationally available surface water-groundwater models due to lack 

of detailed hydrogeological information in many parts of South Africa.  

 

However, despite these challenges, there is a need to integrate and conjunctively 

manage surface water and groundwater resources in a country such as South 

Africa, where optimal management of all water resources is of paramount 

importance. Still et al. (2010) emphasise that realities of water demands and 

availability dictate the urgency for a new understanding that realizes the potential 

of conjunctive water use management in South African social-ecological and 
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economic development. Further, they stated that: “whether we can achieve this 

depends on the attributes of the water storage system and our willingness to 

accept that it can be done within the constraints of acceptable levels, and that 

although environmental flows will be suboptimal, the long-term prospects will be 

enhanced.”  

 

This highlights the need to develop an alternative water resources management 

tool which can efficiently manage conjunctively surface water and groundwater in 

the river basin. Thus, this need for an alternative water resources management 

approach is the main motivation for this research whose aim was to develop a 

model capable of optimizing the conjunctive water use of surface water and 

groundwater resources taking into account the scarcity and uncertainty of data. 

 

1.2 PROBLEM STATEMENT 

One of the new techniques currently used to address water shortage problems in 

the developed countries is the optimum conjunctive water use of surface water and 

groundwater resources. It is important to note that optimal conjunctive water use 

demands that the surface-subsurface reservoirs are fully characterized if 

deterministic methods are to give reliable results. However, full characterization of 

surface-subsurface reservoirs is neither practical nor economically feasible. 

Usually, in real world phenomena, few field measurement points are taken to 

represent physical behaviour of the surface-subsurface reservoir system. 

Therefore, this research aimed at developing a tool that is capable of optimizing 

the conjunctive water use in water stressed river basins taking into account the 

scarcity of data and their uncertain condition. The novelty of this research work is 
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that the determination of optimum conjunctive water use is sought under limited 

data as well as uncertain conditions. 

 

1.3 RESEARCH OBJECTIVES AND SCOPE OF THE STUDY  

 

1.3.1  Main Objective 

 

The main objective of this research was to develop a model capable of optimizing 

the conjunctive water use of surface water and groundwater resources under 

uncertainty conditions through the application of simulation-optimization approach. 

 

1.3.2 Specific Objectives 
 

(1) To develop a surface water Conceptual model; 

(2) To develop a groundwater conceptual model;  

(3) To integrate the models developed in (1) and (2) to build up a conjunctive 

water use conceptual model; 

(4) To test the model developed in point (3) above by applying it to the Great 

Letaba River catchment. 

 

1.3.3 Scope of the Study 

The study was designed towards developing a methodology, which addresses the 

area of conjunctive water use management (optimization) under parameter 

uncertainty conditions. The proposed methodologies combine mainly the two 

components of simulation and optimization, through which the effect of parameter 

uncertainty on the optimal conjunctive water use strategies was analysed. 
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1.4 THESIS OUTLINE 
 

In this thesis, six chapters are presented to cover the subject of the study. In 

Chapter one, an introduction which covers firstly a background overview on 

conjunctive water use management, role of conjunctive water use in South African 

water security, and a brief on uncertainties in conjunctive water use simulation-

optimization modelling are presented. Moreover, the problem statement, research 

objectives and a broad overview of the scope of the study are also given in this 

chapter. 

 

In Chapter two, literature relevant to quantitative conjunctive water use 

management is reviewed. This chapter is divided into two main parts; the first part 

covers the general overview of surface water, groundwater, and conjunctive water 

use systems conceptual models and modelling aspects in deterministic as well as 

stochastic conditions. The second part deals with simulation models, optimization 

models and combined simulation-optimization models. Different techniques used 

to combine simulation models with optimization models (procedure) are also 

discussed in this part. This Chapter ends with some concluding remarks. 

 

Chapter three mainly deals with methodology, theoretical considerations, 

conceptual and management models development. In this Chapter, the two 

methodologies proposed are introduced and developed in a systematic manner. 

The Chapter begins by presenting conceptual models development, followed by 

conjunctive water use numerical simulation and management models. 
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In Chapter four, application of methodology to a hypothetical example is 

presented.  These results are obtained based on the application of the two solution 

methodologies proposed in Chapter three. The results obtained from the two 

solution methodologies are verified through an hypothetical example results 

determined by Tyagi et al. (1995). For analysis purpose, results from the solution 

methodologies are finally compared and presented in different graphical (pictorial) 

and tabular formats. This Chapter ended with a brief concluding remark. 

 

Chapter five deals with a real world case application of the solution methodologies 

developed in Chapter three. Results obtained are analyzed and compared. This 

Chapter ends up with some concluding remarks. Chapter six gives overall 

conclusions based on the results presented in Chapters four and five. Moreover, 

this Chapter also highlights recommendations for further research. These 

recommendations are drawn from the discussions of the results of Chapters four 

and five. 
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CHAPTER TWO: LITERATURE REVIEW 

2.1 INTRODUCTION  

Development of combined simulation and optimization models for conjunctive 

water resources management has expanded rapidly in recent years (Barlow & 

Granato, 2007). This has been attributed because of the advancement in computer 

technology. Mok (2007) pointed out that due to the significant advancement in 

computer hardware and computational algorithms (such as parallel computing and 

evolutionary global optimizers) in the past decade, simulation-optimization models 

have evolved into useful conjunctive water resources management tools. 

Simulation-optimization models provide scientists and water resource decision 

makers with an improved understanding of hydrologic and hydrogeologic controls 

on conjunctive management options within each basin (Barlow & Granato, 2007). 

Usually in conjunctive water use simulation-optimization modelling, conceptual 

models are developed to represent the hydrologic and hydrogeologic features of 

hypothetical or real world systems. 

 

Moreover, it should be realised that conjunctive simulation optimization modelling 

of surface water and groundwater becomes necessary when there is a strong 

coupling between the two systems. Coupling may be due to interaction of 

management objectives, or both systems. Safavi and Bahreini (2009) emphasize 

that water managers and decision makers must understand the surface water-

groundwater systems interactions, especially under uncertainty. This is due to the 

fact that as in any system management, conjunctive water use is also 

characterized by uncertainties. 
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While simulation-optimization approach has provided water resources managers 

and decision makers with symptomatic plans which determines how best to 

manage the limited water resource, in real world phenomena quite often the 

available data is inadequate to give deterministic approach reliable results, hence 

this gap has prompted researchers to develop tools which are capable of 

addressing issues of uncertainty.  

 

In the subsequent sub-sections, a review of the most relevant issues related to this 

study is done. In general, the literature review can be grouped into two perspective 

classes namely deterministic and stochastic management approaches. In this 

study, conceptual models were developed for conjunctive water use numerical 

model simulations to determine aquifer system responses (aquifer system 

hydraulic heads and drawdowns) when subjected to unit pumping rate in both 

deterministic and stochastic approaches. These responses were assembled in the 

form of coefficients matrices known as response matrix and were incorporated in 

optimization models to represent simulation model in the simulation-optimization 

modelling process.  

 

2.2 CONCEPTUAL MODELS  

Conceptual models are developed to represent hypothetical or real world systems. 

They are simplified representation of all potential parameters, and interpretation of 

the characteristics and dynamic responses of hypothetical or real world systems. 

In modelling conjunctive water use of surface water and groundwater systems, 

both water storage systems are characterized. This involves identifying water 

inflows and outflows, land use patterns, hydrological and hydrogeological 



 

15 
 

processes. In recent years, discretization process has been automated through the 

use of geographic information system (GIS) technology. Model features of interest 

(including geometry, attributes and boundary conditions) are described using arcs, 

points, polylines, and polygons in a GIS database, and the process of discretizing 

these data sets to a grid is automated. This process of defining model data using 

GIS objects is usually referred to as a conceptual model approach (Boisson & 

Cabal, 1998; Jones et al., 2000).  

 

2.2.1 Surface Water Conceptual Models 

Surface water conceptual models are the representation and interpretation of the 

characteristics and dynamics of a surface water system which is based on an 

examination of all available hydrological data for a modeled area (Mandle, 2002).  

This includes the external configuration of the system, location and rates of inflow 

and outflow. Moreover, conceptual models do avoid parameter identifiability 

problems by estimating averaged parameters via calibration procedures (Le ROY, 

2005).  

 

According to Bredenkamp et al. (1995) a conceptual model is usually one in which 

the rainfall is routed through one or more “storage reservoirs” to manipulate the 

following hydrological components:  

 The interception loss 

 Soil moisture absorption 

 Infiltration rate 

 Evapotranspiration loss 
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Moreover, conceptual models may include the geometry, material properties, 

boundary conditions, general flow patterns as well as system stresses (such as 

surface water withdrawals) (Salis et al., 2006). 

 

In general, conceptual models refer to models with a structure of interconnected 

storages and often referred to as “soil moisture accounting” models.  However, in 

developing conceptual models, field characterization is necessary. Mandle (2002) 

emphasized that field characterization is a necessary prerequisite to the 

development of a conceptual model.  

 

According to Johnson (2010) to develop appropriate river basin models, 

information is required on: 

 Precipitation and drainage area (to determine input volume of water); 

 Land use, soil types and/or permafrost (to determine how much water 

infiltrates to the water table); 

 Slope (to determine the rate water reaches the drainage outlet); 

 Land cover of vegetation and lake/river abundance and size (to determine 

rates of evapotranspiration); 

 Climate data (to determine seasonality, runoff and/or snow-water equivalent);  

 Stream flow data and water-level data (to understand discharge and storage 

diversion data). 

 

Moreover, the effects of climate and hydrologic fluctuation on water supply can be 

included in water management models through prescription of climatic and 

hydrologic scenarios (Mckinney et al., 1999; Mayer & Muñoz-Hernandez, 2009). It 
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should be realized that often surface water modeling is undertaken to establish 

sustainable limits on the amount of surface water that can be withdrawn from a 

river system. However, because of the close and complex relationships between 

precipitation and the hydrological processes, stochastic output series can be 

generated based on rainfall variations, and then used as input to a deterministic or 

regression model (Bredenkamp et al., 1995). Moreover, according to Draper 

(2001) a monthly rather than annual time step is preferable so as to capture both 

inter-season and inter-annual uncertainty, and the effects of monthly varying 

surface storage constraints. 

  

Ajami et al. (2008) pointed out that hydrologic models are simple mathematical 

conceptualization of complex and spatially distributed watershed processes that 

can be used to provide estimates of current and future hydrologic events. 

However, the reliability of these models depends on proper parameter and state 

estimation. Hence, it is important that uncertainty be addressed because 

uncertainties not only affect ability of the model to accurately estimate real world 

system response but also impact on reliability of water resources decision making. 

 

2.2.2 Groundwater Conceptual Models 

A groundwater conceptual model is a simplified representation of the 

hydrogeologic setting and the response of the flow system to stress (ASTM 

International, 2002). Moreover, a conceptual model of groundwater system 

provides a generalized description and interpretation of the hydrogeologic 

framework of the groundwater system behavior. The basic components of a 

groundwater conceptual model are the sources of water to the region and sinks of 

water from the region, the physical boundaries of the region, and the distribution of 
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hydraulic properties within the region (Leon & Ty Ferré, 2003). Bredenkamp et al. 

(1995) pointed out that a conceptual model is usually one in which the rainfall is 

routed through one or more “storage reservoirs” to manipulate the following 

hydrological components: (i) the interception loss; (ii) soil moisture absorption; (iii) 

infiltration rate; and (iv) evapotranspiration loss. 

 

Moreover, according to Palmer et al. (2007) an underlying assumption of 

groundwater flow simulation models is that the aquifer material behaves as a 

porous permeable media. Normally, in modeling, simplification is introduced as a 

set of assumptions which expresses the nature of the system and those features 

of its behavior that are relevant to the problem under investigation (Bear et al., 

1992). These assumptions will relate, among other factors, to the geometry of the 

investigated domain, the way various heterogeneities will be smoothed out, the 

nature of the porous medium (e.g., its homogeneity, isotropy), the properties of the 

fluid (or fluids) involved, and the type of flow regime under investigation.  

 

The formation of a conceptual model is critical to the development of a more 

quantitative representation of the subsurface hydrology, such as a numerical 

groundwater flow model. A calibrated, numerical groundwater flow model allows 

for prediction of the impacts of changes to the hydrologic conditions on subsurface 

flow. However, this requires precise definitions of the physical boundaries of the 

region, the water fluxes into and out of the system, and the hydraulic properties 

distributed throughout the region (Leon & Ty Ferré, 2003). 
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Mandle (2002) suggested that, questions to be asked in developing a conceptual 

model, should include, but are not limited to:  

(i)  Are there adequate data to describe the hydrogeological conditions at the    

site? 

(ii) In how many directions is groundwater moving? 

(iii) Can the groundwater flow or contaminant transport be characterized as 

one, two-or three-dimensional? 

(iv) Is the aquifer system composed of more than one aquifer, and is vertical 

flow between aquifers important? 

(v) Is there recharge to the aquifer by precipitation or leakage from a river, 

drain, lake, or infiltration pond? 

(vi) Is groundwater leaving the aquifer by seepage to a river or lake, flow to a 

drain, or extraction by a well? 

(vii) Does it appear that the aquifer’s hydrogeological characteristics remain 

relatively uniform, or do geologic data show considerable variation over the 

site? 

(viii) Have the boundary conditions been defined around the perimeter of the 

model domain, and do they have a hydrogeological or geochemical basis? 

(ix) Do groundwater-flow and contaminant source conditions remain constant, 

or do they change with time? 

(x)   Are there receptors located downgradient of the contaminant plume? 

(xi) Are geochemical reactions taking place in onsite groundwater, and are the 

processes understood? 

Moreover, Palmer et al. (2007) added that a model of a river basin can potentially 

help to answer the following questions: 
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(i) How will groundwater withdrawals associated with proposed growth 

scenarios affect flows in nearby streams? 

(ii) How will significant new groundwater withdrawals in one of the basin’s 

tributary watersheds affect wells in that watershed, both upstream and 

downstream of the withdrawals? 

(iii) How will new groundwater withdrawals affect aquifer levels in adjacent       

    watersheds? 

 

It is important to know that mathematical models describing groundwater flows are 

well established. Most of these mathematical models are based on the balances of 

water volumes which result in partial differential equations or difference equations 

(Haimes, 1973). Moreover, Haimes (1973) emphasized that the aquifer system 

parameters such as transmissivity and storage coefficient are an integral part of 

the equations and must be known in order to predict the response of the aquifer to 

various demands placed on it.  

 

However, it should be affirmed that in reality, many real-world aquifers are 

characterized by a few measurement points, which are used to derive the aquifer 

characteristics (Ndambuki et al., 2003). Thus, since conceptual models are a 

simplified representation of a real world system behavior response, this may imply 

that conceptual models significantly contribute to uncertainty in predictions of 

groundwater flow. Krom and Lane (2009) pointed out that hydrogeologic 

conceptual models are a key source of uncertainty in predictions of groundwater 

flow. Frequently there is insufficient information to fully characterize the aquifer 

systems (Ndambuki et al., 2003; Krom & Lane, 2009).  
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Moreover, Krom and Lane (2009) asserts that since, uncertainty is guaranteed in a 

groundwater model, it is imperative to develop groundwater conceptual models in 

a manner that clearly exposes the uncertainty by using methods that allow this 

uncertainty to be explored. Hence, this research sought to develop a water 

resources management tool that can account for uncertainty brought about by 

scarcity of data to fully characterize the hydrogeology characteristics. In this study, 

surface water and groundwater conceptual models were developed and integrated 

(combined) to form a conjunctive water use conceptual model. 

 

2.2.3 Conjunctive Water Use Conceptual Models 

Conjunctive water use conceptual models are a simplified representation and 

interpretation of complex dynamics of hydrologic processes and hydrogeologic 

settings, and the response of surface water-groundwater flow systems to stress. 

Though are simplified, conceptual models have the ability to mimic the physical 

processes of hydrological and hydrogeological systems in a more realistic manner 

by incorporating mechanisms of surface and subsurface flows. Most developments 

in conceptual model approach have focused on source/sink and boundary 

condition data; however, a major part of the conceptual model is an idealized 

representation of hydrostratigraphy (Jones et al., 2002). Model features (including 

geology, geometry, attributes and boundary conditions (i.e., source/sink objects 

such as river networks and recharge zones)) are generated using GIS as shape 

files data, arcs, points, polylines, and polygons. In this study, the process of 

discretizing data to grid cells was done using Visual MODFLOW (software which 

supports GIS) a three dimensional (3D) finite-difference numerical simulation 

model. 



 

22 
 

2.3 SIMULATION MODELS 

Simulation models predict physical system response to natural and managed 

stimuli (Fayad et al., 2012). These models use mathematical expressions, for 

surface water system simulation model. For example, Meigh et al. (1999) used a 

Grid-Based Approach to estimate water scarcity for Eastern and Southern Africa. 

A monthly time step was used to compute total runoff in a month. Having 

generated the local runoff from each grid cell, the flows were routed between cells 

and summed up to give the total runoff in each cell. The equation for total runoff 

developed was as follows: 

QSi =  QLi +  ∑(1 − L)(QUi −  QCi  +  QRi)  ± QTi      ………………………..…. . (2.1) 

where QSi  is the total runoff for the current cell in month i; QLi  is the locally 

generated runoff for the current cell in month i; QUi is the total runoff routed from 

adjoining upstream cells in month i; QCi is the water consumed in adjoining 

upstream cells in month i; QRi is the routed return flows arising from adjoining 

upstream cells in month i; QTi is the long distance transfer of flows out of or back 

into the current cell; and L is the proportional transmission loss term for flows out 

of the upstream cells.  

 

The transmission loss L is included to represent reductions in river flows due to 

evaporation and infiltration, which can be high in semi-arid regions. Lakes, 

reservoirs and wetlands can cause considerable modifications to the flow pattern 

and are therefore treated separately in the model. Each such component may be 

represented by a simple water balance equation of the form: 

Si =  Si−1 +  Qin +  A(P − E) −  Qout                ………………………………….… (2.2) 
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where Si  is the storage at the end of month i; Si−1 is the storage at the end of 

month i − 1; Qin is the inflow; Qout is the outflow; P is the rainfall; E is the 

evaporation; and A is the surface area, all in month i. 

 
Moreover, for stream flow, relationships with other hydrological variables can be 

derived for example by using Manning’s equation (Basagaoglu et al., 1998): 

Q =  (1
n⁄ )AR2/3 S1/2 .……………………………………………….…………..….... (2.3) 

where Q is normal flow (discharge); n is Manning’s  roughness coefficient; A is 

cross sectional area; R is hydraulic radius; and S is channel slope. It is essential to 

note that from equation (2.3) the relationship of stream flow with stream stage is 

non-linear. However, for big rivers the relationship can be assumed linear. This is 

because basically for big rivers, the width of the river is assumed to be very large 

compared to its depth. 

 

In conjunctive water use system, simulation models account for physical behaviour 

of surface water-groundwater systems (Safavi et al., 2009). Simulation of 

hydraulically connected surface water-groundwater system can be done to 

determine responses of the systems when aquifer is subjected to the stresses 

(such as groundwater withdrawals). The simulation modelling of conjunctive water 

use system enables one to understand the interactions behaviour of the surface 

water-groundwater systems. 

 

Based on the Darcy’s law and the law of conservation of mass, the following 

equation can be derived for the flow through a nonhomogeneous anisotropic 

porous media (Ndambuki, 2001): 
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where h is the hydraulic potential (L), Tx,y are the components of the transmissivity 

tensor (L2T-1), x, y are Cartesian coordinates (L), W is a source or sink term (LT-1), 

S is the storage coefficient (-), and t is time (T). For hydraulically connected 

surface water-groundwater system, equation (2.4) is the basis of surface water-

groundwater simulation models. The component ‘+W’ may represent the net 

recharge which often depends on rainfall and/or surface water systems while the 

component ‘−W’ may represent discharge of the aquifer system to surface water 

bodies (such as stream, rivers, or lakes). From equation (2.4), it can be noted that 

simulation models attempts to predict changes in groundwater levels (hydraulic 

head), and stream or river stages in response to changes in stresses such as 

groundwater withdrawal (pumping), surface water flow losses, and recharge.  

 

Simulation model enables fast, inexpensive and non-disruptive examination and 

testing of a large number of scenarios prior to actually implementing a particular 

decision in the “real” world environment (Better et al., 2008). However, it should be 

realized that the input parameters for the simulation equations if precisely known 

leads to deterministic results, otherwise, stochastic (Ndambuki, 2001). Moreover, 

since simulation approximates reality it also permits the inclusion of various 

sources of uncertainty and variability into forecasts that impact performance 

(Better et al., 2008).  

 

As it has been realized that simulation models mainly describe the stress-response 

relationship of an aquifer or surface water system, its use to seek out optimal 

management schemes requires trial and error approach. This poses a great 
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challenge in terms of time, labour, as well as reliability of the optimal management 

scheme that is obtained from such an approach (Ndambuki et al., 2000). 

Moreover, Better et al. (2008) pointed out that the range of parameter values and 

the number of parameter combinations are too large for decision makers to 

enumerate and test all possible scenarios; hence, they need a way to guide the 

search for good solutions. 

  

However, it is important to realize that without simulation, many real-world 

problems are too complex to be modelled by tractable mathematical formulations 

that are at the core of pure optimization methods such as scenario optimization 

and robust optimization (Better et al., 2008), hence, one must resort to simulation, 

which cannot easily find the best solutions (Better et al., 2008; Ndambuki et al., 

2003). This approach despite its pitfalls is widely used with many applications 

(Safavi & Bahrein, 2009; Young & Bredehoeft, 1972). 

 

2.4 OPTIMIZATION MODELS 

One of the new techniques in the present century in water resources management 

is optimum conjunctive water use of surface water and groundwater (Mahjoub et 

al., 2011). Conjunctive water use optimization modelling is a technique that can be 

used to determine maximum or minimum objective values (such as withdrawal 

rates) from both surface water and groundwater while meeting constraints with 

respect to water levels and stream flow (Czarnecki et al., 2003). 

 

Generally, optimization models are mathematical formulations characterized by an 

objective function and a set of constraints. Objective function measures the level of 
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achievement of the objective while the constraints define the feasible region from 

where the optimal solution is to be sought. Thus, optimization models are designed 

to find solutions that are best according to the specified objective(s), usually 

economic, while satisfying a set of stated physical, technological, environmental, 

and other constraints (Labadie, 1993; Ndambuki et al., 2003; Yevjevich, 1979). 

  

Traditionally, conjunctive water use models have been formulated as optimization 

models. However, owing to the fact that water resources allocation is spatially 

dependent and operating rules are temporal in nature, many researchers prefer to 

construct conjunctive water use models by combining optimization and simulation 

models (Ho et al., 2007). Moreover, Mckinney et al. (1999) insists that models that 

optimize water resources based on an objective function and constraints must 

have a simulation component. This is important because simulation component 

tends to account for physical behaviour aspects of the systems (Basagaoglu & 

Mariño, 1999). 

 

Moreover, simulation-optimization approach can resolve the conundrum facing the 

simulation method and optimization method by combining both methods. 

