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Abstract: In this paper, the combination of the conformal Killing vector and equations of state for double layered stars

provides new solutions to the Einstein field equations in the core-envelope setting. The matter composition in the core layer

obeys a linear equation of state, while in the envelope is described by a quadratic equation of state. The behavior of the

matter variables in the stellar sphere is found to be well behaved, and the model satisfies stability conditions. The generated

compact star model satisfies the energy and equilibrium conditions for the behavior of the natural forces. The mass,

compactness, and surface redshift also fall within the required range for observed stars. Radii and masses of the stars

PSRJ1903?0327, SAXJ1808.4-3658, VelaX-1, 4U1608-52, HerX-1, SMCX-1 and EXO1785-248 have been regained.

This signifies the astrophysical importance of our generated class of exact solutions.

Keywords: Conformal killing vector; Einstein field equations; Compact star model; Core-envelope setting; Exact

solutions

1. Introduction

Stars are formed in gas and dust clouds with a nonuniform

matter distribution scattered throughout most galaxies. In

astrophysics, the term compact object usually refers col-

lectively to white dwarfs and neutron stars that form at the

end of their stellar evolution [1, 2]. Compact objects have

high densities and strong gravitational fields. Albert Ein-

stein established the general theory of relativity (GR) in

1915 to study strong gravitational fields. The theory is

considered to be the basic platform for investigations in

stellar astrophysics. The GR theory generalizes special

relativity and extends Newton’s law of universal gravita-

tion, making a combined description of gravity as a geo-

metric property of space and time. The study of the

behavior and properties of compact objects draws the

attention of many researchers in astrophysics and astron-

omy. The Einstein field equations (EFEs) are useful in

studying and understanding the structure and behavior of

stellar objects. The first known solution to the EFEs was

generated by Schwarzschild in 1916. Since then, several

researchers have investigated these equations using dif-

ferent approaches and several astrophysical models have

been established to provide detailed explanation for the

matter distribution within stellar bodies. Currently, some

solutions to the EFEs for compact star models have been

generated by [3–12].

In studying compact stars, pressure anisotropy plays a

vital role to describe the gravitational behavior of these

objects. Anisotropy defines the difference between radial

and tangential pressures. The pressure anisotropy origi-

nates due to various reasons such as the presence of solid

core, phase transitions, slow rotation, viscosity-induced

anisotropy, presence of type 3A super-fluid, pion conden-

sation, and different types of fluid mixture as has been

discussed in [13–15]. The presence of anisotropic pressure

within relativistic fluid spheres influences stability, varia-

tions of magnetic field intensity, structure and properties

such as mass, compactness factor, and maximum surface

redshift due to tension within these objects as reported in

*Corresponding author, E-mail: jefta@aims.ac.za

Indian J Phys

https://doi.org/10.1007/s12648-025-03731-9

� 2025 IACS

http://orcid.org/0000-0002-8780-3927
http://crossmark.crossref.org/dialog/?doi=10.1007/s12648-025-03731-9&amp;domain=pdf
https://doi.org/10.1007/s12648-025-03731-9


[13, 16–24]. Recent compact star models with varying

pressures include those generated by [25–29].

Equations of state (EOS) have been fruitful tools in

studying behavior and properties of relativistic fluid

spheres. EOS describe the material compositions within

compact stars. They provide the relationship between the

energy density and radial pressure of fluid spheres. Several

relativistic models with equations of state have been gen-

erated in the literature. Thirukkanesh and Maharaj [30],

and Babichev et al. [31] generated models for relativistic

stellar bodies using a linear equation of state. Suleiman

et al. [9] developed stellar models with a polytropic

equation of state. Bhar et al. [32], and Estevez-Delgado

et al. [33] developed compact star models in which the

interior matter distribution obeys a Chaplygin equation of

state. Thirukkanesh and Ragel [34], Malaver [35, 36] and

Malaver and Kasmaei [37] generated relativistic models

with a Van der Waals equation of state to describe the

behavior of anisotropic matter distribution. Sunzu and

Thomas [17], and Sunzu and Mathias [38] developed

compact star models with a quadratic equation of state for

the matter configurations in the presence of anisotropy.