Optimizers designed for simulation embody the principle of separating the method 

from the model. In so doing, the optimization problem is defined outside the 

complex system, thus, the evaluator (i.e., the simulation model) can change and 

evolve to incorporate additional elements of the complex system, while the 

optimization procedures remain the same (Better et al., 2008). 
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Furthermore, of particular importance to water resources river basin scale 

analyses are models of two fundamental types (Hantush & Mariño, 1989): (1) 

models that simulate water resources behaviour in accordance with a predefined 

set of rules (actual or hypothetical) governing water allocations and infrastructure 

operations; and (2) models that optimize and select allocations and infrastructure 

based on an objective function (economic or other) and accompanying constraints. 

In simulation-optimization perspectives, the optimization procedure is usually 

based on metaheuristic search algorithms that uses the outputs from the system 

simulation model (evaluator), thus measures the merit of the inputs that were fed 

into the simulation model (Better et al., 2008).  

 

2.5 SIMULATION-OPTIMIZATION MODELS 

In an effort to design more reliable optimal conjunctive water use schemes, the two 

management models (simulation and optimization) have to be combined so as to 

capture the advantages of the subtle features characterizing each of them. 

Simulation optimization approach can efficiently handle a larger number of 

scenarios than traditional optimization approaches, as well as multiple sources and 

types of risk and uncertainties (Better et al., 2008). Simulation and optimization 

methods have been widely used to determine operating strategies for regional 

water supplies (Basagaoglu et al., 1998). 

  

Simulation-optimization approach is practical because it is unlikely that optimal 

surface water and groundwater conjunctive use management alternatives which 

comply with groundwater hydraulics and surface water flow or stream stages could 

be determined by either simulation or optimization alone. Ndambuki et al. (2003) 
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pointed out that aquifer management models that combine simulation with 

optimization reveal a lot of details regarding the interactions between social and 

economic forces on one hand and the water resources (surface and subsurface) 

on the other hand. 

  

Moreover, Better et al. (2008) asserted that recent advances in simulation-

optimization techniques has led to new opportunities to solve problems more 

efficiently, specifically, in applications involving risk and uncertainty. Simulation-

optimization techniques surpass the capabilities of other optimization methods not 

only in the quality of solutions but also in their interpretability and practicality. 

 

Generally, simulation-optimization tools are designed to solve optimization 

problems of the form (Better et al., 2008): 

Minimize        𝐅(𝐱)                (Objective function), 

Subject to    A𝐱 ≤ 𝐛             (Constraints on input variables), 

                    gl  ≤ 𝐆(𝐱) ≤ gu  (Constraints on output measures), 

           l ≤ 𝐱 ≤ u           (Bounds), 

where the vector 𝐱 of decision variables includes variables that range over 

continuous values and/or variables that only take on discrete values (both integer 

values and values with arbitrary step sizes). The objective function 𝐅(𝐱) is, 

typically, highly complex. In the context of simulation-optimization, generally, 𝐅(𝐱) 

represents an output performance measure obtained from the simulation and it is a 

mapping from a set of values 𝐱 to a real value. The constraints represented by 

inequality A𝐱 ≤ 𝐛 are usually linear (given that no linearity in the model is 

embedded within the simulation itself), and both the coefficient matrix A and the 
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right hand side values corresponding to vector 𝐛 are known. The constraints 

represented by inequalities of the form gl  ≤ 𝐆(𝐱) ≤ gu impose simple upper and/or 

lower bound requirements on an output function 𝐆(𝐱) that can be linear or 

nonlinear. The values of the bounds gl and gu are known constants. All decision 

variables  𝐱 are bounded and some may be restricted to be discrete. Moreover, 

each evaluation of 𝐅(𝐱) and 𝐆(𝐱) requires an execution of a simulation of the 

system. 

 

One of the primary advantages of the simulation-optimization model is that it 

provides a structured means to evaluate trade-offs between sustained rate of 

groundwater withdrawals and surface water depletion (Barlow et al., 2003). 

However, incorporation of simulation model within an optimization-based 

management model is complex and difficult and takes considerably large 

computational time to achieve any optimal solution (Safavi et al., 2009). To 

overcome this problem, embedding technique and response matrix approach are 

generally used to incorporate simulation model within management optimization 

models (Gorelick, 1983).  

 

2.5.1 Embedding Approach 

The embedding technique for solving groundwater management problems was 

first invented by Aguado and Remson (1974). In this approach, numerical 

approximations of the flow equations are included directly as constraints in the 

optimization model (Aguado & Remson, 1974; Ndambuki et al., 2000). Moreover, 

the unknown surface water and groundwater variables (stream stages, 

groundwater heads and source/sink) become decision variables in the optimization 
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method. This method, not only solves the problem once (as opposed to the 

response matrix approach), but also produces a substantial amount of information 

regarding the behaviour of the aquifer under consideration. 

  

However, since each element within the modelled domain is represented by an 

equation in the optimization problem, the resulting problem is usually huge, hence 

the main disadvantage to its application (Ndambuki et al., 2000; Ndambuki et al., 

2003). Though, Peralta et al. (1991) asserted that for small problems solved in a 

steady state, embedding models require less processing time than a comparable 

response matrix model. Moreover, they further noted that sometimes, embedding 

model requires less memory than a response matrix model. The required 

computer memory is frequently a function of the number of nonzero values in 

constraint equations. For embedding models, the number of non-zeroes is fixed for 

a particular study area while for response matrix models, the number of non-

zeroes can increase dramatically in proportion to the number of pumping cells and 

cells at which heads must be constrained.  

 

2.5.2 Response Matrix Approach 

The response matrix approach uses superposition and linear systems theory to 

simulate groundwater flow (Peralta et al., 1991). In the response matrix approach 

also known as technological matrix approach, the influence of a unit change in an 

independent decision variable such as pumping at a pre-selected well location 

upon a variety of dependent variables like drawdown at specified potential control 

observation points is determined. Then superposition process is performed to 
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calculate their total response at specified potential control points resulting from all 

decision variables (Ndambuki, 2001). 

  

In other words, a response matrix consists of linear influence coefficients that 

describe the response of the potentiometric surface to a unit volume of extraction 

or injection of groundwater (Peralta et al., 1991). The main shortcoming of this 

approach is that the number of simulations to be performed to generate the 

response (the size of the response matrix is a function of stress locations and 

observation points considered) as well as re-calculating the response matrix 

whenever the boundary conditions and stress locations are changed. However, the 

final optimization problem to be solved is smaller than that obtained from the 

embedding method (Ndambuki et al., 2000; Ndambuki et al., 2003). 

 

2.6 QUANTITATIVE CONJUNCTIVE WATER USE MANAGEMENT UNDER         

UNCERTAINTY 

In an effort to find out alternative solutions to the acute water shortage problems, 

conjunctive water use of surface water and groundwater resources has become 

increasingly a common practice in most parts of the world. Conjunctive water use 

involves withdrawal of both groundwater and surface water resources (Czarnecki 

et al., 2003). Conjunctive water use is often incidental as water users intuitively 

shift between surface water and groundwater sources to cope with changes and 

water shortages (Dudley & Fulton, 2006).  

 

It is important to understand that conjunctive water use management is the 

management of hydraulically connected surface water and groundwater resources 



 

32 
 

in a coordinated manner (Czarnecki et al., 2003; Foster et al., 2010). It engages 

the principles of conjunctive water use, where surface water and groundwater are 

used in combination to improve water availability and reliability. But, it also 

includes important components of groundwater management such as monitoring, 

evaluation of monitoring data to develop local management objectives, and use of 

monitoring data to establish and enforce local management policies (Dudley & 

Fulton, 2006). 

 

Conjunctive water use management has two principal operational components, 

irrespective of whether it is practiced by individuals or implemented by a group of 

individuals as a coordinated program. These components are commonly referred 

to as recharge methods and recovery of groundwater (Dudley & Fulton, 2006). 

Moreover, for optimal (sustainable) conjunctive water use recovery and recharge 

of groundwater it needs to be balanced (Dudley & Fulton, 2006; Foster et al., 

2010). However, it is of great importance to realize that natural recharge is a 

natural random variable (i.e., a stochastic process), hence, for a reliable optimal 

conjunctive water use management decision, it is imperative that variables such as 

recharge should be treated in a stochastic manner. 

 

Moreover, it should be realized that when dealing with water resources 

management, the management water system is subject to many uncertainties and 

risky environment (Vucetic & Simonovic, 2011). Simonovic (2009) pointed out that 

uncertainty in water resource management exists in two basic forms: uncertainty 

caused by inherent hydrologic variability and uncertainty caused by a fundamental 

lack of knowledge/data. Hence, it is very important that decision makers should be 
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provided with tools that incorporate uncertainty in decisions making process 

(Vucetic & Simonovic, 2011). 

 

2.6.1 Uncertainties in Conjunctive Water Use System 

Conjunctive simulation of surface water and groundwater becomes necessary 

when there is a strong coupling between the two systems. Coupling may be due to 

interaction of conjunctive water use systems or management objectives, or both. 

Moreover, Safavi and Bahreini (2009) emphasize that water managers and 

decision makers must understand the surface water-groundwater systems 

interactions, especially under uncertainty. This is due to the fact that like in any 

system management, conjunctive water use system is characterized by 

uncertainties. In conjunctive water use system, uncertainty is inherent in both 

groundwater and surface water systems.  

 

In groundwater system, uncertainty arises from boundary conditions as well as 

aquifer parameters such as hydraulic conductivity/transmissivity and storage 

coefficient, while in surface water system, uncertainty stems from the natural 

variability of the climatic inputs (such as river flow, precipitation, air temperature) 

and from model parameters (Safavi & Bahreini, 2009; Ndambuki, 2001).  

 

Moreover, in conjunctive water use management, there are two basic types of 

uncertainty, namely, model and parameter (Safavi & Bahreini, 2009). Model 

uncertainty is caused by the limitations in the mathematical models used to 

simulate the physical system imposed by the simplifying assumption. Parameter, 

or data uncertainty, is caused by inadequate data and errors in the data 
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measurements, incomplete knowledge of spatial or temporal variations, and 

heterogeneities that have not been identified during data collection (Ndambuki et 

al., 2005; Safavi & Bahreini, 2009). Hence, it is important that uncertainty should 

be precisely dealt with for efficient water resources management planning and 

reliable decision making. 

 

2.6.2 Managing Conjunctive Water Use Systems under Uncertainty 

Usually, management models (such as simulation-optimization models) are 

developed to assist water resource managers and decision makers to solve water 

resources management problems. Simulation-optimization mathematical 

expressions are developed to describe a system and its response to the system 

inputs for various system excitations. Like many other management systems, 

management of conjunctive water use is characterized by uncertainty. 

Unfortunately, most of the times, in the world of deterministic management 

approaches often we choose to “ignore” uncertainty in order to come up with a 

unique and objective solution to a problem (Better et al., 2008). 

  

However, it should be realized that the results derived from such deterministic 

approach are questionable as to whether they really represent a practical solution 

of the problem. Gorelick (1990) questioned whether deterministic optimization 

makes sense given the limited understanding of the real world system of interest. 

Moreover, Safavi and Bahreini (2009) emphasized that water managers and 

decision makers must understand the interactions between surface water and 

groundwater systems, especially under uncertainty. This is because the existence 
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of uncertainties limits the ability of the model to predict system behaviour with 

definiteness under various management decisions (Ndambuki et al., 2005).  

 

Moreover, it is important to realize that the natural recharge that largely 

replenishes groundwater stocks is stochastic as it depends on weather. According 

to Hafi (2006), the stochastic nature of both recharge (supply) and demand for 

groundwater in the current time period results in uncertainties of future 

groundwater stocks. This is why it has been recognized that principally, 

conjunctive water use is an approach that recognizes this connection and tries to 

utilize overall water supply more efficiently (Dudley & Fulton, 2006). However, due 

to this realization of the mutual connection of these two distinct water resource 

systems the modelling task of conjunctive water use system becomes more 

complicated, as the best allocation rules for surface water and groundwater 

resources need to be found when surface water allocations, groundwater 

recharge, aquifer soil material, rainfall and crop evaporative demands are 

unknown and uncertain (Hafi, 2006).  

 

Moreover, Ajami et al. (2008) pointed out that uncertainty projection is very 

important for effective decision making and water resources management, 

because incomplete accounting of uncertainties may lead to unreliable and 

inefficient management of water resources. Therefore, it is imperative that 

uncertainty be precisely addressed. This is because uncertainty does not only 

affect the ability to predict the system response, but also determines the type of 

management policies appropriate for use (Safavi & Bahreini, 2009; Weihua Li, 

2011). 
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In the field of optimization, there are different methods designed to deal with 

uncertainties. Thus, the exact values of the parameters (e.g., the data) of the 

optimization problem are not known with absolute certainty, but may vary to a 

greater or lesser degree depending on the nature of the problems they represent. 

In other words, there may be many possible “realizations” of the parameters, each 

of which is a possible scheme (Better et al., 2008). 

 

One of the oldest traditional approaches of incorporating uncertainty into 

optimization models is through post-optimality sensitivity analysis. With this 

method, the system is modelled as if the values of uncertain quantities are known 

precisely (deterministic), and then the effects of changes in particular parameters 

is assessed (i.e., the parameters are changed by a certain percentage value and 

examination of optimal results carried out). This approach simply provides a 

means of identifying those parameters to which system performance is most 

sensitive (Ndambuki et al., 2005). 

 

Other traditional methods of tackling uncertainty are scenario-based approaches to 

optimization, such as scenario optimization (Better et al., 2008; Indriyani et al., 

2010).  However, these approaches only consider a very small subset of possible 

scenarios, and the size and complexity of models they can handle are very limited 

(Better et al., 2008). Hence, these are the shortcomings of these approaches.  

 

Another approach of tackling uncertainty is to replace the uncertain quantities with 

their expected values or some critical (worse-case) value and then proceed to 

solve the management problem with a deterministic approach. However, it should 
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be realized that if uncertainty in the parameters is reasonably small and does not 

critically affect the operation of the system, expected values can still give optimal 

solutions that are reasonable (Willis & Yeh, 1987). 

 

Probabilistic (or chance constrained) technique is another method which has been 

applied for resolving the issue of uncertainty (Gorelick, 1990; Hantush & Marino, 

1995; Poojari & Varghese, 2008; Sahinidis, 2004; Vucetic & Simonovic, 2011; 

Willis & Yeh, 1987). In the probabilistic or chance-constraint approach, the focus is 

on the reliability of the system (that is the system’s ability to meet feasibility in an 

uncertain environment). This reliability is expressed as a minimum requirement on 

the probability of satisfying constraints (Sahinidis, 2004).  

 

However, Ahmed and Shapiro (2008) found that there are two main difficulties with 

chance-constrained problems, first, is on checking feasibility of a given candidate 

solution exactly. In general, it is impossible since this requires evaluating quantiles 

of random functions. Second, the feasible region induced by chance constraints is, 

generally, non-convex leading to severe optimization challenges. Moreover, 

Wagner et al. (1994) pointed out its pitfall that it can only control the probability of 

violating a given constraint without explicitly mitigating the extent and 

consequences of the effects arising from such violations. 

 

Probability theory has a long history of application in the field of water resources 

management. Hydrologic processes are random and thus the uncertainty as a 

result of variability may be appropriately quantified using the probabilistic approach 

(Vucetic & Simonovic, 2011). This approach treats the stochastic constraints in a 
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probabilistic framework. This means that the fulfilment of the stochastic inequalities 

is based on pre-determined probability levels, hence optimal solutions are sought 

from the feasible set inscribed by these inequalities (Ndambuki, 2001). A 

prerequisite for using the probabilistic approach is the requirement of a prior 

knowledge of the probability density functions, and their joint probability distribution 

function. However, in real-world systems, data is usually lacking to provide such 

information and where available, approximations still need to be made to estimate 

appropriate distributions (Vucetic & Simonovic, 2011).  

 

Another technique to handle uncertainty is by using fuzzy set approach. This 

method can be used for the representation of perceived qualitative ambiguity 

sources of uncertainty that may not be measurable, giving results with some 

precision (Katambara, 2011; Vucetic & Simonovic, 2011). Moreover, fuzzy 

programming considers random parameters as fuzzy numbers and constraints are 

treated as fuzzy sets. Some constraint violation is allowed and degree of 

satisfaction of a constraint is defined as the membership (i.e., “class”) function of 

the constraint (Katambara, 2011; Sahinidis, 2004). Thus, fuzziness measures the 

degree to which an event occurs, not whether it occurs, a contrast to probability 

theory (Vucetic & Simonovic, 2011). This approach suffers from generalization. It 

represents solution in terms of “a class” by means of appropriate fuzzy measures 

such as linguistic rules, logic inferences. Therefore, an intended best optimal 

policy is likely not to be achieved.     

 

Other current popular approaches such as Monte Carlo method, stochastic 

optimization methods based on sample average approximation (SAA) method and 
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its variants which are also used to tackle uncertainty in optimization problems are 

discussed in more detail under the following subsections, because they form part 

of the methodologies proposed in this study. More details of development and 

applications of the approaches will be presented in Chapters three, four and five of 

this thesis. 

 

Monte Carlo Approach 

Monte Carlo methods (also known as simulation method) are numerical methods 

that rely on repeated random sampling to obtain numerical results. Monte Carlo 

methods are stochastic numerical methods. The random sampling is based on 

underlying cumulative distribution function (cdf) and associated appropriate 

probability density function (pdf). The basic idea of the Monte Carlo methods relies 

on Strong Law of Large Numbers (SLLN) and Central Limit Theorem (CLT). The 

estimated mean of the generated random numbers represents the expected value. 

The distribution of the values computed for the model outcome therefore reflects 

the probability of values that could occur (Vucetic & Simonovic, 2011). 

 

In conjunctive water resources management under uncertainty context, Monte 

Carlo approach is usually used to generate numerous realizations of the uncertain 

parameters. Then, for each realization, the flow equation is solved numerically to 

obtain the value of the dependent variable. Statistical analysis of the aggregate of 

computed solutions is then carried out to determine the expected value, variance, 

and distribution function for each location. Thereafter optimization methods are 

deterministically used to design optimal solutions (Woltdt et al., 1990). 
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The Monte Carlo method is probably the most powerful and widely used method 

(Peck et al., 1988; Safavi & Bahreini, 2009). The popularity of this method may be 

credited to its ability to simultaneously work with many classes of uncertain 

parameters (Ndambuki, 2001). Moreover, Peck et al. (1988) indicated that the 

Monte Carlo Method is possibly the most powerful method available for uncertainty 

analysis because it requires fewer assumptions than other methods. Furthermore, 

Banta et al. (2006) pointed out that Monte Carlo approaches have parallel 

processing capabilities advantage in which different runs are independent, due to 

this, individual simulations can be easily distributed to different computer 

processors (i.e., parallel computing processors). 

 

However, Ndambuki (2001) asserted that the main drawback of the Monte Carlo 

approaches is the number of realizations required to give reliable statistical 

measures. Usually, number of realizations ranges between a few tens to 

thousands meaning more computational time, hence expensive. For instance, van 

Leeuwen et al. (1998) used 1000 realizations; Wagner et al. (1994) and Safavi and 

Bahreini (2009) used 100 realizations; while Wagner and Gorelick (1989), Wagner 

et al. (1992), Ndambuki et al. (2000), Ndambuki (2001), Ndambuki et al. (2003), 

Ndambuki et al. (2005), and Kifanyi et al. (2017) used a total of 30 realizations.  

 

Sample Average Approximation Method and Its Variant 

Sample average approximation (SAA) method is an approach for solving 

stochastic optimization problems by using Monte Carlo simulation. It is referred as 

an external Monte Carlo simulation sampling based methods.  Sample Average 

Approximation (SAA) method is a widely used technique, often for solving large 
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scale stochastic optimization problems based on Monte Carlo simulation 

(Bardossy & Raghavan, 2017). 

  

SAA is a two phase method which uses sampling techniques and deterministic 

optimization to solve stochastic optimization problems (Shapiro & Wardi, 1996; 

Shapiro et al., 2002). In literature SAA method have appeared in different names, 

such as sample path optimization method (Homem-de-Mello, 2003; Pasupathy, 

2010), retrospective approximation (RA) method (Pasupathy, 2010; Pasupathy & 

Schmeiser, 2009), and retrospective optimization approximation (ROA) method 

(Wang et al., 2012). 

 

In classical sample average approximation (SAA) method, representative samples 

are sampled and then the optimization problem is solved repeatedly. In this 

approach, expected function of a stochastic optimization problem is approximated 

by a sample average estimate function derived from a random sample distribution. 

The resulting sample average estimated optimization problem becomes 

deterministic which is then solved by any appropriate deterministic optimization 

algorithm. The process is repeated to find out aspirant solutions and statistical 

estimates of their optimality gaps until convergence condition is reached.   

 

It is important to note that SAA is not an algorithm, one needs to choose a 

particular standard deterministic numerical procedure (algorithm) in order to solve 

the SAA problem (Shapiro, 2001). This is the main motivation to SAA methods. 

Interested readers are referred to (Shapiro, 2001; Wang & Ahmed, 2008; Homem-

de-Mello & Bayraksan, 2014) for more detail on SAA method. 
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However, it should be noted that classical SAA methods inherit Monte Carlo 

method convergence properties and hence suffer from slow rate of convergence. 

Usually it requires very large sample size to converge which may lead to be 

computationally expensive. To circumvent this drawback, researchers in recent 

times have adapted to a more refinement of the SAA class of methods called 

Retrospective Optimization Approximation (ROA) method (Pasupathy & 

Schmeiser, 2009; Wang et al., 2012). The following subsection is intended to 

discuss the concepts behind the ROA method. 

 

Retrospective Optimization Approximation Approach 

Retrospective optimization approximation (ROA) method is a variant of classical 

SAA sampling based methods for solving stochastic optimization problems. In 

literature ROA method appears in various names such as variable sample size 

method (Homem-de-Mello, 2003). Unlike the classical SAA method which 

traditionally generates a single optimization problem (i.e., SAA problem) with very 

large sample size and solves it repeatedly to a specified error of tolerance, the 

ROA approach generates a sequence of sample-path optimization sub-problems 

with progressively increasing number of sample sizes (realizations) and then 

solves these sample path optimization sub-problems to a progressively decreasing 

error of tolerance. Hence, the ROA method increases the overall classical SAA 

efficiency (Pasupathy, 2010). It should be noted that ROA is not an algorithm, one 

needs to choose any appropriate core deterministic or stochastic numerical 

procedure (algorithm (e.g., Active-Set (i.e., deterministic gradient search), Genetic 

Algorithm (i.e., random search)) in order to solve the ROA problem (Wang et al., 

2012). This is one of the main advantages of the ROA approach. 
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The basic idea in ROA method is that the early iterations are efficient due to the 

fact that small sample sizes are used in early iterations (stages) to ensure that not 

much of computation effort is required in generating sample-path optimization sub-

problems. Whereas the later iterations are also efficient because the ROA method 

take into account the advantage of “warm start” that is, a solution of current 

sample-path sub-problem is used as initial guess (solution) for the subsequent 

sample-path sub-problem which is probably closer to the true solution and thus not 

much of computation effort is required in solving subsequent sample-path sub-

problems. It should be realized that the resulting ROA method estimators inherit 

the same properties of classical SAA estimators and that the individual ROA 

sample-path optimization sub-problems are solved in similar way as classical SAA 

approach by choosing any appropriate numerical deterministic algorithm. 

 

The main feature of ROA method is that, it does not treat all realizations at all 

iterations of the optimization algorithm. Rather, ROA method framework defines a 

sequence of approximate optimization sub-problems which sequentially account 

for increasing numbers of sample size/realizations. The sequence of sample sizes 

(realizations) is selected heuristically (Wang et al., 2012). 

 

It should be realised that typically in optimization problems uncertainty elements 

can be associated within the objective function and/or constraints. Suppose 

uncertainty elements in optimization problems are stemmed within the constraints 

coefficients and we want to optimize through ROA approach (for example, 

groundwater quantity pumping rates of a number of spatially distributed pumping 

wells under geological uncertainty condition). In this case, uncertainty is expressed 
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in terms of the assemblage of aquifer system responses (i.e., drawdowns, which 

are determined under hydraulic conductivity fields uncertainty conditions) due to 

unit groundwater pumping stress at each potential candidate pumping well location 

in the model domain. This assemblage set of response values (also known as 

response matrix coefficients) are normally developed to represent a simulation 

model in a simulation optimization framework. 

 

Consider that there exist a probability space (Ω, 𝐹, 𝑃), where Ω, is a set of all 

possible outcomes, 𝐹 denotes a set of collection of all subsets of Ω possible 

outcomes, and 𝑃 denotes a probability measure. Now, let hydraulic conductivity 

field uncertainty realization be denoted by  𝜛, such that  𝜛 ∈ Ω, where  Ω  is the 

total possible number of realizations, thus each realization  𝜛  will have a different 

random response matrix denoted by  𝐴𝜛 with associated random response matrix 

components denoted by 𝑎𝜛. Hence, the random response matrices generated 

may result in different optimal solutions and therefore, different optimal values of 

the optimization problem.  

 

In general, the optimization management problem under uncertainty can be 

formulated as follows: 

For a given solution set 𝑋,  such that  𝑋∗ ∈ 𝑋, 𝒙 ∈ 𝑋, find a solution 𝑋∗ that  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒/𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 [𝑓(𝒙)]     𝑠. 𝑡.  𝔼Ω[𝑮(𝒙, 𝐴𝜛)] ≤ 𝒃,   ∀𝜛 ∈ Ω    ……………   (2.5) 

where 𝔼Ω represents the expectation function over the set of all realizations Ω, and 

𝑮 is a numerical stochastic process that computes the sample observation of 

constraint function 𝑮(𝒙, 𝐴𝜛) for a given 𝒙 and the realization 𝜛. In which, 𝒙 is the 

vector defining the groundwater pumping rates (decision variable) spatially 
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distributed over the model domain;  𝑓(𝒙)  is objective function evaluated through 

estimates of 𝑮(𝒙, 𝐴𝜛) function by performing a numerical flow simulation with the 

hydrogeological model defined by realisation 𝜛; 𝒃  is constraining value column 

vector at control points. It should be noted that the control points and pumping well 

locations which are considered for developing response matrices are the same in 

all realisations. 

 

Consider random response matrix denoted by 𝐴𝜛̅ with random responses 

components denoted by 𝑎𝜛̅ (i.e., the responses denoted simply by  𝜛̅  , that is the 

random hydraulic heads/water table level drawdowns). It is assumed that 

randomness in hydraulic heads/water table level drawdowns is only due to 

uncertainty arising in hydraulic conductivity of aquifer system and that  𝑎ϖ ∈ Aϖ 

that is 𝑎𝜛̅ ∈ 𝐴𝜛̅ such that  Aϖ̅ ∈ Ω̅.  Moreover, 𝑃 is assumed to be well defined with 

unknown distribution function but, what is known is expected mean values, 

standard deviation and/or covariance of the random responses  𝜛̅. Consider a 

stochastic constraint function process G(𝒙, ϖ̅ ) ∈ ̅  to be defined as G(𝒙, ̅ ) =

 A̅ 𝒙. Thus, the expected value of the function G(𝒙, ̅ ) is defined as (Kifanyi et al., 

2017): 

 𝔼[G(𝒙, ̅ )] =  𝔼[A̅ 𝒙]                      ………………………………………………. (2.6)                                                                               

Hence, the constraint inequality in optimization problem (2.5) can be written as 

𝔼[G(𝒙, ̅ )] ≤  𝒃 such that the expectation [G(𝒙, ̅)] =  ∫  G(𝒙, ̅)dP(̅)


 is the 

corresponding expected value function. Therefore, inequality constraint in 

optimization problem (2.5) can be estimated using Monte Carlo sampling based 

approximation methods (in this case, ROA method) by considering a sequence of 

finite set of generated independent identically distributed (𝑖. 𝑖. 𝑑.) samples of 
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random response matrices of N realizations of  ϖ̅ = {Aϖ̅N1
, … , Aϖ̅Nk

}. The 

expected constraint function  𝔼[G(𝒙, ϖ̅ik
)]  can be estimated as (Kifanyi et al., 

2017): 

𝔼[G(𝒙, ϖ̅ik
)] = [ 

1

Nk
∑ G(𝒙, ϖ̅ik

Nk
i )]           ………………………………………….. (2.7)                                                                                            

Thereafter, progressively evaluate the resulting sample path optimization sub-

problems using ROA method framework for  k =  1, 2, … , NSP; where NSP is the 

number of sample path optimization sub-problems generated. Hence, the 

estimates retrospective groundwater sample path optimization sub-problems can 

be formulated as:  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒/𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 [𝑓𝑁𝑘
(𝒙)]  𝑠. 𝑡.    [ 

1

Nk
∑ G(𝒙, ϖ̅ik

Nk
i )]  ≤  𝒃     ………………….(2.8) 

The estimates inequality function in optimization problem (2.8) is deterministic and 

hence, the sample path optimization sub-problems developed becomes 

deterministic which can be solved by any appropriate core deterministic search 

optimizer algorithm. This is one of the main advantages of ROA approach. It 

should be noted that ROA procedure can be used in deterministic and stochastic 

search algorithms (Wang et al., 2012). The optimization problems (formulations 

(2.5) and (2.8)) are referred to as the true (original) optimization problem and 

estimates optimization problem, respectively. 

 

In optimization problem (2.8), the term 
1

Nk
 defines the weight factor or probability 

associated with realizations ϖ̅ik
. Different sample sizes Nk (number of realizations) 

are considered for each sample path optimization sub-problem generated. The 

performance objective function considered is the expected total optimal 
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groundwater pumping rate. Decision variables considered are groundwater 

pumping rates (i.e., positive real values  𝑋, such that  𝒙 ∈ 𝑋, 𝑋 ∈ ℝ𝑁𝑝𝑤, where 

𝑁𝑝𝑤 is the total number of pumping wells) which are spatially distributed within the 

model domain. In this case, it is assumed that the solution set 𝑋 is closed and 

bounded, and hence the problem has finite number of feasible solutions. 

 

The ROA technique is new in areas of conjunctive water use management, 

however, the researcher is aware  that in recent years the method has 

predominantly been used in other fields of studies such as Petroleum engineering 

(Chen et al., 2009; Özdogan & Horne, 2006; Wang & Reynolds, 2009; Wang et al., 

2012; Yeten et al., 2003), and in areas of operation research (Chen & Schmeiser, 

2001; Wang & Schmeiser, 2008), and the most recent application in a quantitative 

groundwater resource management problem (Kifanyi et al., 2017). These 

applications however, were based upon fixed and relatively few decision variables 

and number of realizations. The ROA technique applied here differs from the 

previous approaches in the sense that it is applied to solve a sequence of 

optimization sub-problems (particularly designed for consideration of conjunctive 

water use management under uncertainty) with an increasing numbers of 

realizations of hydrogeological model realizations (i.e., through response matrix 

simulation optimization technique). 

 

Therefore, I declare that, to the best of my knowledge this approach has never 

been applied before for solving conjunctive water use management problem under 

uncertainty. The implication of this approach to solution convergence will be 

discussed in Chapters four and five of this thesis. For more details on retrospective 
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optimization approximation (ROA) method and convergence behaviour, interested 

readers are referred to Pasupathy (2010); Wang et al. (2012). 

 

K-means Clustering Sampling Technique 

Various sampling techniques can be applied to ROA framework depending on 

availability of data. In k-means clustering sampling, one can establish mapping 

from every realization to a finite number 𝑛 of attributes. For example, in 

groundwater pumping perspective, attributes that can be useful is some measure 

of hydraulic conductivity/transmissivity (Kifanyi et al., 2017). Firstly the quantity is 

normalized to [0 1] and then a vector of values is assigned to each realization. 

Using this process, one is able to identify each realization of hydraulic 

conductivity/transmissivity field, ϖi with a vector of attributes 𝜌𝑖,  𝜌𝑖 ∈ ℝ𝑛. The 

vectors of attributes are then used in the k-means algorithm (Wang et al., 2012). 

 

The k-means algorithm provides 𝑘 vectors in ℝ𝑛 (i.e., cluster centres) that 

minimize mean (average) distance 𝑑 for a given 𝑁 numbers of realizations, and 

can be defined in the form: 

𝑑 =  ∑ 𝑚𝑖𝑛‖𝜌𝑖 − 𝜙𝑗‖
2

,   𝑗 = 1,2, … , 𝑘𝑛
𝑖=1    

where 𝜌𝑖 denotes a vector of attributes such that 𝜌𝑖 ∈ ℝ𝑛; and 𝜙𝑗 denotes the 

coordinates of the centre of cluster 𝑗. In k-means approach once the cluster 

centres are established, a particular realization 𝜛𝑖 is assigned to one of the 

centers by simply computing the minimum distance as 𝑎𝑟𝑔𝑚𝑖𝑛𝑗=1,2,...,𝑘
‖𝜌𝑖 − 𝜙𝑗‖.  
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2.7 CONCLUDING REMARKS 

Based on the prior overview presented in the literature pertinent to this study, this 

sub-section gives some concluding remarks to summarize the relevant issues 

drawn from the literature overview. It has emerged that conceptual models enable 

representation and interpretation of hypothetical or real world systems in a 

simplified meaningful manner and are key prerequisite tools in regional scale 

conjunctive water use management. It has been revealed that combined 

simulation-optimization models are particularly attractive for solving conjunctive 

water use management problems. This is because the method enables explicit 

expression of management objective function, while the conjunctive water use 

numerical model (i.e., groundwater flow numerical model) is included in the set of 

optimization constraints so as to guarantee hydrodynamic feasible solution. 

 

Moreover, it has been realised that input parameters to conjunctive water use 

management problems are not only scarce, but also uncertain. This, therefore, 

implies that optimal solution strategies to such management problems also are 

uncertain. This implies that there is a need for new methods which are capable of 

tackling uncertainty in quantitative conjunctive water use optimization management 

problems, because the available approaches do not efficiently handle such 

problems. In this study, a new method (i.e., ROA method) in the context of 

conjunctive water use management under uncertainty is proposed and compared 

with a standard deterministic counterpart approach to evaluate its performance. 
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CHAPTER THREE: METHODOLOGY 

3.1 INTRODUCTION 

In chapters one and two, the main research framework followed in this study was 

highlighted. It was pointed out that the overall goal of this research was to develop 

a management tool that can be used to design a quantitative conjunctive water 

use of surface water and groundwater resources taking into account scarcity of 

data and uncertainty of the river basin parameters.  

 

To achieve this goal, surface water and groundwater conceptual models were 

developed and then integrated to form conjunctive water use conceptual model. 

The proposed methodology recognizes the stochastic nature of the input 

parameters such as hydraulic conductivity of groundwater aquifer system, and/or 

hydraulic conductivity of river bed soil layer material. Prior to detail discussion of 

development of management models (optimization models) and solution 

methodologies, conceptual and simulation models are presented. 

 

3.2 CONCEPTUAL MODELS 

In modelling conjunctive water use of surface water and groundwater systems, 

both water storage systems were characterized. This involved identifying water 

and land use patterns, hydrological and hydrogeological processes.  Figure 3.1 

shows the general land use layout of the Great Letaba River catchment, the study 

area. 
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Legend
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Figure 3.1: Great Letaba River Catchment Land Use Layout 

              

In this research, conceptual models of surface water and groundwater systems 

were developed for the study area and then integrated to form a conjunctive water 

use conceptual model. The surface water and groundwater models were 

developed based on water balance and the law of conservation of mass. The 

water balance accounts for the difference in input and outputs in the system 

causing change in water storage of the systems. 
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The overall objective of conjunctive water use modelling was to develop water 

resources management tool that can manage utilization of both water sources in a 

sustainable (optimal) manner. It was assumed that surface water storage is fully 

utilized during normal wet period while recharging the aquifer storage system for 

use in dry periods. This means that in dry periods, groundwater supply is 

supplemented by surface water to meet total demands. This is because 

conjunctive use of water resources relies on the principle that by using surface 

water when it is plentiful, recharging aquifers and conserving groundwater supplies 

in wet periods, water will then be available for future pumping in the dry periods 

when surface water supplies are short (Mariño, 2001). 

 

3.2.1 Surface Water Conceptual Model 

In this sub-section, a conceptual representation of surface water hydrological 

processes components and water use pattern of a river basin is first presented. 

The overall surface water modelling effort was to determine hydrological 

components for estimating the net recharge that can be used as an input into 

groundwater model.  

 

In general, surface water conceptual models are the representation and 

interpretation of the characteristics and dynamics of a surface water system which 

is based on an examination of all available hydrological data for a modelled area.  

This includes the external configuration of the system, water extraction rates, 

location and rates of inflow and outflow (Mandle, 2002). In modelling surface water 

system the following water balance components were considered: i) Precipitation; 

ii) Surface runoff; iii) Return Flows; iv) Evaporation; v) Surface water diversions 
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(withdrawals); vi) Surface water infiltration; and vii) Surface water seepage. Figure 

3.2 summarizes the surface water hydrological balance conceptual representation. 

 

 

Figure 3.2: Surface Water Hydrological Balance Conceptual Representation 

 

In Figure 3.2, SGi  and SGo represent the subsurface (groundwater) inflow and 

outflows respectively; IPA represents the Irrigation Plantations Area; and NP is the 

National Park. It should be understood that out of the infiltrated (net recharge) 

water into the soil, some percentage contributes to the base flow and the rest of it 

percolates into the aquifer system as groundwater recharge. Generally, surface 

water balance in the river basin can be defined as follows: 

𝑄𝑖𝑛𝑓 − 𝑄𝑜𝑢𝑡𝑓 =  ∆S(𝑝)  …………………………….…….………………………… (3.1) 

where 𝑄𝑖𝑛𝑓  is the total inflow; 𝑄𝑜𝑢𝑡𝑓 is the total outflow; and  ∆S(𝑝)  is the change 

in surface water storage per given time period 𝑝.  
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Moreover, surface water systems governing continuity equations are defined as 

follows:  

(i) The continuity equation for river/stream course system in each time step is 

defined as: 

RST(p)=RST(p-1)+ [
𝑃(𝑝)𝐴𝑅𝐶 + (1 − 𝜇)𝑋𝑢𝑐𝑤(𝑝) − E0R(p)A

RC
− XDFout(𝑝)

+XRERin(p) ± ∑ ∑ 𝑋𝐿𝑅(𝑖, 𝑝)  −  XRIVD (p) TP
p=1

TRR
i=1

]*∆p..(3.2)  

where RST(p − 1), RST(p) are the river/stream storage volume at the beginning 

and end of the time step 𝑝; 𝑃(𝑝) is the precipitation at time period 𝑝; µ is the 

percent of consumed water for different competing water users that is returned to 

the river/stream; 𝑋𝑢𝑐𝑤 (𝑝) is the volume of water which is not consumed by various 

users and crops at time 𝑝 (L3/T); 𝐸0𝑅(𝑝) is the potential evaporation at time 𝑝 

(L/T);  𝐴𝑅𝐶 is the surface area of the river/stream course; 𝑋𝐷𝐹𝑜𝑢𝑡 (𝑝)  is the outflow 

to the downstream from the last reach of the river/stream course at time 𝑝 (L3/T); 

XRERin(p) is the inflow from surface water reservoir release to the first reach of the 

river/stream at time 𝑝 (L3/T); XLR (i, p) is the surface water river/stream leakage to 

the river or from the river to the aquifer at river/stream reach 𝑖 at time 

𝑝  (L3/T); 𝑋𝑅𝐼𝑉𝐷 (𝑝)  is the surface water diversions (withdrawal rate) to demand 

zones from river/stream (L3/T) at time 𝑝; TRR is the number of river/ stream 

reaches; TP is the number of time period horizon and ∆𝑝 is the time step (T). 

(ii) The continuity equation for reservoir system in each time step is defined as 

follows: 

REST(p) = REST(p-1) + [XNREin(p) + P(p)ARE
– XREout(p) − XRESD(p) ± XREL(p) −

𝑋𝑆𝑃𝐿(𝑝) − 𝐸0𝑅𝐸(p)ARE

] *∆p

............................................................................................................................(3.3) 
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Where REST (p − 1), REST (p) is the reservoir (Dam) storage volume at beginning 

and end of the time step 𝑝 (L3); XNREin(p) is the net inflow to the reservoir (Dam) 

(L3/T) at time period 𝑝; P(p) is the precipitation rate (L/T) at time period 𝑝; ARE is 

the surface area of the reservoir (Dam) (L2); XREout(p) is the reservoir (Dam) 

release to the first reach of the river or stream at time period 𝑝; 𝑋𝑅𝐸𝑆𝐷(𝑝) is the 

diversion rates from the reservoir (Dam) directly to the demand zones  at time 

period 𝑝 (L3/T); XREL(p) is the leakage (seepage) to the reservoir (Dam) or from 

the reservoir (Dam) to the aquifer at time period 𝑝 (L3/T); XSPL(p) is the spilled 

water from the reservoir (dam) at time period 𝑝 (L3/T); 𝐸0𝑅𝐸(p) is the potential 

evaporation from reservoir at time period 𝑝 (L/T);  and ARE is the surface area of 

the reservoir (Dam) (L2).  

 

It should be noted that, for a given surface water diversion withdrawal rates from 

all diversion (abstraction) points of the surface water storage systems (in this case, 

river course diversion  withdrawal rates 𝑋𝑅𝐼𝑉𝐷(𝑝)) and reservoir diversion 

withdrawal rates 𝑋𝑅𝐸𝑆𝐷(𝑝)) the total surface water diversion withdrawal rates in a 

given period, denoted by 𝑋𝑠𝑤  is defined as: 

𝑋𝑠𝑤 =  𝑋𝑅𝐼𝑉𝐷(𝑝) +  𝑋𝑅𝐸𝑆𝐷(𝑝)   …………………………………………..…...……... (3.4) 

where 𝑋𝑅𝐼𝑉𝐷(𝑝), 𝑋𝑅𝐸𝑆𝐷(𝑝) and 𝑝 are as previously defined. 

 

Moreover, based on the continuity equations (3.2) and (3.3) with assumption that 

surface water system response is a linear function of the surface water withdrawal 

rates; the total surface water diversion withdrawals rates 𝑋𝑠𝑤 (from all identified 

potential surface water sources (in this case river/stream course and reservoir 

(Dam)) diversion points) for a given period can be derived as: 
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𝑋𝑠𝑤  = [Υ1 ∑ ∑ [𝑋𝑅𝑅𝑖𝑛(𝑖, 𝑝) − 𝑋𝑅𝑅𝑜𝑢𝑡(𝑖, 𝑝) − 𝐸0𝑅(𝑝)𝐴𝑅𝐶 − (
𝑅𝑆𝑇𝑉(𝑝)−𝑅𝑆𝑇𝑉(𝑝−1)

∆𝑝
)]𝑇𝑃

𝑝=1
𝑇𝑅𝑅
𝑖=1 +

 Υ2 ∑ ∑ [𝑋𝑅𝐸𝑖𝑛(𝑛, 𝑝) − 𝑋𝑅𝐸𝑜𝑢𝑡(𝑛, 𝑝) − 𝐸0𝑅𝐸(𝑝)𝐴𝑅𝐸 − [𝑋𝑅𝐸𝑖𝑛(𝑛, 𝑝) −𝑇𝑃
𝑝=1

𝑇𝑅𝐸𝐷
𝑛=1

𝑋𝑅𝐸𝑜𝑢𝑡(𝑛, 𝑝) − 𝐸0𝑅𝐸(𝑝)𝐴𝑅𝐸 − (
𝑅𝐸𝑆𝑇𝑉(𝑝)−𝑅𝐸𝑆𝑇𝑉(𝑝−1)

∆𝑝
)]], 𝑖 = 1, … , 𝑇𝑅𝑅, 𝑛 =  𝑝 = 1, … , 𝑇𝑃, 

1, … , 𝑇𝑅𝐸𝐷.                                     ………………………………………………….(3.5) 

Where: 

 Υ1 and Υ2 are the weighting factors for indicating the allocation of surface 

water supplies from various surface water sources (in this case river course 

and reservoir) to different demand zones; 

  𝑇𝑅𝑅 is total number of river/stream reaches; 

  𝑇𝑃 is the total time planning period horizon (𝑇); 

  𝑋𝑅𝑅𝑖𝑛 (𝑖, 𝑝) is the inflow (L3 /T) to the grid cell of the first river/stream reach 𝑖 

from the reservoir (dam) in time period 𝑝; 

 𝑋𝑅𝑅𝑜𝑢𝑡 (𝑖, 𝑝) is the outflow (L3/T) from the grid cell of the last river/stream 

reach 𝑖 downstream in time period 𝑝; 

 𝐸0𝑅(𝑝) is the potential evaporation (L/T) from the river/stream course in time 

period 𝑝; 

 𝐴𝑅𝐶 is the surface area of the river or stream course (L2); 

 𝑇𝑅𝐸𝐷 is total number of surface water diversion points of the reservoirs 

(Dams); 

 𝑋𝑅𝐸𝑖𝑛 (𝑝) is the inflow (L3/T) to the reservoir (Dam)  in time period 𝑝; 

 𝑋𝑅𝐸𝑜𝑢𝑡 (𝑝) is the outflow (L3/T) from the reservoir (Dam) to the river or 

stream in time period 𝑝; 
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 𝐸0𝑅𝐸(𝑝) is the potential evaporation (L/T) from the reservoir (Dam) in time 

period 𝑝; 

 𝐴𝑅𝐸 is the surface area of the reservoir(Dam); 

 𝑝 is the time period;  

 𝑅𝑆𝑇𝑉(𝑝)  and 𝑅𝑆𝑇𝑉(𝑝 − 1)   are the river course storage volumes at the 

beginning and end of the time period 𝑝, 𝑝 − 1 respectively; and 

 𝑅𝐸𝑆𝑇𝑉(𝑝) and 𝑅𝐸𝑆𝑇𝑉(𝑝 − 1) are the reservoir (Dam) storage volumes at 

the beginning and end of the time period 𝑝, 𝑝 − 1 respectively. 

 

In this study, river course storage volumes (𝑅𝑆𝑇𝑉(𝑝), 𝑅𝑆𝑇𝑉(𝑝 − 1)) and reservoir 

(Dam) storage volumes  (𝑅𝐸𝑆𝑇𝑉(𝑝), 𝑅𝐸𝑆𝑇𝑉(𝑝 − 1)) at the beginning and end of the 

time period 𝑝, 𝑝 − 1, were estimated directly from changes in water levels of river 

course and reservoir by using rule curve storage technique. Rule curve storage 

technique can be used to estimate storage volume of river/stream course and 

reservoir (Basagaoglu et. al., 1998).    