There are good number of papers on core-envelope

setting with different approaches. Models with only equa-

tions of state in core-envelope layers have been analyzed

by several authors. Sunzu and Lighuda [39] constructed a

double layered model with a polytropic and a quadratic

equations of state. Mardan et al. [40] developed a core-

envelope model for compact stars with a polytropic core

and a linear envelope. Pant et al. [41] presented a study on

a core-envelope model in which the core obeys a linear

equation of state while the envelope obeys a quadratic

equation of state. Mafa Takisa et al. [42] established a

compact relativistic star model with a quadratic envelope

and a quark core. Mafa Takisa and Maharaj [5] studied a

double layered model using quadratic and linear equations

of state in the core and envelope respectively. Nasheeha

et al. [29] developed a core-envelope model for a poly-

tropic star with distinct polytropic indexes.

Higher gravity theories have been useful in generating

compact star models with physical significance. Jasim et al.

[43] generated the anisotropic solution of compact objects

in the frame work of f ðR; TÞ gravity theory. The solution

is obtained by imposing the vanishing complexity factor

condition. Maurya and Nag [44] investigated two gravita-

tionally decoupled anisotropic solutions by imposing the

condition of two systems with the same complexity factor

as well as systems with zero complexity factor. Maurya

et al. [45] studied the possibility of existence of anisotropic

spherically symmetric solutions in the arena of modified

f ðG; TÞ gravity theory. In this case, one of the metric

potentials was specified to obtain the second through quasi-

local mass function e�k ¼ 1� 2m
r relationship. Compact

star models in core-envelope setting with Karmarkar con-

dition have been investigated by some researchers. Mathias

et al. [25] employed the Karmarkar condition to investigate

the properties of double layered anisotropic stars with core

described by quark linear equation of state while the

envelope obeying Chaplygin gas equation of state. Mathias

et al. [46] generated a neutral core-envelope stellar model

admitting Karmarkar condition with the core layer satis-

fying a linear equation of state while quadratic equation of

state employed for envelope. Ditta et al. [47], and Singh

et al. [48] presented a detailed comparative analysis of

embedding class one (Karmarkar condition), conformally

flat, vanishing complexity factor, and conformally sym-

metric solutions, highlighting their effectiveness in gener-

ating new solutions to the field equations. Each of these

approaches reduces the complexity of solving field equa-

tions by specifying one of the potentials to obtain the

matter variables.

The use of conformal symmetry has been useful as well

in studying the behavior and properties of compact stars.

The imposition of conformal Killing vector (CKV) on the

spacetime manifold provides specific restrictions on these

potentials which in turn simplify the process of solving the

field equations. There are several models generated through

this approach, including [49–52]. Single layered stars

admitting conformal symmetry and equations of state were

investigated by some few authors in the past. Jape et al.

[53] generated a relativistic compact star model admitting

conformal Killing vector and a linear equation of state in

the presence of charge. Christopher et al. [54] analyzed the

properties of a relativistic charged compact star by

employing both the conformal Killing vector and a quad-

ratic equation of state. It is evident that studies on multi-

layered stars that combine the conformal symmetry and

equations of state are lacking in the existing literature. We

are interested in studying the behavior and properties of a

neutral anisotropic core-envelope star through merging

both the CKV and equations of state. We describe the inner

layer with a linear equation of state while the envelope

obeys a quadratic equation of state.

To achieve the objectives of this work, the paper is

organized as follows: Sect. 2 introduces the basic field

equations of the study while the conformal symmetry is

described in Sect. 3. The transformation of variables is

done in Sect. 4. In Sect. 5, the metric potential is specified

to determine the core-envelope matter variables. The

junction conditions are discussed in Sect. 6. The model

validation through different conditions is found in Sect. 7

while a detailed discussion is given in Sect. 8.
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2. Basic field equations

We consider the gravitational line element in Sch-

warzschild coordinates for a static spherically symmetric

fluid distributions defined as

ds2 ¼ �e2vðrÞdt2 þ e2kðrÞdr2 þ r2ðdh2 þ sin2 hd/2Þ; ð1Þ

where v(r) and kðrÞ are gravitational metric potentials

which are functions of the radial coordinate r.