 

3.2.2  Groundwater Conceptual Model  

The overall objective of groundwater modelling was to develop groundwater 

conceptual model based on groundwater hydrological balance and the law of 

conservation of mass. This is the model that was integrated with the surface water 

model so as to determine sustainable (optimal) conjunctive water use strategy for 

implementation. In groundwater conceptual modelling sources and sinks of water, 

physical boundaries, distribution of hydraulic properties and groundwater use 

patterns were characterized.  
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Moreover, hydrological boundaries were identified and the mathematical boundary 

conditions was based on the identified hydrological boundaries i.e.,: i) Specified 

flow boundaries for Neumann conditions, in which derivative of head flux across 

the boundary is known; ii) Head dependent flow boundaries for Caunchy or mixed 

boundary condition. In this case, flow flux across the boundary is determined once 

a boundary head value is known; and iii) Specified head boundaries for Dirichlet 

condition whereby head is known. Usually, the best way to choose initial 

conditions is to consider it as a steady state head solution generated by a 

calibrated model. This is because the use of model generated head values 

ensures that the initial head data and the model hydrologic inputs and parameters 

are consistent (Bark, 1995). Figure 3.3 summarizes a Groundwater conceptual 

representation of hydrological and hydrogeological unit water balance components 

of aquifer system. 

 

Figure 3.3: Groundwater Hydrological and Hydrogeological Unit Water Balance 

Conceptual Representation 
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In Figure 3.3, Gi , Go are  the Groundwater inflow and outflows respectively; NP is 

the National Parks; DP is the Deep Percolation; RZ is the Recharge Zone; GW-

Table is the groundwater table; and IPA is the Irrigation Plantations Area. The 

following groundwater balance components were considered in estimating net 

recharge of the river basin: i) Recharge from Precipitation; ii) Surface runoff; iii) 

Actual Evapotranspiration; iv) Pumpage from wells; v) Recharge from canal 

distributaries; vi) Potential deep percolation from the unsaturated zone underlying 

an irrigated field to water table; vii) Recharge from water courses; viii) Evaporation 

from fallow/bare land; ix) Recharge from spilled water from dams (reservoirs); and 

x) Recharge from excess water not made available to crops or other competing 

water users.  

 

Based on water balance of the hydrological and hydrogeological unit, the net 

recharge was determined and treated as input to groundwater model. The net 

recharge of the river basin area was estimated as: 

𝑄𝑛𝑒𝑡 =  𝑅𝐹𝑃 + 𝐷𝑃𝐹𝐹 + 𝑅𝐷𝐷𝑀 + 𝑅𝑅𝑊𝐶 + 𝑅𝑅𝐸𝑊𝐵 + 𝑅𝑅𝑆𝑃𝐿 + 𝑅𝐼𝐿 +  𝑅𝐿𝐶 +  𝐼𝑁𝐹𝐿𝐴𝐴 − 

𝑆𝑅𝑂𝐹 − 𝐸𝑇𝑜 − 𝐸𝐹𝐿 − XGPBW − XGPRW − SPWTSD    ………………….………….…… (3.6) 

where 𝑄𝑛𝑒𝑡 is the net recharge to the aquifer under consideration; 𝑅𝐹𝑃 is the 

recharge from precipitation; 𝐷𝑃𝐹𝐹 is the deep percolation from field; 𝑅𝐷𝐷𝑀 is the 

recharge from diversion canals major and minors; 𝑅𝑅𝑊𝐶 is the recharge from river 

or streams water courses (see page); 𝑅𝑅𝐸𝑊𝐵 is the recharge from reservoirs 

(Dams) water bodies (seepage); 𝑅𝑅𝑆𝑃𝐿 is the recharge from reservoirs (Dam) 

spillway; 𝑅𝐼𝐿 is the recharge from irrigated land; 𝑅𝐿𝐶   is the recharge from leaking 

canals; 𝐼𝑁𝐹𝐿𝐴𝐴 is the inflow from adjacent area; 𝑆𝑅𝑂𝐹 is the surface runoff; 𝐸𝑇𝑜 is 

the potential evapotranspiration; 𝐸𝐹𝐿 is the evaporation from fallow land; SPWTSD is 
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the discharge (seepage) from water table to surface water river systems; XGPBW is 

the groundwater pumpage by public owned wells; and XGPRW is the groundwater 

pumpage of private owned wells. 

 

There are various ways of categorising pumping wells; however, in this research 

groundwater pumping wells are grouped into two main categories, namely, private 

owned wells and public owned wells. Thus, the total groundwater pumping 

withdrawal rates (denoted by 𝑋𝑔𝑤 ) from all identified potential operating pumping 

wells (in this case public wells and private wells denoted by XGPBW and XGPRW , 

respectively), can be defined as: 

𝑋𝑔𝑤 =  𝑋𝐺𝑃𝐵𝑊 + 𝑋𝐺𝑃𝑅𝑊   …………………………………………………………… (3.7) 

 

It should be noted that the pumping withdrawals rates 𝑋𝑔𝑤 is one of the main 

components of the groundwater balance and net recharge estimation. In 

groundwater flow modelling, a partial differential governing continuity equation for 

a non-steady state, three – dimensional heterogeneous anisotropic case of the 

groundwater flow in saturated media, for a confined/unconfined aquifer system 

under interaction of surface water (recharge) and/or aquifer discharge is defined 

as (Tran, 2004; Todd & Mays, 2005; Safavi & Bahreini, 2009): 

𝜕

𝜕𝑥
(𝐾𝑥𝑥

𝜕ℎ

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝐾𝑦𝑦

𝜕ℎ

𝜕𝑦
) +

𝜕

𝜕𝑧
(𝐾𝑧𝑧

𝜕ℎ

𝜕𝑧
) ± 𝑊 = 𝑆𝑠 (

𝜕ℎ

𝜕𝑡
) ………………….………… (3.8) 

where 𝐾𝑥𝑥, 𝐾𝑦𝑦 and 𝐾𝑧𝑧 are the hydraulic conductivities along the 𝑥, 𝑦, and 𝑧 

coordinates axes parallel to the major axes of hydraulic conductivities; ℎ is the 

hydraulic potentiometric head; 𝑆𝑠 is the specific storage of the porous medium; 

±𝑊 is a volumetric flux per unit volume (it is a source or sink of water that is a 
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function of space and time (𝑥, 𝑦, 𝑧, 𝑡)); and 𝑡 is time. Thus equation (3.8) is a 

Mathematical Model of groundwater system. 

 

3.2.3 Conjunctive Water use Conceptual Model 

Conjunctive water use conceptual model is a representation of dynamics of 

hydrologic processes and hydrogeologic settings, and response of all water source 

systems (in this case surface water and groundwater systems) to the external 

stresses. The conjunctive water use conceptual model was developed through 

integrating the surface water and groundwater models. Figure 3.4 summarises the 

conjunctive water use patterns, hydrological process and hydrogeological unit 

conceptual representation. 

 

Figure 3.4: Conjunctive Water Use Patterns, Hydrological Process and 

Hydrogeological Unit Conceptual Representation 
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In Figure 3.4, SW-Inflow is the surface water inflow; SW-Outflow is the surface 

water outflow; SW-Reservoir-DVDZ is the surface water reservoir diversion 

(withdrawal) rates-direct to demand zones (which is referred to as 𝑋𝑅𝐸𝑆𝐷 in surface 

water conceptual model); SW-RDVDZ is surface water river diversion (withdrawal) 

rates-direct to demand zones (which is referred to as 𝑋𝑅𝐼𝑉𝐷 in surface water 

conceptual model); GW-Pumping, is the groundwater pumping withdrawal rates 

(which is referred to as 𝑋𝑔𝑤 in groundwater conceptual model which is 

representing total pumping rates of public wells, 𝑋𝐺𝑃𝐵𝑊,  and private wells, 𝑋𝐺𝑃𝑅𝑊 ); 

Gi, Go are the Groundwater (GW) inflow and outflow, respectively; REFIID is the 

Recharge from water users; R-Flow is the return flow to the river course from 

water users; and RER-DR is the reservoir release direct to the river. 

 

As it was discussed in subsections (3.1.2) and (3.1.3), variables  𝑋𝑠𝑤 and 𝑋𝑔𝑤, 

represent the total surface water diversion (withdrawal) rates (i.e., river course 

diversion (withdrawal) rates 𝑋𝑅𝐼𝑉𝐷 and reservoir diversion (withdrawal) rates 𝑋𝑅𝐸𝑆𝐷) 

and total groundwater withdrawal rates (i.e., public wells 𝑋𝐺𝑃𝐵𝑊 and private 

wells 𝑋𝐺𝑃𝑅𝑊 withdrawal rates), respectively. Thus, from now on, total conjunctive 

water use withdrawal rates means the sum of surface water and groundwater 

withdrawal rates from identified potential surface water and groundwater sources 

and is defined as: 

𝑍 =  𝑋𝑠𝑤 +  𝑋𝑔𝑤      ……………………………………………..…………………… (3.9) 

where 𝑍 is the total conjunctive water use withdrawal rates from both surface water 

and groundwater sources. It should be noted that for sustainable conjunctive water 

use, it is imperative that the surface water and groundwater resources withdrawal 

rates must be optimal under prescribed sets of constraints. In this study, a 
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simulation-optimization technique was adopted for development of conjunctive 

water use management model in which conjunctive water use simulation model is 

used to determine aquifer water system responses when the aquifer is subjected 

to external stresses. The responses from aquifer water system were used as 

coefficients of constraints which govern the groundwater drawdowns in the 

conjunctive water use management modelled domain. 

   

Conjunctive Water Use Simulation Model 

In conjunctive water use simulation, groundwater flow numerical model and river 

package (RIV) (herein refers as conjunctive use simulation model) were used to 

simulate surface water-groundwater flow interactions and to determine aquifer 

system responses (hydraulic heads/water table level drawdowns) due to external 

stresses. A mathematical groundwater flow partial differential equation governing 

continuity for a non-steady state three-dimensional heterogeneous anisotropic 

case in saturated media for a confined/unconfined aquifer system under interaction 

of surface water (recharge) and/or aquifer discharge for groundwater flow 

numerical simulation was used (for details see sub-section 3.1.3 equation (3.8)), 

however, for clarity of purpose, the expression is represented as shown equations 

3.10 – 3.13 as follows: 

𝜕

𝜕𝑥
(𝐾𝑥𝑥

𝜕ℎ

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝐾𝑦𝑦

𝜕ℎ

𝜕𝑦
) +

𝜕

𝜕𝑧
(𝐾𝑧𝑧

𝜕ℎ

𝜕𝑧
) ± 𝑊 = 𝑆𝑠 (

𝜕ℎ

𝜕𝑡
) ……………...…………… (3.10) 

All parameters are as previously defined.  

 

It should be realized that for hydraulically connected surface water and 

groundwater systems, the effects of the flow (interactions) term (±𝑊 = 𝑄𝑅𝑉) 
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between the surface water and groundwater systems are defined as (Todd & 

Mays, 2005; Safavi & Bahreini, 2009): 

𝑄𝑅𝑉 = 𝐶𝑅𝑉(𝐻𝑅𝑉 − 𝐻𝑖,𝑗,𝑘),      𝐻𝑖,𝑗,𝑘  ≥ 𝑅𝑉𝐵𝑂𝑇            ……………….…………. (3.11) 

𝑄𝑅𝑉 = 𝐶𝑅𝑉(𝐻𝑅𝑉 − 𝑅𝑉𝐵𝑂𝑇),      𝐻𝑖,𝑗,𝑘  ≤ 𝑅𝑉𝐵𝑂𝑇  …………...…………... (3.12) 

in which 𝐶𝑅𝑉 is the hydraulic conductance of the riverbed soil materials defined as 

𝐾𝐿𝐵/𝑀, where 𝐾 is hydraulic conductivity of the riverbed soil materials, 𝐿 is the 

length of the river reach, 𝑀 is the thickness of the riverbed soil materials, and 𝐵 is 

the width of the river reach. In the equations (3.11) and (3.12), the parameters, 

𝐻𝑅𝑉 is the head of river (i.e., river stage);    𝐻𝑖,𝑗,𝑘 is the head of aquifer water table 

underlying the river reach; and 𝑅𝑉𝐵𝑂𝑇 is the elevation of the bottom of the 

riverbed soil material layer.  

 

Equation (3.11) indicates that hydraulic head (aquifer water level) is greater than 

or equal to the river/stream head (river/stream stage) which may result in water 

flowing from aquifer to the river/stream (a situation called gaining stream), while, 

equation (3.12) indicates a situation where head of aquifer water is less than or 

equal to the elevation of the bottom of the river/streambed layer which may result 

in water flowing from the river/stream to the aquifer water system (a situation 

called loosing stream).  

 

This implies that interactions between surface water bodies and groundwater 

system depend on their head differences. These situations are common in 

alluvium aquifer systems in hydraulically connected surface water and 

groundwater systems. To ensure sustainability of the ecosystems and downstream 
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water requirements, groundwater hydraulic heads near river/stream corridors were 

restricted not to drop below elevation of river/streambed bottom during the 

development of optimization models (management models). 

 

It is important to realize that in modelling hydraulically connected surface water 

and groundwater systems, the interactions (flow   𝑞𝑏𝑖,𝑗,𝑘) of water into and out of 

grid cell from external source (sink/source) with a known hydraulic head is 

considered to be directly proportional to the head difference of the model domain 

grid cell,   𝐻𝑖,𝑗,𝑘, and the associated head assigned to the external source,    𝐻𝑏𝑖,𝑗,𝑘 , 

and is defined as (Todd & Mays, 2005; Safavi & Bahreini, 2009): 

𝑞𝑏𝑖,𝑗,𝑘 =  𝐶𝑏𝑖,𝑗,𝑘(𝐻𝑏𝑖,𝑗,𝑘 −  𝐻𝑖,𝑗,𝑘)  ………………..………………...……………….. (3.13) 

 in which 𝐶𝑏𝑖,𝑗,𝑘 is the hydraulic conductance of soil material between the external 

source and the grid cell (𝑖, 𝑗, 𝑘). 

 

Equations (3.10), (3.11), (3.12) and (3.13) together with associated specifications 

of aquifer properties (such as initial head conditions, hydraulic conductivity, 

storage, specific yield), boundary conditions of the aquifer system, and the 

river/stream parameters (such as river/stream stages, width, river bottom 

elevations, and river/streambed conductance) forms mathematical models for 

conjunctive water use simulation model of surface water and groundwater systems 

(Todd & Mays, 2005).  

  

To solve these equations, numerical methods (such as finite difference or finite 

element) are usually used. In this research, the MODFLOW-2000 (Harbaugh et al., 

2000) code-a three dimensional finite-difference model of USGS, together with 
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River (RIV) Package supported in Visual MODFLOW Classic Interface (Software) 

was used to simulate the surface water-groundwater hydrogeological unit. In 

numerical modelling, the conjunctive water use model can be simulated in two 

ways deterministically and/or stochastically. In this research, simulation was done 

in both deterministic and stochastic frameworks. 

 

Deterministic Simulation 

Usually, after model calibration, surface water-groundwater conjunctive water use 

model can be simulated to determine hydraulic heads or water table levels in 

steady state and/or transient state conditions while assuming deterministic or 

stochastic input parameter(s) values. In this case, the groundwater numerical 

model (here referred to as surface water-groundwater conjunctive water use 

numerical model) was simulated deterministically. In deterministic simulation, 

aquifer system was assumed to be homogeneous while all model parameters were 

assumed deterministically fixed and accurately known.  

 

Stochastic Simulation 

In stochastic simulation, one needs to take into account uncertainty during 

simulation process. In surface water-groundwater conjunctive water use system, 

sources of uncertainty arise from both surface water and groundwater resource 

systems. In groundwater systems, uncertainty arises from aquifer parameters 

(such as hydraulic conductivity or transmissivity, recharge) and boundary 

conditions while in surface water resource systems, uncertainty arises from 

hydraulic conductivity/conductance of riverbed soil materials and natural variability 
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of climatic inputs such as river flows, air temperature and precipitation (Safavi & 

Bahreini, 2009). 

 

In this research, it was assumed that all parameters are adequately and precisely 

known except hydraulic conductivity of aquifer system, which is considered as the 

only source of uncertainty in conjunctive water use system. Thus, the stochastic 

process focused on spatial distribution of hydraulic conductivity of the aquifer 

system. This is because parameters such as hydraulic conductivities or riverbed 

hydraulic conductivity/conductance are recognised to be the most uncertain 

parameters in surface water-groundwater aquifer systems (Gelhars, 1993; Safavi 

& Bahreini, 2009). 

 

In this study, simulation of hydraulically connected surface water-groundwater 

system was carried out to determine the response of the systems when the aquifer 

is subjected to the external stresses (such as surface water and groundwater 

withdrawal rates). This enables us to understand the physical behavior of the 

conjunctive water use system (surface water-groundwater system). This is 

because in a conjunctive water use system, simulation models account for the 

physical behavior of surface water-groundwater system (Safavi et al., 2009). 

  

However, it should be realized that simulation of surface water and groundwater 

systems alone can only enable the understanding of surface water-groundwater 

interactions and the behaviour of the systems when subjected to external stresses. 

Hence, in order to have an efficient management and adequate information of the 

systems behaviour, the best way is to link simulation and optimization models. 



 

68 
 

Optimization model assists to find out how best the water resource systems should 

be managed (i.e., the optimum strategy to be implemented).     

 

Usually, conjunctive water use management optimization model has socio-

economic and/or hydraulic constraints. However in this research, hydraulic 

constraints (such as maximum total allowable groundwater level drawdowns and 

river/stream stages depletion) were considered to satisfy the total demand (for 

irrigation, domestic, mining, and industrial) leading to the optimal water withdrawal 

strategy for both surface water and groundwater resources.  

 

3.3 DEVELOPMENT OF CONJUNCTIVE WATER USE MANAGEMENT 

MODEL  

Management models (in this case, simulation-optimization models) are developed 

to assist water resource managers and decision makers to solve water resources 

management problems. Normally, these simulation-optimization mathematical 

expression procedures are developed to describe a system and its response to the 

system inputs for various system excitations. 

 

3.3.1 Deterministic Conjunctive Water Use Management Model 

The overall goal of conjunctive water use management model designed in this 

research was to ensure that surface water and groundwater resources are used 

(withdrawn) in a sustainable manner. Thus utilization of surface water and 

groundwater resources should not exceed the allowable limits for sustainance of 

base flow. In this research, surface water and groundwater withdrawal rates, 𝑋𝑠𝑤, 

𝑋𝑔𝑤 , respectively, were derived based on water balance and continuity equations, 
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and was considered to be a linear function relationship (see equations (3.5) and 

(3.7) in sub sections 3.2.1 and 3.2.2, respectively).  

 

In developing conjunctive water use management model, optimization procedures 

were formulated as mathematical expressions to describe a system and its 

response to the system inputs for various parameters. Using response matrix 

approach, the unit responses (also referred to as an algebraic technological 

function) were numerically determined. The basic idea of response matrix 

approach is that the optimization procedures are externally linked with 

groundwater simulation model (in this case referred to as conjunctive water use 

simulation model). Simulation model generates the inputs (aquifer system 

responses) to the optimization model.  

 

Numerically, to determine unit response of an aquifer system, a separate 

groundwater simulation was done for each pumping well. These generated 

responses are input to the optimization model as coefficients 𝑎𝑖𝑗  to the constraints 

(see inequality (3.16) in optimization problem formulation (3.15) through (3.21)) 

which restrict lowering of groundwater levels. Based on hydrogeological conditions 

of the aquifer system, it was assumed that responses (drawdowns) of aquifer 

system were linearly related to the groundwater pumping (withdrawal) rates, 𝑋𝑔𝑤.  

 

Now, recall equation (3.9) in sub-section 3.2.3, the total conjunctive water use of 

surface water and groundwater withdrawal rate as previously denoted as  𝑍,  

herein rewritten as:  

𝑍 =  𝑋𝑠𝑤 +  𝑋𝑔𝑤      ………………………………………………………………… (3.14) 
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All parameters are as previously defined.  

It was assumed that the aquifer system was homogenous, semiconfined and that 

surface water and groundwater systems were hydraulically connected, and that 

surface water-groundwater (aquifer) system responses were linearly related to 

groundwater pumping rates. Hence, a deterministic linear conjunctive water use 

optimization problem was formulated as: 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒
𝑍

       𝑍 =  [𝑐𝑇𝑥𝑠𝑤 + 𝑐̃𝑇𝑥𝑔𝑤]                          …….…..………..……….. (3.15) 

Subject to: ∑ 𝑎𝑖𝑗

𝑁𝑔𝑐𝑝

𝑖=1
𝑥𝑔𝑤,𝑗 ≤ 𝑏𝑖,     𝑖 = 1,2, … , 𝑁𝑔𝑐𝑝 ,   𝑗 = 1,2, … , 𝑁𝑔𝑝𝑤,  ….... (3.16) 

                     𝐻ℎ,𝑟 ≥ 𝑅𝑉𝐵𝑂𝑇ℎ,𝑟 ,     ℎ = 1,2, … , 𝑁𝑠𝑐𝑝,   𝑟 = 1,2, … . . , 𝑁𝑠𝑑𝑝          …... (3.17) 

  [∑ 𝑥𝑠𝑤,𝑟
𝑁𝑠𝑑𝑝

𝑟=1
+ ∑ 𝑥𝑔𝑤,𝑗

𝑁𝑔𝑝𝑤

𝑗=1
]  ≥ 𝑊𝐷𝑇    …………….…. (3.18) 

                      ∑ 𝑥𝑔𝑤,𝑗
𝑁𝑔𝑝𝑤

𝑗=1
≤ 𝑇𝑅                      ………………..……......……..…. (3.19) 

   𝑥𝑔𝑤,𝑗 ≥ 0,      𝑗 = 1,2, … , 𝑁𝑔𝑝𝑤                   ………..……...…. (3.20)  

    𝑥𝑠𝑤,𝑟 ≥ 0,      𝑟 = 1,2, … , 𝑁𝑠𝑑𝑝      ………….……….…….…. (3.21)  

where Z is the objective function (i.e., the total conjunctive water use of surface 

water and groundwater resources); 𝑐 and 𝑐̃ are the coefficients of the objective 

function; 𝑥𝑠𝑤 are the diverted surface water withdrawal rates from all surface water 

sources (in this case, reservoir and river or stream) (L3/T); 𝑁𝑠𝑐𝑝 is the number of 

surface water control points; 𝐻ℎ,𝑟 is the hydraulic head of the aquifer system 

underlying the river reach 𝑟 at river control point ℎ; 𝑅𝑉𝐵𝑂𝑇ℎ,𝑟 is the elevation of the 

bottom of the riverbed soil material layer of river reach 𝑟 at river control point ℎ;  
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𝑁𝑠𝑑𝑝 is the number of surface water diversion (withdrawal) points;  𝑥𝑔𝑤 is the 

groundwater pumping rates from pumping well 𝑗, (L3/T); 𝑁𝑔𝑐𝑝 is the number of 

groundwater control points; 𝑎𝑖𝑗 is the response at control point 𝑖 due to 

groundwater pumping in well 𝑗; 𝑏𝑖 is the constraining value at control point 𝑖; 𝑁𝑔𝑝𝑤 

is the number of groundwater pumping wells; 𝑇𝑅 is the groundwater total net 

recharge (L3/T); and 𝑊𝐷𝑇 is the total water demand. 

 

Solution Methodology  

To solve the deterministic conjunctive water use optimization problem (formulation 

(3.15) through (3.21)), the computer program executed the following main steps: 

(1) From available data values (i.e., hydraulic conductivity and boundary 

conditions), read the input files necessary for groundwater and surface 

water simulation models (MODFLOW-USGS Groundwater Modular and 

RIVER Package (RIV)). 

(2) Run MODFLOW simulation model (in this case conjunctive water use 

simulation model) for the two cases; i.e., without pumping wells and with 

pumping wells (in this case simulation was made for each pumping well with 

unit pumping rate at a time). 

(3) From the output files of simulation model (i.e., the hydraulic heads output of 

step (2)) computation of responses of aquifer water system (i.e., hydraulic 

head drawdowns) at each specified control point location was done. The 

response coefficients were computed by finding the hydraulic heads 

differences of the two cases (i.e., without pumping and with pumping). 

(4) Repeat steps (2) and (3) for each operating groundwater pumping well. 
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(5) Assemble response coefficients components produced in step (3) to form a 

response matrix of aquifer water system (response matrix represents 

aquifer system responses due to unit pumping rates from each operating 

groundwater pumping well).  

(6) Based on the response matrix realized in step (5) and the objective function 

and constraints of the optimization management model, solve the problem 

using Active-Set (SQP standard core optimizer (algorithm)) implemented 

under the MATLAB environment. Figure 3.5 shows flow chart for the 

solution methodology.  

 

Figure 3.5: Flow Chart for Deterministic Management Conjunctive Water Use 

Model 
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The bottleneck of approaching an optimization problem in a deterministic way is 

the assumption that the input parameters (in this case hydraulic conductivities) are 

precisely known without error which is invalid in real world phenomena. Thus, in 

order to address uncertainties associated with the management model, sub-

section 3.3.2 was designed to present a stochastic conjunctive water use 

management framework which was used to capture uncertainties, particularly, 

uncertainty brought about by scarcity of data (such as aquifer hydraulic 

conductivity) to fully characterize surface water-groundwater system. 

  

3.3.2 Stochastic Conjunctive Water Use Management Model 

In stochastic conjunctive water use management system, uncertainties arise from 

both surface water and groundwater systems. In this research, the goal for solving 

conjunctive water use optimization problem under uncertainty conditions was to 

understand how input parameter uncertainty affects the conjunctive water use 

management model.  

 

In other words, the conjunctive water use management model was developed and 

solved under uncertainty condition so as to evaluate the impact of the uncertainty 

on the optimal conjunctive water use model. This uncertainty was included in the 

optimization formulation by sampling the stochastic field of continuous hydraulic 

conductivity field values of aquifer system. The sampling was carried out by 

considering a large set of realizations with every realization having a distinct value 

of the hydraulic conductivity for each grid cell of modelled domain.  
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Assuming that the uncertainty realizations of the hydraulic conductivity for aquifer 

system is denoted by  𝜛, where 𝜛 = 1, 2, …., Ω, each realization 𝜛  will have 

different response matrices  𝐴𝜛 with response components 𝑎𝑖𝑗,𝜛 and therefore, this 

may result in different optimal solutions. For the purpose of clarity, refer to the 

deterministic conjunctive water use optimization problem (formulations (3.15) – 

(3.21)) herein rewritten as: 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒
𝑍

       𝑍 =  [𝑐𝑇𝑥𝑠𝑤 + 𝑐̃𝑇𝑥𝑔𝑤]                          ……….…..…………….... (3.22) 

Subject to: ∑ 𝑎𝑖𝑗

𝑁𝑔𝑐𝑝

𝑖=1
𝑥𝑔𝑤,𝑗 ≤ 𝑏𝑖 ,     𝑖 = 1,2, … , 𝑁𝑔𝑐𝑝 ,   𝑗 = 1,2, … , 𝑁𝑔𝑝𝑤,  ….... (3.23) 

                     𝐻ℎ,𝑟 ≥ 𝑅𝑉𝐵𝑂𝑇ℎ,𝑟 ,     ℎ = 1,2, … , 𝑁𝑠𝑐𝑝,   𝑟 = 1,2, … . . , 𝑁𝑟𝑐          ….... (3.24) 

  [∑ 𝑥𝑠𝑤,𝑟
𝑁𝑠𝑑𝑝

𝑟=1
+ ∑ 𝑥𝑔𝑤,𝑗

𝑁𝑔𝑝𝑤

𝑗=1
]  ≥ 𝑊𝐷𝑇    …………….…. (3.25) 

                      ∑ 𝑥𝑔𝑤,𝑗
𝑁𝑔𝑝𝑤

𝑗=1
≤ 𝑇𝑅                      ………………..……......……..…. (3.26) 

   𝑥𝑔𝑤,𝑗 ≥ 0,      𝑗 = 1,2, … , 𝑁𝑔𝑝𝑤                   ……….……...…. (3.27)  

    𝑥𝑠𝑤,𝑟 ≥ 0,      𝑟 = 1,2, … , 𝑁𝑠𝑑𝑝      ………….………….….…. (3.28)  

All parameters are as previously defined. However, due to randomness in 

hydraulic conductivity field of the aquifer system, this randomness gives rise to 

different response values of the hydraulic head drawdown (the response 

parameters,𝑎𝑖𝑗).  

 

Now, let uncertain aquifer system response coefficient elements be denoted 

by  𝑎𝑖𝑗,𝜛. Replacing coefficient components 𝑎𝑖𝑗 in the deterministic constraint 
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inequality (3.23) with uncertain coefficients responses,   𝑎𝑖𝑗,𝜛 makes the 

conjunctive water use optimization problem (formulations (3.22) through (3.28)) to 

become stochastic under uncertainty realizations in hydraulic conductivity field. 

Therefore, the stochastic conjunctive water use optimization problem under 

uncertainty was formulated as: 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒
𝑍

       𝑍 =  [𝑐𝑇𝑥𝑠𝑤 + 𝑐̃𝑇𝑥𝑔𝑤]                          ……………..….……….... (3.29) 

Subject to: ∑ 𝑎𝑖𝑗,𝜛
𝑁𝑔𝑐𝑝
𝑖=1 𝑥𝑔𝑤,𝑗 ≤ 𝑏𝑖 ,     𝑖 = 1,2, … , 𝑁𝑔𝑐𝑝 ,   𝑗 = 1,2, … , 𝑁𝑔𝑝𝑤,  …... (3.30) 

                     𝐻ℎ,𝑟 ≥ 𝑅𝑉𝐵𝑂𝑇ℎ,𝑟 ,     ℎ = 1,2, … , 𝑁𝑠𝑐𝑝,   𝑟 = 1,2, … . . , 𝑁𝑠𝑑𝑝         .…... (3.31) 

  [∑ 𝑥𝑠𝑤,𝑟
𝑁𝑠𝑑𝑝
𝑟=1 + ∑ 𝑥𝑔𝑤,𝑗

𝑁𝑔𝑝𝑤
𝑗=1 ]  ≥ 𝑊𝐷𝑇    ………..…..…. (3.32) 

                      ∑ 𝑥𝑔𝑤,𝑗
𝑁𝑔𝑝𝑤

𝑗=1
≤ 𝑇𝑅                      ………………..……......……..…. (3.33) 

   𝑥𝑔𝑤,𝑗 ≥ 0,      𝑗 = 1,2, … , 𝑁𝑔𝑝𝑤                   …………..…...…. (3.34)  

    𝑥𝑠𝑤,𝑟 ≥ 0,      𝑟 = 1,2, … , 𝑁𝑠𝑑𝑝      ………….…………..……. (3.35) 

All parameters are as previously defined. The constraint (inequality (3.30)) is 

stochastic. It is stochastic because of its dependence on realization  𝜛. Hence, 

formulations (3.29) through (3.35), is stochastic optimization problem because the 

responses 𝑎𝑖𝑗,𝜛  are dependent on each realization  𝜛  of uncertain hydraulic 

conductivity field of groundwater (aquifer) system. Solution methodology for 

solving the above stochastic optimization problem was developed. In this research, 

a new (in the context of conjunctive water use management approach) approach – 

the Retrospective Optimization Approximation (ROA) method is proposed for 

solving such stochastic optimization problems and is discussed as follows: 
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Formulation of Conjunctive Water Use Management Using ROA Approach  

As was highlighted in Chapter two, retrospective optimization approximation (ROA) 

method is a variant of Sample Average Approximation (SAA) class of methods 

which considers a sequence of increasing sample size of generated sample path 

sub-problems. In this case, the overall aim was to solve the stochastic conjunctive 

water use optimization problem with the objective of maximizing the groundwater 

and surface water withdrawal rates to meet total demand without compromising on 

the prescribed set of constraints (i.e., without lowering the hydraulic heads/water 

table levels and/or river flow water levels (stages) below some specified allowable 

maximum levels).  

 

For the purpose of clarity, we recall the stochastic optimization problem 

formulations (3.29) through (3.35) herein represented as: 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒
𝑍

       𝑍 =  [𝑐𝑇𝑥𝑠𝑤 + 𝑐̃𝑇𝑥𝑔𝑤]                          ………………….…..….... (3.36) 

Subject to: ∑ 𝑎𝑖𝑗,𝜛
𝑁𝑔𝑐𝑝
𝑖=1 𝑥𝑔𝑤,𝑗 ≤ 𝑏𝑖 ,     𝑖 = 1,2, … , 𝑁𝑔𝑐𝑝 ,   𝑗 = 1,2, … , 𝑁𝑔𝑝𝑤,  ....... (3.37) 

                     𝐻ℎ,𝑟 ≥ 𝑅𝑉𝐵𝑂𝑇ℎ,𝑟 ,     ℎ = 1,2, … , 𝑁𝑠𝑐𝑝,   𝑟 = 1,2, … . . , 𝑁𝑠𝑑𝑝         ....... (3.38) 

  [∑ 𝑥𝑠𝑤,𝑟
𝑁𝑠𝑑𝑝
𝑟=1 + ∑ 𝑥𝑔𝑤,𝑗

𝑁𝑔𝑝𝑤
𝑗=1 ]  ≥ 𝑊𝐷𝑇    …………….…. (3.39) 

                      ∑ 𝑥𝑔𝑤,𝑗
𝑁𝑔𝑝𝑤

𝑗=1
≤ 𝑇𝑅                      ………………..……......……..…. (3.40) 

   𝑥𝑔𝑤,𝑗 ≥ 0,      𝑗 = 1,2, … , 𝑁𝑔𝑝𝑤                   …………...….…. (3.41)  

    𝑥𝑠𝑤,𝑟 ≥ 0,      𝑟 = 1,2, … , 𝑁𝑠𝑑𝑝      ………….……...…..….…. (3.42) 
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in which all parameters are as previously defined. Formulations (3.36) through 

(3.42) are referred to as the True (original) Conjunctive water use Optimization 

Problem (TCOP).  

 

To solve such an optimization problem to an exact solution is computationally 

impossible or prohibitively expensive. A simple way is to revert to Monte Carlo 

sampling based approximation methods. In this research, we consider Monte 

Carlo sampling based methods, particularly the ROA method which is a variant of 

Sample Average Approximation (SAA) class of methods to solve our stochastic 

conjunctive water use optimization problem.  

 

Without loss of generality, a probability space (Ω, 𝐹, 𝑃) is considered to exist, 

where Ω is a set of all possible outcomes, 𝐹 denotes a set of collection of all 

subsets of Ω possible outcomes, and 𝑃 denotes a probability measure.  Let 𝑋 

denote a set of decision variable vector in space ℝ𝑛 such that 𝑛 = 𝑛𝑔𝑤 +  𝑛𝑠𝑤  and 

that vector variables 𝑥𝑔𝑤, 𝑥𝑠𝑤 ∈ 𝑋, in which 𝑥𝑔𝑤  is groundwater withdrawal rate 

decision variable (a vector in space  ℝ𝑛𝑔𝑤 of the first elements of 𝑋 ) and 𝑥𝑠𝑤 is 

surface water withdrawal rate decision variable (a vector in space ℝ𝑛𝑠𝑤 of the 

remaining elements of 𝑋 ). Consider random response matrix denoted by 𝐴𝜛̅ with 

random responses components denoted by 𝑎𝑖𝑗,𝜛̅ (i.e., the responses denoted 

simply by  𝜛̅, that is the random hydraulic heads/water table level drawdowns). It 

was assume that randomness in hydraulic heads/water table level drawdowns is 

only due to uncertainty arising in hydraulic conductivity of aquifer system and that  

𝑎𝑖𝑗,𝜛̅ ∈ 𝐴𝜛̅ such that 𝐴𝜛̅ ∈ Ω̅.  
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Moreover, 𝑃 is assumed to be well defined with unknown distribution function but, 

what is known is expected mean values, standard deviation and/or covariance of 

the random responses 𝜛̅. A stochastic constraint function 𝐺(𝑥𝑔𝑤, 𝜛̅ ) ∈ ̅  was 

considered for the process such that 𝐺(𝑥𝑔𝑤, ̅𝑖 ) = 𝐴̅𝑖
 𝑥𝑔𝑤. To this end, the 

expected value of the function 𝐺(𝑥𝑔𝑤, ̅ ) is defined as (Kifanyi et al., 2017):  

𝔼[𝐺(𝑥𝑔𝑤, ̅ )] =  𝔼[𝐴̅ 𝑥𝑔𝑤]    ………………………..…....………… (3.43) 

Thus, the constraint inequality (3.37) can be written as 𝔼[𝐺(𝑥𝑔𝑤, ̅ )] ≤  𝑏 such that 

the expectation [𝐺(𝑥𝑔𝑤, ̅)] =  ∫  𝐺(𝑥𝑔𝑤, ̅)𝑑𝑃(̅)
̅

 is the corresponding expected 

value function. Therefore, inequality (3.37) in the optimization problem 

(formulations (3.36) through (3.42)) can be estimated using Monte Carlo sampling 

based approximation methods (in this case, ROA method) by considering a 

sequence of finite sets of generated samples of random responses of 𝑁 

realizations of 𝜛̅ = {𝐴𝜛̅1
, … , 𝐴𝜛̅𝑁𝑘

}. The expected constraint function 

𝔼[𝐺(𝑥𝑔𝑤, 𝜛̅𝑖𝑘
)] was estimated as (Kifanyi et al., 2017): 

𝔼[𝐺(𝑥𝑔𝑤, 𝜛̅𝑖𝑘
)] = [ 

1

𝑁𝑘
∑ 𝐺(𝑥𝑔𝑤, 𝜛̅𝑖𝑘

𝑁𝑘
𝑖 )]  …………….………………………… (3.44) 

Thereafter, progressively evaluate resulting sample path optimization sub-

problems of formulations (3.45) through (3.51) by using ROA method for 𝑘 =

1, 2, … , 𝑁𝑆𝑃  (where 𝑁𝑆𝑃 is total number of sample path optimization sub-problems 

generated). Hence, by replacing the inequality constraint (3.37) with the estimates 

of expected constraint function, the corresponding Estimates Retrospective 

Conjunctive water use Sample path Optimization Problem (ERCSOP) can be 

formulated as: 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒
𝑍𝑁𝑘

       𝑍𝑁𝑘
=  [𝑐𝑇𝑥𝑠𝑤 + 𝑐̃𝑇𝑥𝑔𝑤]                          ………….…………...... (3.45) 
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Subject to: [ 
1

𝑁𝑘
∑ 𝐺(𝑥𝑔𝑤, 𝜛̅𝑖𝑘

𝑁𝑘
𝑖 )] ≤ 𝑏𝑖 ,     𝑖 = 1,2, … , 𝑁𝑘 , 𝑘 = 1,2, … , 𝑁𝑆𝑃    .... (3.46) 

                      𝐻ℎ,𝑟 ≥ 𝑅𝑉𝐵𝑂𝑇ℎ,𝑟 ,     ℎ = 1,2, … , 𝑁𝑠𝑐𝑝,   𝑟 = 1,2, … . . , 𝑁𝑠𝑑𝑝         …... (3.47) 

  [∑ 𝑥𝑠𝑤,𝑟
𝑁𝑠𝑑𝑝
𝑟=1 + ∑ 𝑥𝑔𝑤,𝑗

𝑁𝑔𝑝𝑤
𝑗=1 ]  ≥ 𝑊𝐷𝑇    …………….…. (3.48) 

                      ∑ 𝑥𝑔𝑤,𝑗
𝑁𝑔𝑝𝑤

𝑗=1
≤ 𝑇𝑅                      ………………..……......……..…. (3.49) 

   𝑥𝑔𝑤,𝑗 ≥ 0,      𝑗 = 1,2, … , 𝑁𝑔𝑝𝑤                   ……………….…. (3.50)  

    𝑥𝑠𝑤,𝑟 ≥ 0,      𝑟 = 1,2, … , 𝑁𝑠𝑑𝑝      ………….…….……….…. (3.51) 

It should be noted that formulations (3.45) through (3.51) are deterministic 

optimization problems which can be solved by any appropriate standard core 

deterministic optimization solver. In this research, the conjunctive water use 

optimization problems in the form of formulations (3.45) through (3.51) are referred 

to as the estimates retrospective conjunctive water use optimization problems. 

 

The term 
1

Nk
  in the optimization problem inequality (3.46) defines the weight factor 

or probability associated with realizations ϖ̅ik
. Different sample sizes Nk (number 

of realizations) are considered for each sample path optimization sub-problem 

generated. The performance objective function considered is the expected total 

optimal conjunctive water use withdrawal rate. Decision variables considered are 

groundwater and surface water withdrawal rates (i.e., positive real values  𝑋, such 

that 𝑋 ∈ ℝ𝑛, where 𝑛 is the total number of groundwater pumping wells and 

surface water diversion points) which are spatially distributed within the model 

domain. In this case, it is assumed that the solution set 𝑋 is closed and bounded, 

and hence the problem has finite number of feasible solutions. 



 

80 
 

Now, let 𝑋 ∈ ℝ𝑛 where 𝑛 =  𝑛𝑔𝑤 + 𝑛𝑠𝑤, be a set of feasible solutions for a 

combined (conjunctive use) decision variable vector  𝑋𝑔𝑤  in space ℝ𝑛𝑔𝑤   and 

decision variable vector 𝑋𝑠𝑤 in space ℝ𝑛𝑠𝑤, of groundwater pumping rate and 

surface water diversion rate respectively; 𝑋∗ be a true optimal solution of the 

objective function 𝑍 (i.e., the true (original) conjunctive water use optimization 

problem (TCOP) (formulation (3.36) through (3.42))); 𝑋𝑘, 𝑋𝑘
∗ be optimal solution 

and optimal value of the objective function 𝑍𝑁𝑘
, respectively (i.e., the 𝑘𝑡ℎ Estimates 

Retrospective Conjunctive water use Sample path Optimization Problem 

(ERCSOP) (formulation (3.45) through (3.51))); and that 𝑋∗, 𝑋𝑘 , 𝑋𝑘
∗  ∈ 𝑋. Using 

ROA method, the ERCSOP optimization sub-problems were solved in a sequence 

of increasing number of realizations/sample size. 

  

Note that the number of sample size (realizations) is increased from sub-problem 

to sub-problem and initial solution (guess) of the current sub-problem is basically 

the returned solution from the previous sub-problem. Hence, based on the Strong 

Law of Large Numbers (SLLN) and Central Limits Theorem (CLT), we claim that, 

for 𝑘 = 1, 2, … , 𝑁𝑆𝑃, convergence can be achieved. This is because by considering 

SLLN and CLT it can be shown that as sample size increases, the optimal solution 

values of the ERCSOP optimization problem asymptotically approaches the 

optimal solution values of the TCOP, hence the optimal solution of  𝑍𝑁𝑘
⟼ 𝑍  that 

is   𝑋𝑘  ⟼ 𝑋∗ as  𝑁𝑘 ⟼ ∞, where 𝑁𝑘 is the number of realizations/sample sizes. 

 

To solve the optimization problem, our ROA method procedure uses a standard 

core optimizer solver, the “Active-Set” algorithm implemented under MATLAB 

environment. In this case, ROA procedure works as follows: for a given set of 
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realizations/sample sizes at  𝑘𝑡ℎ sample path sub-problem, the Active-Set 

optimization solver determines optimal solutions and optimal value based on 

maximization/minimization of objective function of an optimization problem and 

sequentially evaluates the expected total conjunctive water use optimal objective 

function values in a sequence of increasing number of realizations/sample sizes. It 

should be noted that the sequence of increasing number of realizations/sample 

sizes is determined heuristically (Wang et al., 2012). In this research, k-means 

clustering sampling technique was used for the hydraulic conductivity field 

realizations mapping. 

 

Solution Methodology using ROA  

To solve the stochastic conjunctive water use optimization problem using 

Retrospective Optimization Approximation (ROA) method (i.e., to solve the 

ERCSOP problems formulation (3.45) through (3.51) for 𝑘 =  1,2, … , 𝑁𝑆𝑃), the 

following elucidated steps were followed: 

(1) For a given available data (in this case hydraulic conductivity field mean, 

standard deviation and correlation length) generate set of realizations of 

random aquifer hydraulic conductivity fields. 

(2) For each given realizations of 𝜛, run MODFLOW simulation model to 

generate random responses  𝑎𝑖𝑗,𝜛̅ (i.e., 𝜛̅ random responses of hydraulic 

heads/water table level drawdowns) due to a unit groundwater pumping rate 

(we consider existing maximum groundwater pumping rate to represent a unit 

pumping rate)). 
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(3)  Generate a sequence of finite sets of independent identically distributed 

(𝑖. 𝑖. 𝑑. ) samples of random aquifer response matrices 𝐴𝜛̅ of 𝑁 realizations 

of {𝜛̅𝑁𝑘
} = {𝐴𝜛̅1

, … , 𝐴𝜛̅𝑁𝑘
} , for 𝑘 =  1, 2, … , 𝑁𝑆𝑃. 

(4) For a given sequence of finite sets of the generated samples of aquifer 

response matrices realizations use the ROA method to generate a sequence 

of retrospective sample path sub-problems 𝑍𝑁𝑘
 , 𝑘 = 1,2, … , 𝑁𝑆𝑃.  

(5) For each 𝑘𝑡ℎ sample path sub-problem apply Optimizer Solver to provide an 

optimal solution (or a nearly closer optimal solution) 𝑋𝑘 of 𝑍𝑁𝑘
. 

(6)  Repeat step (5) for 𝑘 =  1, 2, … , 𝑁𝑆𝑃 until the optimal solution 𝑋𝑘 converges to 

true optimization problem optimal solution 𝑋∗. Figure 3.6 summarizes flow 

chart for the ROA solution methodology. 

 

Figure 3.6: Flow Chart for Stochastic Optimization Model Using ROA Method 
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CHAPTER FOUR: APPLICATION OF METHODOLOGY TO HYPOTHETICAL 

EXAMPLE 

4.1 INTRODUCTION  

The proposed methodologies were applied to hypothetical aquifer water system 

modified after Tyagi et al. (1995) to illustrate a quantitative conjunctive water use 

management problem. The hypothetical aquifer consisted of a river system, 

surface water diversions, groundwater pumping wells, and agricultural fields. The 

model was formulated to represent realistic hydrology and hydrogeology of aquifer 

water resource systems. The following sub-section presents conceptual models of 

the hypothetical aquifer water system. 

 

4.2 CONCEPTUAL MODELS OF HYPOTHETICAL AQUIFER WATER 

SYSTEM 

In this sub-section, a general surface water, groundwater, and conjunctive water 

use systems conceptual models are presented in a simplified schematic way to 

show the most relevant hydrological and hydrogeological features of the 

hypothetical aquifer. 

 

4.2.1 Surface Water Conceptual Model 

In this example, the river flows from northeast to southwestern part of the aquifer 

system. The river flow is sustained by upstream inflows and flow from a single 

layer alluvial unconfined aquifer. The main river was discretized into five (5) 

reaches. Figure 4.1 shows the discretized conceptual model of the system.  
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Figure 4.1: A Discretized Surface Water Conceptual Model Layout Schematic 

Diagram  

 

The river was assumed to be of excellent saturated hydraulic connection with the 

aquifer. The river channel was assumed to be a natural rectangular channel with 

an average width ranging from 80 to 100m and a riverbed depth ranging from 2 to 

3m. The water users were allowed to divert water for irrigation from the main river 

at upstream (U/S) location point (diversion canal DC1 and DC2) as shown in 

Figure 4.1. Agricultural fields occur on both sides of the river banks. 
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4.2.2 Groundwater Conceptual Model 

The hypothetical aquifer has a rectangular areal extent of 100km by 50km which 

was uniformly discretized into 30 grid cells in 5 rows and 6 columns with an equal 

grid spacing of 16.667km in the x - direction and 10.0km in the y – direction. Finite 

difference method was used to discretize the area. Figure 4.2 shows finite 

difference groundwater conceptual model layout. 

 

  Figure 4.2: Finite Difference Groundwater Conceptual Model Layout  

 

It was assumed that the aquifer has no-flow boundary conditions on the western 

part. On the eastern, northern and southern parts of the model domain boundaries 

provide a controlled general head flow. The potential groundwater pumping wells 

are located in 15 internal active model domain grid cells as shown in Figure 4.2. 
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Aquifer heads at these potential groundwater pumping wells were restricted by not 

allowing them to fall below 50 percent of the specified saturated aquifer 

thicknesses. The aquifer system has an average saturated thickness ranging from 

93.50m to 135.20m. Figure 4.3 shows groundwater conceptual model 

hydrogeological unit cross –section A – A (see figure 4.2). 

 

Figure 4.3: Groundwater Conceptual Model Hydrogeological Unit Cross-Section 

 

4.2.3 Conjunctive Water Use Conceptual Model 

The surface water and groundwater conceptual models were integrated to build up 

surface water-groundwater conjunctive water use model. Figure 4.4 shows a 

simplified conjunctive water use conceptual model of the system. 
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Figure 4.4: Conjunctive Water Use Conceptual Model of the System 

Figure 4.5 shows a schematized model showing the conjunctive water use 

components. 

   

Figure 4.5: Schematized Model Showing the Conjunctive Water Use Components 
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In this example, it was assumed that irrigation is the only main water user.  The 

irrigated area receives water from the surface water diversions as well as 

groundwater pumping wells. Recharge to the groundwater body from the fields 

was adopted as 7.5 percent of application losses and total net recharge was 

estimated at a rate of 106mm/year (Tyagi et al., 1995). Recharge from canal 

conveyance losses were assumed to be negligible because water flows through 

new pipe and lined concrete canal. 

  

4.3 CONJUNCTIVE WATER USE MANAGEMENT MODEL 

In this sub-section, management (optimization) model results of the hypothetical 

example solved through standard deterministic simulation-optimization approach 

and the proposed stochastic methodology (i.e., Retrospective Optimization 

Approximation (ROA) method framework) discussed in Chapter three are 

presented.  

 

The overall optimization problem was to establish: (1) optimal conjunctive water 

use withdrawal strategy satisfying all (or nearly all) the pre-specified constraints; 

and (2) optimal groundwater pumping rates (i.e., when groundwater source was 

considered as the only source of water supply) satisfying all (or nearly all) the 

prescribed set of constraints. 

 

4.3.1 Objective 

The objective was to maximize surface water and groundwater production rates so 

as to meet total water demands without violating the prescribed set of constraints. 
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4.3.2 Constraints 

To ensure sustainable utilisation of surface water and groundwater resources, the 

optimization problem was subjected to the following constraints: 

(i) For sustenance of surface water river flow for downstream ecological 

requirements, the surface water level (river/stream stages) at the specified 

control river/stream reaches were not allowed to fall below 2.5m above sea 

level. 

(ii) To avoid excessive drawdown of the aquifer (groundwater) water system 

along rivers/stream corridors and hence excessive depletion of river/stream 

flow, aquifer heads in grid cells next to the river/stream course were not 

allowed to fall below river/streambed bottom elevations. 

(iii) Surface water and groundwater withdrawal rates from each potential surface 

water diversion point and pumping well was limited to a maximum withdrawal 

rate. 

(iv) To ensure existing water demands are met, groundwater/surface water 

withdrawal rates should be greater than or equal to the current withdrawal 

rates.   

(v) Total groundwater pumping rate should be less than or equal to total aquifer 

recharge. 
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West 

North 

East 

South 

Aquifer Hydraulic Conductivity: 

The heterogeneous aquifer system property (hydraulic conductivities) of the model 

domain is characterised by five (5) zones as shown in Figure 4.6 

 

50.0km 

           0.0                                                                                               100.0km 

Figure 4.6: Heterogeneous Aquifer Hydraulic Conductivity Zones 

 

4.3.3 Deterministic Conjunctive Water use Management  

In deterministic conjunctive water use management, the hydraulic conductivity and 

hence transmissivities were considered spatially invariant. It was assumed that 

field measurements were adequate, precisely measured and hence all the 

associated parameters were set fixed. Table 4.1 and 4.2 present river and aquifer 

systems properties parameter values after Tyagi et al. (1995), which were used for 

simulation-optimization problems analysis. 

 

 

 

 

Zone 1: Hydraulic Conductivity Value K =  16.385m/day 

Zone 2: Hydraulic Conductivity Value K = 16.588m/day 

Zone 3: Hydraulic Conductivity Value K = 16.238m/day 

Zone 4: Hydraulic Conductivity Value K = 13.378m/day 

Zone 5: Hydraulic Conductivity Value K = 11.262m/day 
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   Table 4.1: River System Model Inputs Parameters 

R/Cell River Stage Elev. AMSL (m) River Bottom Elev. AMSL (m) 

2,1 202.25 200.75 

2,2 203.68 201.68 

2,3 208.53 206.53 

2,4 216.98 214.98 

2,5 224.15 222.65 

3,1 197.86 195.86 

3,5 219.42 216.42 

4,1 198.70 195.70 

4,2 209.10 206.10 

4,3 211.00 208.00 

4,4 212.90 209.90 

4,5 216.83 214.83 

 

    

Table 4.2: River/Stream-Aquifer System Properties Model Inputs Parameters 

Item River/Stream - Aquifer System Property Parameter value 

1 Average River/Streambed Hydraulic Conductivity 0.2 m/day 

2 Average River Width ranges 80.0 m – 100.0 m 

3 Average Riverbed Thickness ranges 2.0 m – 3.0 m 

4 Average Aquifer Saturated Thickness ranges 93.50 m – 135.20 m 

5 Average Aquifer Hydraulic Conductivity 14.77 m/day 

6 Aquifer specific yield 0.1 

7 Average Total Groundwater Net Recharge 106 mm/annum 
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Discussion of Model Results  

It should be noted that in this research, management model for groundwater as 

sole source of water supply is only applied to this example for the purpose of 

comparison of the results with the optimal groundwater pumping rates scheme 

determined by Tyagi et al. (1995) through embedded approach.  

 

In this example, the simulation optimization model was solved by considering the 

maximum withdrawal rate limits (i.e., the constraining upper bounds) equal to n 

times the current groundwater pumping rates, where the derived “n” multiple 

values were assumed to be equal to the ratios (proportion values) of the optimal 

groundwater pumping rate values to the current (existing) groundwater pumping 

rates. The derived n multiple values with their corresponding current and the 

example of optimal groundwater pumping rates determined by Tyagi et al. (1995) 

are presented in Table 4.3. 

 

The existing un-optimized groundwater pumping rates ranged from a minimum of 

2988.00 m3/day to a maximum of 59400 m3/day. The optimal groundwater 

pumping rates determined by Tyagi et al. (1995) ranged from a minimum of 

9000.00 m3/day to a maximum of 305280.00 m3/day. Table 4.3 shows the existing 

un-optimized and the example of optimal groundwater pumping rates after Tyagi et 

al. (1995) with corresponding derived n multiple values.    
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Table 4.3: Derived n Multiple Values with Corresponding Current and Example 

Optimal Groundwater Pumping Rates 

P.Well Current Pumping 

Rate*(m3/day) 

Example Optimal 

Pumping Rate* 

(m3/day) 

n Multiple Value 

PW1 11448.00 93240.00 8 

PW2 13428.00 285480.00 21 

PW3 16488.00 305280.00 19 

PW4 59400.00 291600.00 5 

PW5 47520.00 86040.00 2 

PW6 12456.00 87120.00 7 

PW7 12168.00 72720.00 6 

PW8 7668.00 30600.00 4 

PW9 8352.00 47520.00 6 

PW10 17496.00 59400.00 3 

PW11 4968.00 68400.00 14 

PW12 3960.00 9000.00 2 

PW13 3204.00 54000.00 17 

PW14 2988.00 48240.00 16 

PW15 27720.00 50040.00 2 

* Current and Example optimal groundwater pumping rates (10hrs pumping period 

per day) derived after Tyagi et al. (1995). 

 

It should be noted that in conjunctive water use of surface water and groundwater, 

the total current (existing) surface water diversion (withdrawal) rates at two 

diversion points located at (see Figure 4.1 DC1 and DC2) the upstream of the 

main river was assumed to be equal to 72,000.00m3/day and 90,000.00m3/day, 

respectively. In which, it was assumed that the maximum surface water withdrawal 

rate constraining limits (i.e., the upper bounds) was set equals to the current 
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surface water withdrawal rate times an N multiple number. In this example, two 

cases were considered for simulation optimization problems analysis as follows: 

 

Case 1:  Groundwater as only Source of Water Supply 

Table 4.4 shows optimal groundwater pumping rates solution with corresponding 

saturated aquifer thicknesses. 

 

Table 4.4: Optimal Pumping Rates Solution with Corresponding Saturated Aquifer 

Thicknesses 

P.Well Optimal Pumping Rate 

(m3/day) 

Saturated Thickness* (m) 

PW1 93240.00 106.66 

PW2 285480.00 108.53 

PW3 305280.00 102.32 

PW4 291600.00 93.55 

PW5 86040.00 118.76 

PW6 87120.00 112.17 

PW7 72720.00 100.82 

PW8 30600.00 94.11 

PW9 47520.00 99.64 

PW10 59400.00 109.85 

PW11 68400.00 135.21 

PW12 9000.00 127.35 

PW13 54000.00 112.89 

PW14 48240.00 107.72 

PW15 50040.00 118.19 

 *Saturated thicknesses after Tyagi et al. (1995).  
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Based on the results presented in Table 4.4, the optimal groundwater pumping 

rate solution strategy obtained ranges from a minimum of 9000.00 m3/day (in 

pumping well PW12) to maximum of 305280.00 m3/day (in pumping well PW3). 

This optimal groundwater pumping rate strategy resulted in an optimal objective 

function value of 1,588,680.00 m3/day. The optimal pumping rates solution 

obtained from this example, were verified through the pumping rates determined 

by Tyagi et al. (1995). Figure 4.7 shows comparison of the optimal groundwater 

pumping rate solution with the example of optimal pumping rate solution 

determined by Tyagi et al. (1995). 

 

Figure 4.7: Comparison of Optimal Pumping Rate Solution with Example Optimal 

Pumping Rate Solution 
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As it can be seen from Figure 4.7 the two graphs coincide. The optimal 

groundwater pumping rates calculated in this case were almost equal to the 

pumping rates determined by Tyagi et al. (1995). This implies that ROA method 

can be relied upon to give accurate results as any other tested method in use. 

Figures 4.8 and 4.9 present the results of this case in 2Dimension and 3Dimension 

views, respectively. 

 

 Figure 4.8: Optimal 2D Bubble Chart Groundwater Pumping Rates Strategy 

 

In Figure 4.8, the size of bubble circle indicates the magnitude of the groundwater 

pumping rates. Thus, the biggest bubble circle indicates groundwater well of the 

highest pumping rate, and vice versa. As expected, pumping rate magnitudes of 

the pumping wells varied in accordance to their location in the model domain. This 
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is due to the aquifer properties and boundary conditions differences of the model 

domain. For example, pumping wells located closer to river boundary have 

relatively higher pumping rates compared to those which are far from the main 

river course because pumping wells which are closer to river course may have 

additional recharge opportunity compared to those which are far from the river 

course.  Also it depends on boundary conditions (such as no-flow boundary) and 

the magnitude of hydraulic conductivity/transmissivity values (see Figures 4.4, 4.6 

and 4.8).  In Figure 4.9, a 3D spatial distribution of pumping wells is presented, in 

which the highest height stem represents the pumping well of the highest 

groundwater pumping rate, and vice versa.  

    

 Figure 4.9: Optimal 3D Stem View of Groundwater Pumping Strategy 
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From Figures 4.8 and 4.9, pumping wells PW3 and PW12 have maximum and 

minimum groundwater pumping rates, respectively. The high difference in pumping 

rate is due to high variation in groundwater (aquifer) recharge opportunity as well 

as variations in aquifer hydraulic conductivity zones (see Figure 4.6). Pumping well 

PW3 is closer to the main river course compared to pumping well PW12 (refer to 

Figure 4.4) which is located far from the main river course. Pumping well PW3 

receives recharge from the river compared to pumping wells which are relatively 

far from the river. 

  

Higher pumping rates are also reflected in pumping wells PW2 and PW4 which are 

also closer to the main river course. Aquifer recharge contributes to aquifer 

storage as well as to the groundwater pumping yield. It should be noted that even 

though pumping wells PW1, PW5, and PW6 are closer to the main river course, 

their pumping rates are relatively low compared to those of pumping wells PW2, 

PW3, and PW4. This may be attributed to differences in water table-elevations, 

saturated thickness and hydraulic conductivity/transmissivity values. Pumping 

wells PW1, PW6 and PW11 are closer to no-flow boundary hence; higher pumping 

rates would mean violation of the maximum allowable drawdown constraints. 

 

It was observed that when this maximum groundwater pumping rate solution was 

used as simulation model inputs, pumping well PW6 became dry.  This implies that 

some constrains in the simulation optimization problem were violated. This means 

that the feasible optimal solution strategy obtained under this environment satisfies 

all groundwater pumping wells constrains, except pumping well PW6. 
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Case 2: Conjunctive Water use 

In the case of conjunctive water use, it was assumed that in critical dry periods, 

groundwater supply is supplemented by surface water supply. The conjunctive 

water use management optimization problem was solved with the overall objective 

of maximizing the water production rates subject to the same constrains as 

imposed in groundwater model but, with additional surface water constrains which 

restricted river flow from not falling below prescribed base flow level. Table 4.5 

presents optimal conjunctive water use withdrawal rates strategy.  

 Table 4.5: Optimal Conjunctive water use Withdrawal Rates Strategy 

 

 

 

 

 

 

 

 

 

 

 

PW/SWD Optimal Conjunctive use Withdrawal Rate (m3/day) 

PW1 93240.00 

PW2 285480.00 

PW3 305280.00 

PW4 291600.00 

PW5 86040.00 

PW6 87120.00 

PW7 72720.00 

PW8 30600.00 

PW9 47520.00 

PW10 59400.00 

PW11 68400.00 

PW12 9000.00 

PW13 54000.00 

PW14 48240.00 

PW15 50040.00 

SWD01 224800.00 

SWD02 261200.00 

 2072607.00 
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In Table 4.5, it can be observed that conjunctive water use optimal solution 

strategy obtained had a maximum withdrawal rate of 305280.00 m3/day and 

minimum withdrawal rate of 9000.00 m3/day with objective function volume rate of 

2,072,607.00 m3/day.  Figure 4.10 shows histogram of the conjunctive water use 

optimal withdrawal rates. 

 

Figure 4.10: Conjunctive Water Use Optimal Groundwater and Surface Water 

Withdrawal Rates 

 

As was expected in Figure 4.10, groundwater maximum and minimum withdrawal 

rates occurred at pumping wells PW3 and PW12, respectively. This is mainly due 

to differences in hydraulic conductivity and boundary condition variations in the 

model domain.  
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In this example, surface water source contributed a total withdrawal volume rate of 

486000.00 m3/day which is about 23.45 percent of the total withdrawal rate with 

the remaining 76.55 percent being contributed by groundwater aquifer. Figure 4.11 

presents the overall percentages of contribution of surface water and groundwater 

sources to the total optimal conjunctive water use withdrawal rate in a pie chart 

view. 

 

 

Figure 4.11: Overall Percentages of Contribution of Surface Water and 

Groundwater Sources to the Total Optimal Conjunctive Use Withdrawal Rate  

 

In Figure 4.11, it emerged that groundwater source contributed higher percentage 

of the total optimal conjunctive water use than surface water source. This tends to 
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suggest that the aquifer system has more water storage for supply than the 

surface water storage system. Figure 4.12 compares the existing un-optimized 

conjunctive water use scheme with the optimal conjunctive water use withdrawal 

rate scheme. 

 

Figure 4.12: Comparison of Existing Un-optimized versus Optimized Deterministic 

Optimal Conjunctive Water Use Withdrawal Rate Schemes 

 

From Figure 4.12, it can be observed that pumping wells which had higher 

groundwater withdrawal rates in existing (un-optimized) pumping scheme also 

have higher withdrawal rates in optimized scheme. In Figure 4.12, optimal 

conjunctive water use scheme withdrawal rates are higher than the existing un-

optimized conjunctive water use scheme withdrawal rates. In all two conjunctive 
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water use schemes the lowest groundwater withdrawal rate occurred at pumping 

well PW12. High magnitude of withdrawal rate variations occurred in pumping 

wells PW2, PW3, and PW4.  As mentioned in previous case, the main reason 

behind this is due to the fact that aquifer properties and boundary conditions as 

well as water table level variations control the groundwater pumping rates and 

consequently the conjunctive use withdrawal rates. Pumping well PW12 is located 

far from main river course and in a lower hydraulic conductivity value zone than 

pumping wells PW2, PW3, and PW4.  

 

Concluding Remarks 

It can be concluded that the deterministic methodology proposed gives similar 

results as those by Tyagi et al. (1995). This indicates that the proposed 

deterministic models (i.e., groundwater as sole source of water supply 

management model and its extension, which is conjunctive water use 

management model) are capable to manage quantitative conjunctive water 

use/groundwater resource optimization problems within the deterministic 

limitations.  Hence, this implies that ROA approach can be relied upon to give 

accurate results as any other tested method in use. 

 

4.3.4 Stochastic Conjunctive Water use Management  

In stochastic conjunctive water use management, the optimization problem was 

solved while assuming heterogeneous aquifer properties (hydraulic conductivity 

property). Five (5) heterogeneous zones of the hydraulic conductivity fields were 

identified in the hydrogeological unit as shown in Figure 4.6. The stochastic 
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conjunctive water use optimization problem was solved and evaluated through 

Retrospective Optimization Approximation (ROA) method framework (i.e., the 

methodology developed in Chapter three).  

 

Description of the stochastic optimization problem 

In this example, a total of 500 realizations of uncertain hydraulic conductivity fields 

were generated from the heterogeneous aquifer system. A correlation length of 

100,000m by 50,000m in a 2-Dimensional x-, y-direction, respectively, was 

considered sufficient enough to capture significant representation of input 

parameter uncertainties.  

 

Fifteen (15) groundwater monitoring wells (control points) and two (2) surface 

water gauging stations (control points) were identified active and the attributes 

used account for variations in aquifer properties. It should be noted that the same 

control points and pumping wells locations are used to measure responses of the 

aquifer system (aquifer heads/water table level drawdowns) when subjected to 

external stresses (in this case, a unit pumping rate) for every realization of 

hydraulic conductivity field. 

 

Assemblage of aquifer system responses due to the 500 realizations of hydraulic 

conductivity fields resulted in a total of 7502 response matrix rows (observations). 

Hence, in total, the constraining response matrices of 7502 by 15, and 7502 by 17 

were generated for groundwater as only source of water supply management 

model, and conjunctive water use management model, respectively. These 

response matrices were used to generate (sample) ten (10) sample path 
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optimisation sub-problems of different sample sizes (observation rows) for each of 

the respective management models. Sample sizes were determined heuristically. 

Table 4.6 presents the description of formulation of sample path optimization sub-

problems generated for the ROA method framework evaluation. 

 

Table 4.6: Descriptions of Sample Path Optimization Sub-Problems  

Sample Path 
Sub-Problem 

# Realizations Response Matrix   
(# Rows/Constraints) 

#Columns                            
(#Decision Variables*) 

SOSP1 1 17 15/17 

SOSP2 5 77 15/17 
SOSP3 10 152 15/17 

SOSP4 20 302 15/17 
SOSP5 30 452 15/17 
SOSP6 50 752 15/17 
SOSP7 100 1502 15/17 
SOSP8 150 2252 15/17 

SOSP9 200 3002 15/17 
SOSP10 500 7502 15/17 

*Decision variables for groundwater and conjunctive use withdrawal rates  

The sequence of 1, 5, 10, 20, 30, 50, 100, 150, 200, 500 realizations of hydraulic 

conductivity fields generated a sequence of 17, 77, 152, 302, 452, 752, 1502, 

2252, 3002, and 7502 of constraints, respectively (i.e., sample rows/observation 

rows, excluding total recharge constrain). This sequence of constraints generated 

the corresponding ten (10) sample path optimization sub-problems in a sequence 

of increasing number of rows (including aquifer total recharge constrain) of 18, 78, 

153, 303, 453, 753, 1503, 2253, 3003, and 7503 (excluding lower and upper 

bounds, and nonnegative bounds constraints).  
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Discussion of Model Results 

To investigate how parameter uncertainty (in this case, uncertainty due to spatial 

variations of aquifer system hydraulic conductivity fields) impacts on the 

management model performance, the stochastic optimization problem was solved 

and evaluated using ROA method framework by considering two cases. In the first 

case, groundwater was considered as the only source of water supply and then as 

conjunctive water use.  

 

In order to compare results obtained in these schemes with those of deterministic 

schemes, withdrawal rates limits (i.e., minimum and maximum limits (i.e., the lower 

and upper bounds constraining values)) constraining values of these cases were 

set equal to those of the optimal deterministic schemes. 

    

Case 1:  Groundwater as only Source of Water Supply 

In this case, groundwater model application results of the sample path optimization 

sub-problems (SOSPs) corresponding to the 500 realizations of hydraulic 

conductivity fields generated is discussed. Table 4.7 presents the groundwater 

sample path optimization sub-problems (SOSPs) solutions. 
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Table 4.7: Groundwater Sample Path Optimization Sub-Problems Solutions 

PW SOSP1R1 SOSP2R5 SOSP3R10 SOSP4R20 SOSP5R30 SOSP6R50 SOSP7R100 SOSP8R150 SOSP9R200 SOSP10R500 

PW1 93240.00 139860.00 170940.00 194250.00 212898.00 228438.00 241758.00 253413.00 263773.00 273097.00 

PW2 285480.00 428220.00 523380.00 594750.00 651846.00 699426.00 740208.86 775893.86 807613.86 836161.86 

PW3 305280.00 457920.00 559680.00 636000.00 697056.00 747936.00 791547.43 829707.43 863627.43 894155.43 

PW4 291600.00 437400.00 534600.00 607500.00 665820.00 714420.00 756077.14 792527.14 824927.14 854087.14 

PW5 86040.00 129060.00 157740.00 179250.00 196458.00 210798.00 223089.43 233844.43 243404.43 252008.43 

PW6 87120.00 130680.00 159720.00 181500.00 198924.00 213444.00 225889.71 236779.71 246459.71 255171.71 

PW7 72720.00 109080.00 133320.00 151500.00 166044.00 178164.00 188552.57 197642.57 205722.57 212994.57 

PW8 30600.00 45900.00 56100.00 63750.00 69870.00 74970.00 79341.43 83166.43 86566.43 89626.43 

PW9 47520.00 71280.00 87120.00 99000.00 108504.00 116424.00 123212.57 129152.57 134432.57 139184.57 

PW10 59400.00 89100.00 108900.00 123750.00 135630.00 145530.00 154015.71 161440.71 168040.71 173980.71 

PW11 68400.00 102600.00 125400.00 142500.00 156180.00 167580.00 177351.43 185901.43 193501.43 200341.43 

PW12 9000.00 13500.00 16500.00 18750.00 20550.00 22050.00 23335.71 24460.71 25460.71 26360.71 

PW13 54000.00 81000.00 99000.00 112500.00 123300.00 132300.00 140014.29 146764.29 152764.29 158164.29 

PW14 48240.00 72360.00 88440.00 100500.00 110148.00 118188.00 125079.43 131109.43 136469.43 141293.43 

PW15 50040.00 75060.00 91740.00 104250.00 114258.00 122598.00 129746.57 136001.57 141561.57 146565.57 

 1588680.00 2383020.00 2912580.00 3309750.00 3627486.00 3892266.00 4119220.29 4317805.29 4494325.29 4653193.29 
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Based on results shown in Table 4.7, the optimal solutions corresponding to the 

sequence of groundwater sample path optimization sub-problems generated yields 

optimal objective function values ranging from a minimum of 1588680.00 m3/day to 

a maximum of 4653193.29 m3/day. From Table 4.7, it can be observed that the 

optimal pumping rate solutions corresponding to the 500 hydraulic conductivity 

realizations generated are different from one another as well as those from 

deterministic approach, except when realization/sample size is equal to 1.  

 

This is because the optimal solutions depend on the outcomes of realizations of 

hydraulic conductivity fields. It should be realized that the optimal pumping rate 

solution corresponding to realization/sample size equal to 1 are exactly the same 

as deterministic optimal solution strategy determined by Tyagi et al. (1995), as can 

be seen in Figure 4.13, and Tables 4.4 and 4.7 column SOSP1R1. This further 

proves that ROA method can be relied upon to give accurate results as any other 

tested method in use. Figure 4.13 presents groundwater sample path optimization 

sub-problems optimal solutions and the example of optimal pumping rate solution. 
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Figure 4.13: Groundwater Sample Path Sub-Problems Optimal Solutions 

 

From Figure 4.13, the optimal solution corresponding to the sample path 

optimization sub-problem (SOSP1) with realization/sample size equal to 1 are 

almost the same as the example optimal solution deterministically obtained by 

Tyagi et al. (1995). The graphs of optimization sub-problem (SOSP1) optimal 

solution and the example of optimal solution fit each other (see Figure 4.13). In 

Figure 4.13, the sample path optimization sub-problems optimal solutions 

converge towards the true groundwater optimization optimum solution as the 

sample size increases.  
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The ninth optimal solution (SOSP9) is very close to the true optimization problem 

(SOSP10). The tenth sample path optimization problem (SOSP10) which 

considers all the 500 realizations generated, converges in a relatively few 

iterations because its initial solution guess (which is solution of SOSP9) is 

probably nearly equal to the true groundwater optimization problem (i.e., SOSP10) 

optimal solution. In order to evaluate the performance of the ROA framework, the 

optimization problems were solved with different initial solution (guesses) for three 

runs, which resulted in different optimal solutions and, therefore, different objective 

function values. The results for the expected total pumping rates evaluated over 

500 realizations for three runs were then averaged. Figure 4.14 shows the 

performance of the ROA framework with cluster sampling for the groundwater 

management hypothetical example evaluated over the 500 realizations. 

 

Figure 4.14: Performance of ROA with Cluster Sampling for the Groundwater 

Management Hypothetical Example  
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From Figure 4.14, the ROA expected total pumping rate (average of three runs) 

converged to its maximum value of about 4.7 x 106 m3/day in about 6 iterations 

(evaluated over the 500 realizations of hydraulic conductivity fields).  

 

Case 2: Conjunctive Water Use 

In this case, the same sample size sequence was considered as the one used in 

the groundwater management model analysis, except that the number of decision 

variables were increased from 15 to 17 to represent additional surface water 

diversion points (decision variables) from river surface water source. The 

Conjunctive water use Sample path Optimization Sub-Problems (SOSPs) were 

solved and evaluated through ROA framework. Results of the ROA method 

framework for the conjunctive water use case are summarized in Table 4.8. 
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Table 4.8: Conjunctive Water Use Sample Path Optimization Sub-Problems Optimal Solutions 

PW/SWD SOSP1R1 SOSP2R5 SOSP3R10 SOSP4R20 SOSP5R30 SOSP6R50 SOSP7R100 SOSP8R150 SOSP9R200 SOSP10R500 

PW1 93240.00 139860.00 170940.00 194250.00 212898.00 228438.00 241758.00 253413.00 263773.00 273097.00 

PW2 285480.00 428220.00 523380.00 594750.00 651846.00 699426.00 740208.86 775893.86 807613.86 836161.86 

PW3 305280.00 457920.00 559680.00 636000.00 697056.00 747936.00 791547.43 829707.43 863627.43 894155.43 

PW4 291600.00 437400.00 534600.00 607500.00 665820.00 714420.00 756077.14 792527.14 824927.14 854087.14 

PW5 86040.00 129060.00 157740.00 179250.00 196458.00 210798.00 223089.43 233844.43 243404.43 252008.43 

PW6 87120.00 130680.00 159720.00 181500.00 198924.00 213444.00 225889.71 236779.71 246459.71 255171.71 

PW7 72720.00 109080.00 133320.00 151500.00 166044.00 178164.00 188552.57 197642.57 205722.57 212994.57 

PW8 30600.00 45900.00 56100.00 63750.00 69870.00 74970.00 79341.43 83166.43 86566.43 89626.43 

PW9 47520.00 71280.00 87120.00 99000.00 108504.00 116424.00 123212.57 129152.57 134432.57 139184.57 

PW10 59400.00 89100.00 108900.00 123750.00 135630.00 145530.00 154015.71 161440.71 168040.71 173980.71 

PW11 68400.00 102600.00 125400.00 142500.00 156180.00 167580.00 177351.43 185901.43 193501.43 200341.43 

PW12 9000.00 13500.00 16500.00 18750.00 20550.00 22050.00 23335.71 24460.71 25460.71 26360.71 

PW13 54000.00 81000.00 99000.00 112500.00 123300.00 132300.00 140014.29 146764.29 152764.29 158164.29 

PW14 48240.00 72360.00 88440.00 100500.00 110148.00 118188.00 125079.43 131109.43 136469.43 141293.43 

PW15 50040.00 75060.00 91740.00 104250.00 114258.00 122598.00 129746.57 136001.57 141561.57 146565.57 

SWD1 224800.00 540000.00 660000.00 750000.00 822000.00 882000.00 933428.57 978428.57 1018428.57 1054428.57 

SWD2 261200.00 675000.00 825000.00 937500.00 1027500.00 1102500.00 1166785.71 1223035.71 1273035.71 1318035.71 

 2072607.00 3598020.00 4397580.00 4997250.00 5476986.00 5876766.00 6219434.57 6519269.57 6785789.57 7025657.57 
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From Table 4.8, it can be observed that optimal objective functions values range 

from a minimum of 2072607.00m3/day to a maximum of 7025657.57m3/day. It is 

also interesting to note that the optimal conjunctive water use withdrawal rate 

solutions corresponding to the 500 hydraulic conductivity realizations are different 

from one another as well as from the deterministic solution, except when 

realization/sample size is equal to 1 (see Table 4.8 column SOSP1R1 and Table 

4.5 results). This is because the optimal withdrawal rates depend on the outcomes 

of the uncertainty realizations. Figure 4.15 shows conjunctive water use sample 

path optimization sub-problems solutions. 

 

Figure 4.15: Conjunctive Water Use Sample Path Optimization Sub-Problems 

Solutions 
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Figure 4.15 indicates that the sample path optimization sub-problems solutions 

converge to the true conjunctive water use optimization problem (i.e., SOSP10) as 

the sample size increases. It should be noted that the first sample path 

optimization problem (SOSP1) is inexpensive because computing every optimal 

solution or objective function requires only one function evaluation. The tenth 

sample path optimization problem (SOSP10) which considers all the 500 

realizations generated, converges in a relatively few iterations because its initial 

solution (which is solution of problem SOSP9) is probably nearly equal to the true 

optimization problem (i.e., SOSP10) optimal solution. Figure 4.16 presents 

histogram diagram for the true optimization problem (SOSP10) optimal conjunctive 

water use withdrawal rates. 

 

Figure 4.16: Conjunctive Water Use Optimized Surface Water and Groundwater 

Withdrawal Rates 
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From Figures 4.15 and 4.16, the highest and lowest groundwater pumping rates 

occurred at the same pumping wells PW3 and PW12, respectively. It is also 

interesting to see that even though pumping wells appeared to have high pumping 

rates compared to the deterministic case, re-simulation using this optimal solution 

scheme indicates that no pumping well became dry. This implies that the feasible 

optimal solution obtained satisfy all defined constraints. This change effect may 

suggest that uncertainty realization outcomes of hydraulic conductivity fields 

dictate groundwater pumping rates and consequently the conjunctive water use 

withdrawal rates. 

 

To evaluate the overall performance of the ROA framework for conjunctive water 

use management, the sample path optimization problems were solved with 

different initial solutions (guesses) for three runs, which consequently resulted in 

different optimal solutions and, therefore, different expected objective function 

values. The results for the expected total conjunctive water use withdrawal rate 

evaluated over 500 realizations for three runs were then averaged.  Figure 4.17 

shows overall performance of the ROA framework for the conjunctive use 

management model with cluster sampling evaluated over 500 realizations. 
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Figure 4.17: Overall Performance of ROA with Cluster Sampling for Conjunctive 

Water Use Hypothetical Example  

 

In Figure 4.17, the ROA expected total conjunctive water use withdrawal rate 

(average of three runs) converged to its maximum value of about 7.0 x 106 m3/day 

within 6 to 7 iterations (evaluated over the 500 realizations of hydraulic 

conductivity fields). Figure 4.18 presents overall percentages of surface water and 

groundwater sources contributions to the ROA total optimal conjunctive water use 

withdrawal rate in a pie chart view. 
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Figure 4.18: Overall Percentages of Surface Water and Groundwater sources 

Contribution to the ROA Total Optimal Conjunctive Water Use Withdrawal Rate 

  
In Figure 4.18, surface water source contributed about 34 percent of the total 

water required, while the remaining 66 percent was contributed by groundwater 

source. 

 

Concluding Remarks 

It emerged that optimal withdrawal volume rates strategies designed based on 

deterministic optimization approach have lower withdrawal volume rates values 

than those designed based on ROA approach (stochastic optimization approach). 

This suggests that the deterministic approach provides unrealistic solution results 

and underestimates pumping volume rates. In all maximized pumping rate 
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schemes (i.e., groundwater as only source of water supply model and conjunctive 

water use model) it has been revealed that the difference between optimized 

withdrawal rate schemes (deterministic and ROA optimal withdrawal rates) and the 

existing un-optimized withdrawal rate scheme is high. This suggests further that 

there is potential volume of groundwater resource storage in the aquifer system 

which is undeveloped. 
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CHAPTER FIVE: APPLICATION OF METHODOLOGY TO OLIFANTS RIVER 

BASIN 

 

5.1 INTRODUCTION 

In Chapters one, two and three, the main objective, concepts and methodological 

framework of this study were presented and discussed. The overall modelling 

motivation of this research was to develop a methodology which is capable of 

optimizing the conjunctive water use of surface water and groundwater resources 

of the Olifants River basin taking into account uncertainty arising due to scarcity of 

data in the study area. 

 

5.2 THE STUDY AREA 

The study was carried out in the Great Letaba River catchment (also known as the 

Groot Letaba River catchment) area in the primary drainage region B of the 

Olifants River basin Water Management Area (WMA) situated in the Limpopo 

Province of South Africa. The Great Letaba River is one of the major tributaries of 

the Olifants River.  Figure 5.1 shows the study area location map.  
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Figure 5.1: Study Area Location Map 

 

The study area River catchment is characterised by high elevation differences 

between 301 and 2121m (AMSL). It should clearly be noted that in many decades 

most of studies (DWAF, 1990, 1994, 1998, 2003, 2004, 2006a, 2006b, 2006c, etc.) 

consider the study area River catchment as part of Limpopo River basin. This is 

because previously the Great (Groot) Letaba River catchment area was known to 

be within the then Luvuvhu/Letaba Water Management Area (WMA) which was 

falling in the Limpopo River basin, until recently (20th August 2012) when it was 

officially declared by the Government of South Africa as being part of the Olifants 

River basin (Thomas, 2015).  

 

The study area covers a surface area of approximately 4952 km2 (DWAF, 2006c). 

The main urban areas in the catchment are Tzaneen and Nkawakowa. The Kruger 

National Park (KNP) is located at the eastern lower end of the catchment to the 

Mozambique border. 
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In the study area River catchment along the Letsitele River tributary, a new dam 

(N’wamitwa Dam) has been proposed for construction so as to meet ever 

increasing water demand. However, improved operating techniques appear to 

offer a more favourable option compared to the construction of new dams for the 

present. Hence, implementation of new water resources techniques such as 

conjunctive water use is of paramount importance for the present water shortages 

(DWAF, 2006a).   

 

5.3    CONCEPTUAL MODELS OF THE STUDY AREA 

This sub-section presents surface water, groundwater, and conjunctive water use 

systems conceptual models in a simplified manner to show the most relevant 

hydrological and hydrogeological features. 

 

5.3.1 Surface Water Conceptual Model 

The study area is mainly drained by the Great Letaba River and its tributaries (see 

Figure 5.2). From the confluence of the Great Letaba and Klein Letaba Rivers, the 

Great Letaba River flows to the eastward through the Kruger National Park (KNP) 

until it joins with the Olifants River near the border to Mozambique. Figure 5.2 

shows the study area River system and flow gauging stations networks. 
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Figure 5.2: Study Area River System and Flow Gauging Stations Networks  

 

It should be noted that flow gauging station network in the study area is poor. Most 

of the stations are concentrated in the upper part of the catchment (DWAF, 

2006b). The study area regional water supply scheme uses water from the Great 

Letaba River and its tributaries to supply water to a number of towns including 

Polokwane (Pietersburg), Tzaneen, Duiwelskloof, Haenertsburg and to various 

villages. Also extensive irrigation activities occurring within the catchment is 

supplied with water from this water supply system (DWAF, 2003). Figure 5.3 

shows the regional water supply scheme components of the study area in a 

schematized layout. 
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Figure 5.3: Study Area Regional Water Supply Scheme Components  

Source: Adopted after (DWAF, 2003)  

 

Based on limited hydrological and water use information available, surface water 

conceptual water balance model of the river system was developed and 

schematized in a simple manner. Figure 5.4 shows the study area surface water 

conceptual model schematized layout. 
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Figure 5.4: Study Area Surface Water Conceptual Model Schematized Layout 

 

5.3.2 Groundwater Conceptual Model 

The study area River catchment aquifers are predominantly secondary with 

exception of alluvial deposits along the main river system. Intergranular aquifers 

(ranging from unconsolidated to semi-consolidated materials with primary porosity) 

occur in the study area. Figure 5.5 shows the hydrogeological regions of the 

aquifer system. 
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Figure 5.5: Hydrogeological Regions of the Study Area Aquifer System 

 

In the study area, a total of eight (8) groundwater monitoring (control points) wells 

have been installed by the Government for groundwater level measurements (see 

Figure 5.5 blue dots). The existence of hot springs within the regional aquifer 

system suggests that the aquifer is confined except along the major rivers where 

localized alluvium aquifers occur including in the eastern end of the catchment 

within the KNP where unconfined aquifers occur. The study area aquifer system is 

characterised by relatively low magnitude hydraulic conductivity/transmissivity 

values. Figure 5.6 shows the transmissivity values for the aquifer system. 
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Figure 5.6: Transmissivity Values and Faults for the Study Area Aquifer System 

Source (Holland, 2011) 

 

It can be observed that in the aquifer system, transmissivity values range from a 

minimum of 7 m2/day to a maximum of 31 m2/day. Recharge is mainly realised 

within the high elevation areas of the Great Escarpment (the Drakensburg 

Escarpment) mountains where rainfall is high above 1000mm/annum and in the 

alluvium aquifers along major rivers.  Total net recharge is about 126 mm/annum 

(DWAF, 2003). Figure 5.7 shows the groundwater conceptual water balance 

model of the aquifer system.  
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Figure 5.7: Groundwater Conceptual Model of the Study Area  

 

5.3.3 Conjunctive Water Use Conceptual Model 

The conjunctive water use system was schematised in a simplified manner as 

shown in Figure 5.8.  
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Figure 5.8: Conjunctive Water Use Conceptual Model of the Study Area 

 

5.3.4 Model of the Study Area 

To delineate the study area regional aquifer system from local aquifers, the whole 

area of study was discretized into 150 X 100 cells, each in a model domain of a 

grid cell dimensional size of 1500m X 1500m. The discretized modelled area of 

interest is shown in Figure 5.9. Figure 5.9 shows finite difference groundwater flow 

numerical simulation model. 
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Figure 5.9: Finite Difference Model of the Study Area 

 

It was realized that in the modelled area, no-flow boundary appears at the northern 

and southern parts of the catchment, while constant flux boundary conditions exist 

for the two boundaries located at the north-west and south-west parts (these are 

areas bounded by the Great Escarpment (i.e., the Drakensburg Escarpment 

mountainous regions).  

 

Moreover, specific head boundary condition (also referred to as Dirichlet condition) 

for which head is considered to be independent of time was specified for the 

surface water bodies (i.e., rivers and Dams) and eastern boundary of the modelled 

domain. Other potential surface water bodies (such as wetlands and springs) were 

also included in the modelled area. 
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In this study, steady-state simulations have been considered and hence, initial 

condition is not a major concern. This is because in any groundwater steady-state 

numerical simulations, the focus is to determine aquifer drawdown in response to 

externally imposed excitations/stresses such as groundwater pumping whereby 

relative heads as measured with respects to drawdown responses are of great 

importance rather than absolute head values. Due to limited availability of water 

demands data, the existing (current) water pumping (withdrawal) rates were 

considered as the minimum pumping (withdrawal) rate limits (i.e., lower bounds 

pumping (withdrawal) rates) which were required to satisfy the minimum water 

requirements of the competing water users. Both deterministic and stochastic 

simulations were carried out.  

 

5.3.5 Study Area Conjunctive Water Use Management Model 

The overall objective was maximization of total conjunctive water use of surface 

water and groundwater withdrawal rates. Because of the water shortages of the 

study area for both irrigation and domestic use, surplus water from any water 

storage source can be used for irrigation and/or domestic.  Hence, this objective 

seeks to maximize the amount of total conjunctive water use which can 

sustainably be withdrawn from both groundwater (aquifer) and surface water 

storage systems subjected to the same conjunctive water use management model 

constrains as described in Chapter four.  
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5.4 DISCUSSION OF RESULTS 

In the study area, currently there exist 809 boreholes which are operational and 

another 294 that are blocked or abandoned due to various reasons such as poor 

water quality. Data on boreholes were obtained from GRIP Database (GRIP 

Limpopo, 2013). From 515 boreholes with known capacity, the overall average 

daily abstraction capacity ranges from 62 – 70 m3/day. Table 5.2 presents 

quaternary catchments names, named variables (combined pumping wells (CPW) 

withdrawal rates) and surface water diversion named variable (combined surface 

water diversion (CSWD) withdrawal rate) with their corresponding number of 

wells/abstraction points, and quaternary catchment polygon surface areas, which 

were used for the optimization problem analysis.  

 

Table 5.1: Quaternary Catchment (QC) Names, Named Variables, Number of 

Wells/ Abstraction Points and Quaternary Catchment (QC) Surface Areas 

S/No QC 

Name* 

Named  

Variable 

#  of Wells/Abstraction Points QC Area* (km2) 

1 B81G CPW1 122 513 

2 B81H CPW2 83 668 

3 B81A - 0 169 

4 B81B CPW3 5 481 

5 B81C CPW4 10 208 

6 B81E CPW5 65 665 

7 B81F CPW6 112 1201 

8 B81J CPW7 38 568 

9 B81D CPW8 80 479 

10 - CSWD 20 - 

 - - 535 4952 

*Source (DWAF, 2006c) 
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A total of 515 pumping wells and 20 surface water abstraction points (i.e., from 

river course and dams abstraction points with average daily abstraction capacity 

ranges from 500 – 14500 m3/day) were used. Hence, a total of 535 abstraction 

points (i.e., decision variables excluding slack variables) from groundwater and 

surface water sources were used in simulation-optimization problem analysis. 

Figure 5.10 shows overall percentages contributions of the existing (un-optimized) 

conjunctive water use of surface water and groundwater sources in a pie chart 

view. 

 

Figure 5.10: Existing un-optimized surface water and groundwater sources overall 

percentages contribution pie chart view 
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Currently, surface water source contributes about 87 percent of the total un-

optimized conjunctive water use and the remaining 13 percent is contributed by 

groundwater source (see Figure 5.10). Table 5.2 presents river and aquifer 

systems properties model input parameter values which were used for the 

simulation optimization problems analysis. 

 

Table 5.2: River/Stream - Aquifer System Properties Model Inputs Parameters 

 

Item River/Stream - Aquifer System Property   Parameter value 

1 Average River/Streambed Hydraulic Conductivity  0.2 m/day 

2 Average River Width ranges  10 m – 100 m 

3 Average Riverbed Thickness ranges 0.5 m – 2.5 m  

4 Average River flow depth (stage) ranges 0.05 m – 2.5 m 

5 Average Aquifer Saturated Thickness ranges 7.0 m – 110.50 m 

6 Average Aquifer Hydraulic Conductivity value 1.45 m/day 

7 Aquifer specific yield  0.05 

8 Total net groundwater Recharge  126 mm/year 

 

5.4.1 Deterministic Conjunctive Water use Management  

In this management approach, the hydraulic conductivity and hence 

transmissivities were considered spatially invariant. It was assumed that field 

measurements were adequate, precisely measured and hence all the associated 

parameters were set fixed. The maximum abstraction rate limits (i.e., the 

constraining upper bound values) were set equal to n times the current (existing) 

withdrawal rates. The multiple values “n” were assumed equal to the ratio 

(proportion value) of the maximum recommended withdrawal rates (i.e., the 
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maximum abstraction rates recommended by the Government of South Africa) 

values to the current (existing) withdrawal rates.  

 

In order to present the optimal conjunctive water use results in various graphical 

formats, the withdrawal volume rates were sorted out according to their locations 

in the model domain and their associated quaternary catchments (refer Table 5.1) 

polygons and then for every quaternary catchment’s pumping wells, a geometrical 

mean of optimal conjunctive water use withdrawal rate was computed. Table 5.3 

presents existing un-optimized as well as computed optimal conjunctive water use 

quaternary catchment (QC) mean withdrawal rates for the study area. 

Table 5.3: Optimal Conjunctive water use mean Withdrawal Rates 

Named Variable Existing Un-Optimized Mean 

Withdrawal Rate (m3/day) 

Optimal Mean Withdrawal Rate 

(m3/day) 

CPW1 20.44 333.60 

CPW2 37.00 281.31 

CPW3 18.66 184.82 

CPW4 4.11 66.24 

CPW5 11.08 139.96 

CPW6 22.16 173.03 

CPW7 28.97 385.75 

CPW8 33.94 409.20 

CSWD 6335.70 11040.17 

 6512.04 13014.08 

 

The total optimal conjunctive mean water use withdrawal rate value was 13014.08 

m3/day. Groundwater contributed a total mean volume rate of 1973.91m3/day 

which is about 15.17 percent. The remaining total mean volume withdrawal rate of 

11040.08m3/day was supplement by surface water source (equivalent to 84.83 
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percent). Figure 5.11 shows the overall percentages of contribution of surface 

water and groundwater sources in pie chart view. 

 

Figure 5.11: Overall Percentages of Contribution of Surface Water and 

Groundwater Sources to the Total Optimal Conjunctive Water Use Withdrawal 

Rate 

  

Figure 5.11 indicates that groundwater source contributed less percentage 

compared to surface water. This suggests that the aquifer storage system has little 

water to supply than the surface water storage system. Figure 5.12 presents 

histogram for the optimal conjunctive water use mean withdrawal rates. 
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. 

Figure 5.12: Optimal Conjunctive Water Use Mean Withdrawal Rates 

 

From Figure 5.12, high groundwater withdrawal rates occurred at quaternary 

catchments B81G, B81H, B81J and B81D (see Table 5.1), with combined pumping 

wells CPW1, CPW2, CPW7 and CPW8, respectively. This is because these 

pumping wells fall within quaternary catchments which are characterized by dense 

river networks and located within a relatively high magnitude of hydraulic 

conductivity values. River networks and high magnitudes of hydraulic conductivity 

values may contribute to an increase in groundwater pumping rates. Low 

groundwater withdrawal rate appeared at quaternary catchment B81C with 

combined pumping well CPW4 which falls within a relatively low magnitude of 

hydraulic conductivity values. It should be noted that, due to high difference 

between groundwater and surface water withdrawal rate values, it was important 
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to scale down surface water withdrawal rates values by 1:10 scaling factor so as to 

have a proportionate graphical appearance. Figure 5.13 compares the existing un-

optimized conjunctive water use with optimized conjunctive water use mean 

withdrawal rates. 

 

Figure 5.13: Comparison of existing un-optimized conjunctive water use and 

Deterministic Optimal conjunctive water use mean withdrawal rates 

 

From Figure 5.13, it can be observed that pumping wells which had higher 

groundwater withdrawal rates in existing (un-optimized) pumping also have higher 

withdrawal rates in optimized conjunctive water use scheme. The optimized 

scheme mean withdrawal rates are higher than the existing un-optimized mean 

withdrawal rates. This indicates that there is potential volume of groundwater 
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resource which is undeveloped within the quaternary catchments which have high 

magnitude of groundwater pumping rates variations. 

 

In Figure 5.13, it can be noted that the lowest groundwater withdrawal rate 

occurred at quaternary catchment B81C with combined pumping well CPW4. High 

magnitude of withdrawal rate variations occurred in quaternary catchments B81G, 

B81H, B81J and B81D with combined pumping wells CPW1, CPW2, CPW7 and 

CPW8, respectively. This is because of variation in aquifer hydraulic conductivity 

properties and boundary conditions which govern groundwater pumping rates and 

consequently the conjunctive water use withdrawal rates. It should be realized that 

quaternary catchment with combined pumping well CPW4 falls within a relatively 

low magnitude of hydraulic conductivity value (within Tzaneen area see Figure 5.6) 

while quaternary catchments with combined pumping wells CPW1, CPW2, CPW7 

and CPW8 fall within a relatively high magnitude of hydraulic conductivity value. 

  

Concluding Remarks 

It was revealed that the difference between the optimized withdrawal rates and the 

existing un-optimized withdrawal rate scheme is high. This tends to indicate that 

there is potential volume of groundwater resource in the study area aquifer water 

system (particularly, within quaternary catchments B81G, B81H, B81J and B81D) 

which is undeveloped. Further, it was observed that surface water source 

contributed higher percentage to the total optimal conjunctive water use withdrawal 

volume rate than groundwater source. However, the main drawback of tackling 

such optimization problem deterministically is the assumption that data are 
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adequately available and precisely known. This assumption is practically invalid 

because in real world, management systems always have uncertainties.  

 

5.4.2 Stochastic Conjunctive Water use Management  

To address uncertainty of the study area for conjunctive water use management, 

the optimization problem was solved while assuming heterogeneous aquifer 

properties were uncertain. The stochastic conjunctive water use optimisation 

problem was solved and evaluated through Retrospective Optimization 

Approximation (ROA) framework (i.e., the methodology developed in Chapter 

three). 

 

Description of the stochastic optimization problem 

In this research, a total of 500 realizations of uncertain hydraulic conductivity fields 

(which leads to different aquifer system responses (i.e., hydraulic heads/water 

table level drawdowns)) were generated from the heterogeneous aquifer system.  

A correlation length of 100000m by 50000m in a 2-Dimensional x-, y-direction, 

respectively, was considered sufficient enough to capture significant 

representation of input parameter uncertainties.  

 

In the aquifer system, eight (8) groundwater control points were identified active. 

The water heads at these control points were controlled not to fall below certain 

prescribed maximum allowable limiting values. Twenty (20) abstractions points 

from river system network were identified active and surface water levels (stages) 

at these abstraction points were controlled not to fall below riverbed bottom 

elevations.  
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Assemblage of aquifer system responses due to the 500 realizations of hydraulic 

conductivity fields resulted in a total of 4020 response matrix rows (observations 

rows). Hence, in total, a constraining response matrix of 4020 by 535 was 

generated. This response matrix was used to generate ten (10) sample path 

optimization sub-problems of different sample sizes (observation rows) for the 

management model. Sample sizes were also determined heuristically. Table 5.4 

presents the description of formulation of sample path optimization sub-problems 

generated for the ROA method framework evaluation. 

 

Table 5.4: Descriptions of Sample Path Optimization Sub-Problems  

Sample Path 
Sub-Problem 

 #Realizations Response Matrix          
(#Rows/Constraints) 

#Columns                            
(#Decision Variables*) 

SOSP1 20 180 535 

SOSP2 30 260 535 
SOSP3 40 340 535 

SOSP4 60 500 535 
SOSP5 80 660 335 
SOSP6 100 820 535 
SOSP7 150 1220 535 
SOSP8 200 1620 535 

SOSP9 250 2020 535 
SOSP10 500 4020 535 

*Decision variables for conjunctive water use withdrawal rates (in which, the first 

515 decision variables/columns are for groundwater withdrawal rates and the 

remaining 20 decision variables /columns are for surface water withdrawal rates). 

 

The sequence of 20, 30, 40, 60, 80, 100, 150, 200, 250, 500 realizations of 

hydraulic conductivity fields generated a sequence of 180, 260, 340, 500, 660, 

820, 1220, 1620, 2020, and 4020 of constraints, respectively (i.e., sample 

rows/observation rows, excluding total recharge constrain). This sequence of 

constraints generated the corresponding ten (10) sample path optimization sub-
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problems in a sequence of increasing number of rows (including aquifer total 

recharge constrain) of 181, 261, 341, 501, 661, 821, 1221, 1621, 2021, and 4021 

(excluding lower and upper bounds, and nonnegative bounds constraints). The last 

sample path optimization sub-problem (i.e., SOSP10) is considered to be the true 

conjunctive water use optimization problem.  

 

To enable the comparison between the deterministic and stochastic model results 

within the same constraints, the constraining values were set equal to those of the 

optimal deterministic scheme. In order to present the results in different graphical 

formats, the optimal conjunctive water use groundwater withdrawal rates solutions 

obtained were sorted out according to their locations in the model domain and their 

associated quaternary catchments, and then for each quaternary catchment 

polygon a geometrical mean of the optimal withdrawal rates was computed.  Table 

5.5 summarizes the ROA conjunctive water use sample path optimization sub-

problems optimal mean withdrawal rates. 



 

142 
 

Table 5.5: ROA Conjunctive Water Use Sample Path Optimization Sub-Problems Optimal Mean Withdrawal Rates 

Named 

Variable 

SOSP1R20 SOSP2R30 SOSP3R40 SOSP4R60 SOSP5R80 SOSP6R100 SOSP7R150 SOSP8R200 SOSP9R250 SOSP10R500 

CPW1 352.17 528.25 645.64 733.68 804.11 862.81 913.12 957.14 996.27 1031.49 

CPW2 510.49 765.73 935.89 1063.52 1165.61 1250.69 1323.62 1387.43 1444.15 1495.20 

CPW3 184.82 277.23 338.84 385.05 422.01 452.82 479.22 502.32 522.86 541.34 

CPW4 78.58 117.88 144.07 163.72 179.43 192.53 203.76 213.58 222.31 230.17 

CPW5 157.73 236.59 289.17 328.60 360.14 386.43 408.96 428.68 446.20 461.98 

CPW6 289.42 434.13 530.60 602.96 660.84 709.08 750.43 786.60 818.76 847.70 

CPW7 385.75 578.62 707.20 803.64 880.79 945.08 1000.19 1048.40 1091.26 1129.84 

CPW8 464.06 696.09 850.78 966.79 1059.61 1136.95 1203.25 1261.25 1312.82 1359.22 

CSWD 12412.70 18619.05 22756.62 25859.79 28342.33 30411.11 32184.36 33735.94 35115.13 36356.40 

 14835.72 22253.57 27198.81 30907.74 33874.88 36347.50 38466.89 40321.36 41969.77 43453.36 
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From Table 5.5, it can be observed that optimal conjunctive water use objective 

functions mean values range from a minimum of 14835.72m3/day to a maximum of 

43453.36 m3/day. It is interesting to note that the optimal conjunctive water use 

mean withdrawal volume rate solutions corresponding to the 500 hydraulic 

conductivity realizations are different from one another as well as from the 

deterministic solution values (see Tables 5.3 and 5.5 results).  This is because the 

optimal withdrawal volume rates designed based on ROA approach depend on the 

outcomes of the uncertainty realizations. Figure 5.14 shows the stochastic 

conjunctive water use sample path optimization sub-problems optimal solutions. 

 

Figure 5.14: Stochastic Conjunctive Water Use Sample Path Optimization Sub-

Problems Optimal Solutions  
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Figure 5.14 indicates that the sample path optimization sub-problems solutions 

converge to the true conjunctive water use optimization problem (i.e., SOSP10) as 

the sample size increases.  As it can be observed from Figure 5.14 that after 30 

realizations/sample sizes the sample path optimization sub-problems solutions are 

very close to true optimization problem solution.  This is because statistically, 

sample sizes below 30 are considered as the small, hence, beyond which the 

convergence gains momentum and therefore, through ROA approach it converges 

rapidly because the optimization process takes the advantage of “warm start” 

technique whereby initial solution of subsequent sub-problem is the solution of the 

current sub-problem.  

 

As it was expected from Figure 5.14, it can be seen that the ninth optimal solution 

(SOSP9) is almost equal to the true (original) optimization problem (SOSP10). 

Thus, the tenth sample path optimization problem (SOSP10) (whereby all the 500 

realizations generated were considered), converged with a relatively few number 

of iterations. This is because the initial solution (guess) of problem (SOSP10) is 

the solution of optimization sub-problem SOSP9 which is probably nearly equal to 

the true optimization problem (SOSP10) optimal solution. Figure 5.15 presents 

histogram diagram for the true optimization problem (SOSP10) solution. 
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Figure 5.15: Optimal Conjunctive Water Use Surface Water and Groundwater 

Withdrawal Rates 

 

In Figures 5.14 and 5.15, the highest groundwater withdrawal rates occurred within 

the quaternary catchments B81G, B81H, B81J, B81D with combined pumping 

wells CPW1, CPW2, CPW7, CPW8 (see Table 5.1) while the lowest volume rate 

occurred at quaternary catchment B81C with combined pumping well CPW4. High 

differences in groundwater pumping rates are due to variations in aquifer hydraulic 

conductivity values and boundary conditions of the model domain. 

 

In order to evaluate the overall performance of the ROA method framework for the 

study area, the sample path optimization sub-problems were solved with different 
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initial solutions (guesses) for three runs, which consequently resulted in different 

optimal solutions and, therefore, different expected objective function values. The 

results for the expected total optimal conjunctive water use withdrawal rates 

evaluated over 500 realizations for three runs were then averaged.  Figure 5.16 

presents the overall performance of the ROA method framework with cluster 

sampling for the study area evaluated over 500 realizations. 

 

Figure 5.16: Overall Performance of ROA with Cluster Sampling for the Study Area 

Conjunctive Water Use Management 

 

From Figure 5.16, the ROA expected total optimal conjunctive water use 

withdrawal volume rate (average of three runs) converged to its maximum mean 

value of about 4.35 x 104 m3/day within 7 to 8 iterations. Figure 5.17 shows ROA 
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overall percentages contribution of surface water and groundwater to the optimal 

conjunctive water use withdrawal rate in a pie chart view. 

 

Figure 5.17: ROA Overall Percentages Contribution of Surface Water and 

Groundwater Sources to the Total Optimal Conjunctive Water Use 

 

Figure 5.17 indicates that the overall percentages contribution of surface water 

and groundwater sources to the ROA optimal solution was about 58 percent and 

42 percent, respectively. This implies that if ROA technique would be adopted for 

used in the study area, groundwater source can optimally (sustainably) be able to 

contribute up to 42 percent to the total water requirement. This is an increase of 

about 29 percent from the existing un-optimized contribution of about 13 percent. 

However, surface water source contribution would be reduced by 29 percent from 
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the existing un-optimized value of about 87 percent. Moreover, comparing the 

percentage of water sources contribution of ROA approach with that of the 

deterministic approach, it can be seen that there is an increase of contribution of 

groundwater source to the total optimal water demand of about 27 percent (i.e., 

from 15 to 42 percent) and a decrease of surface water source contribution of 

about 27 percent (i.e., from 85 to 58 percent). Figure 5.18 compares the 

stochastic-ROA True optimization problem solution with deterministic solution. 

 

Figure 5.18: Comparison of Stochastic-ROA True Optimization Problem Solution 

with Deterministic Solution 
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It can be observed from Figure 5.18 that withdrawal rates of optimal solution 

designed based on stochastic optimization approach are higher than those of 

optimal solution designed based on deterministic approach. This is because 

optimal solution designed based on stochastic optimization approach depends on 

the outcomes of realisations of hydraulic conductivity values. Hence, it implies that 

deterministic approach solutions underestimated optimal solution withdrawal rates.  

Figure 5.19 compares existing un-optimized withdrawal rates with deterministic 

solution and ROA-True optimal solution. 

 

Figure 5.19: Comparison of Existing Un-Optimized Withdrawal Rates with 

Deterministic Solution and ROA-True Optimal Solution 

 

From Figure 5.19, it can be noted that the optimal solution based on ROA 

approach results in higher withdrawal rates than those determined based on 
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deterministic approach as well as the existing un-optimized withdrawal rates. This 

suggests that there is potential water resource undeveloped. It also means that 

optimal solution designed deterministically based on hydraulic conductivity mean 

values underestimates withdrawal rates. It can also be noted from Figure 19 that 

the pumping wells which had higher pumping rates in existing un-optimized 

pumping scheme also have higher values of pumping rates in deterministic and 

stochastic optimized schemes.   

 

In Figures 5.18 and 5.19, it can be observed that high difference in groundwater 

withdrawal volume rates occurred in the quaternary catchments B81G, B81H, 

B81J, and B81D with combined pumping wells CPW1, CPW2, CPW7 and CPW8 

respectively (see Table 5.1) while lower withdrawal volume rate occurred in 

quaternary catchment B81C with combined pumping well CPW4. This is because 

quaternary catchments with combined pumping wells CPW1, CPW2, CPW7 and 

CPW8 are characterized by hydraulic conductivity values of relatively high 

magnitude values while the quaternary catchment with combined pumping well 

CPW4 falls within a relatively low magnitude of hydraulic conductivity value. 

 

Concluding Remarks  

As it was previously found in hypothetical example (refer Chapter four), similarly in 

this real world case application, it was revealed that the optimal solutions designed 

based on ROA approach have higher withdrawal rates than optimal solutions 

designed based on deterministic optimization approach. This demonstrates further 

that deterministic approach underestimates withdrawal rates.   
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CHAPTER SIX: CONCLUSIONS AND RECOMMENDATIONS 

The overall objective of this research was to develop a combined simulation 

optimization quantitative conjunctive water use management model which can 

sustainably manage water resources taking into account input parameter 

uncertainty. The broad aim was achieved through four specific objectives that 

sought: (1) to develop surface water conceptual model; (2) to develop groundwater 

conceptual model; (3) to integrate the surface water and groundwater conceptual 

models to develop a conjunctive water use conceptual model; (4) to test the 

conjunctive water use model by applying it to hypothetical example as well as a 

real world aquifer system. Principally, objectives one and two were designed to 

facilitate execution of objective three.  

 

The conjunctive water use conceptual model developed based on objective three 

was designed to represent surface water and groundwater (aquifer) systems’ 

hydrological and hydrogeological physical features in numerical simulation model. 

The simulation model was used to determine aquifer system responses (aquifer 

heads drawdowns) in deterministic and stochastic approaches. These responses 

were assembled as response matrices and incorporated into optimization 

(management) model through the response matrix technique. The fourth objective 

was achieved through application of the proposed methodologies (i.e., 

deterministic approach and stochastic approach – the Retrospective Optimization 

Approximation (ROA) method framework) to an hypothetical and real world case 

aquifer water systems and evaluation of their performance.  
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6.1 CONCLUSIONS 

6.1.1 Development of Conceptual Models 

In this research, surface water, groundwater and conjunctive water use conceptual 

models were developed to represent hypothetical and real world aquifer water 

systems. Model features of interest (including geometry, attributes and boundary 

conditions) were described using arcs, points, polylines, and polygons in a GIS 

database, and the process of discretizing these data sets to a grid was automated. 

GIS was used to generate river network shape files, groundwater geologic shape 

files and Digital Elevation Model (DEM) for regional aquifer water system. These 

shape files and DEM model were used to develop three conceptual models.  

 

Based on objective one surface water conceptual modelling, hydrological 

components for estimating net recharge were used as an input into groundwater 

model. These hydrological components includes river network configuration of the 

system, water abstraction rates, location and rates of inflow and outflow. 

  

Based on objective two groundwater conceptual modelling, sources and sinks of 

water, physical boundaries, distribution of hydraulic properties and groundwater 

use patterns were characterized. The overall objective was to develop 

groundwater conceptual model based on groundwater hydrogeological balance 

and the law of conservation of mass.  

 

Based on objective three, the conjunctive water use conceptual model was 

developed by integrating the surface water and groundwater models. The basic 

idea behind the conceptual modelling was to develop simple but realistic 
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conjunctive water use simulation model that could mimic as close as possible the 

physical systems natural behaviour when subjected to external stresses.  

 

The conjunctive water use simulation model was built up using a modular three 

dimensional finite difference groundwater flow numerical model (MODFLOW-2000) 

together with RIVER Package (RIV) supported in Visual MODFLOW 2014.2 

Classical Interface. The simulation-optimization problems were solved and 

analysed through “Active-Set” (Sequential Quadratic Programming (SQP) standard 

core optimizer (algorithm)) implemented under the MATLAB 2014a environment. 

The following sub-sections shall mainly dwell on conclusions based on results 

discussed in Chapters four and five.  

  

6.1.2 Deterministic Conjunctive Water Use Management 

In this approach, results from this study indicated that the optimized withdrawal 

rates solution were higher than un-optimized withdrawal rates. This suggests that 

there is potential volume of water resource in the river basin which is undeveloped. 

However, the drawback of tackling such optimization problems deterministically is 

the assumption that field measurements are adequate and known with high 

precision, which is practically uneconomical and infeasible.  

 

6.1.3   Stochastic Conjunctive Water Use Management 

ROA methodology was used to solve stochastic optimization problem. ROA 

framework solves and evaluates a sequence of optimization sub-problems in an 

increasing number of realizations.  Results obtained based on stochastic approach 
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(i.e., the ROA optimization approach) indicated that the optimal conjunctive water 

use solutions corresponding to different hydraulic conductivity realizations are 

different from one another as well as from the deterministic solution. The optimal 

strategies designed based on stochastic heterogeneous hydraulic conductivity 

fields were found to have relatively high withdrawal rates than optimal strategies 

designed based on deterministic homogeneous hydraulic conductivity field. This 

demonstrates that optimal solutions designed through deterministic approach 

underestimates the conjunctive water use withdrawal rates. 

 

Moreover, results indicated that the overall percentages of contribution of surface 

water and groundwater sources to the total optimal water demand obtained 

through stochastic optimization approach – the ROA method was about 58% and 

42%, respectively while the overall percentages contribution obtained through 

deterministic approach was about 85% and 15%, respectively. This is about ±27% 

variation (i.e., differences between the approaches) of percentages of contribution 

of the two water sources to the total water demand. This therefore, demonstrates 

that through ROA management model the uncertainty realized was addressed.  

 

Findings also indicated that if ROA approach would be adopted for use in the 

study area, the existing groundwater source percentage of contribution to the total 

water demand could increase up to 29% (i.e., from 13 to 42%) while the surface 

water source percentage of contribution could reduce by 29% (i.e., from 87 to 

58%). This implies that currently the study area surface water system is water 

stressed and hence, reduction of 29% of the existing surface water source 

contribution could reduce stress on surface water system. This further 
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demonstrates that ROA conjunctive water use management technique has 

potential to ensure sustainability of limited water resources of river basins. 

 

Furthermore, it has been revealed that through ROA method the expected total 

optimal conjunctive water use objective function value converged to its maximum 

value within a relatively few iterations (6 to 8 iterations) in about 2.30Hrs 

computational time (Processor: Intel(R) Core (TM) i5-3320M CPU@2.60GHz, 

Memory: 4.00GB, Windows 7). In conclusion, results demonstrated that the ROA-

stochastic optimization approach is a promising technique for use in managing 

conjunctive water use under uncertainty conditions. 

 

6.2   RECOMMENDATIONS FOR FUTURE RESEARCH 

Although our results demonstrated that the ROA approach is a promising 

technique for use in managing conjunctive water use under geological uncertainty, 

the following recommendations are thought useful.  

i) Future research should be focused toward the establishment of 

guidelines for the determination of the sequence of sample sizes to be 

used in ROA framework; 

ii) Explore the use of parallel computer processors so as to enhance the 

computational efficiency in terms of computational time for large 

problems; 

iii) Explore quantitative methods for determination of the weights to be used 

in estimating values of objective functions; and 

iv) Application of the approach to multi-objectives optimization problems. 

 

mailto:CPU@2.60
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