The exterior spacetime line element is given by

ds2 ¼ � 1� 2M

r

� �
dt2 þ 1� 2M

r

� ��1

dr2

þ r2ðdh2 þ sin2 hd/2Þ;
ð2Þ

where the variable M defines the mass of the core-envelope

star. The energy momentum tensor for the uncharged

anisotropic sphere is given by

Tij ¼ diag ð�q; pr; pt; ptÞ; ð3Þ

with the quantities q; pr; and pt represent the energy

density, radial pressure and tangential pressure,

respectively. By assuming the coupling constant
8pG
c4

¼ 1, the field equations for the uncharged

anisotropic core-envelope star become

1

r2
1� e�2k þ 2k

0

r
e�2k

 !
¼ q; ð4aÞ

� 1

r2
1� e�2k þ 2v

0

r
e�2k

� �
¼ pr; ð4bÞ

e�2k v
00 þ v

02 � v
0
k

0 þ v
0

r
� k

0

r

 !
¼ pt; ð4cÞ

pt � pr ¼ D; ð4dÞ

where the primes ð0Þ indicate derivatives with respect to

radial distance r, and D is the anisotropic pressure for the

stellar fluid. The mass of the core-envelope star is given as

MðrÞ ¼ 1

2

Z r

0

u2qðuÞdu: ð5Þ

3. Conformal symmetry

We consider the spacetime manifold admitting conformal

symmetry. The imposition of the conformal Killing vector

helps to simplify the EFEs in the system (4). Together with

the equation of state, the use of CKV leads to new exact

solutions for the core-envelope model. The conformal

Killing vector is defined as

LXgab ¼ 2ggab; ð6Þ

where gab is the metric tensor, g is the conformal factor, LX
is the Lie derivative operator, and X is the vector field. In

generating the core-envelope model, it is assumed that both

the vector field X and the conformal factor g are non-static.

Using this assumption, the conformal Killing equation (6)

is expressed as

X ¼ aðt; rÞ o
ot

þ bðt; rÞ o

or
; ð7aÞ

g ¼ gðt; rÞ: ð7bÞ

To solve Eq. (6), we consider the associated Weyl tensor

integrability condition given by

LXC
a
bcd ¼ 0; ð8Þ

where Ca
bcd are the Weyl tensor components. Now, using

Eq. (8) together with system (7), the conformal Killing

equation (6) simplifies to a nonlinear differential equation

v
00 þ ðv0 Þ2 � v

0
k

0 � v
0 � k

0

r
þ 1

r2
¼ e2kð1þ jÞ

r2
; ð9Þ

where j is a constant. This is a nonlinear equation but it

does admit a general solution. It has been integrated as

indicated in Maharaj et al. [55] and Herrera et al. [56], and

its solution is given by

ev ¼

Ar exp
ffiffiffiffiffiffiffiffiffiffi
1þ j

p Z
ek

r
dr

� �

þBr exp �
ffiffiffiffiffiffiffiffiffiffi
1þ j

p Z
ek

r
dr

� �
; 1þ j[ 0

Ar

Z
ek

r
dr þ Br; 1þ j ¼ 0

Ar exp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð1þ jÞ

p Z
ek

r
dr

� �

þBr exp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð1þ jÞ

p Z
ek

r
dr

� �
; 1þ j\0

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

ð10Þ

where A and B are constant parameters. The case j ¼ 0

indicates that the spacetime manifold is conformally flat,

otherwise j 6¼ 0.

4. Transformation of matter variables

We adopt the transformation proposed by Durgapal and

Bannerji [57] to simplify the field equations (4). This

transformation is given by
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x ¼ Cr2; zðxÞ ¼ e�2kðrÞ; y2ðxÞ ¼ e2vðrÞ: ð11Þ

By these transformations, the Einstein field equations (4)

are transformed to

1� z

x
� 2 _z ¼ q

C
; ð12aÞ

4z
_y

y
þ z� 1

x
¼ pr

C
; ð12bÞ

4xz
€y

y
þ ð4zþ 2x _zÞ _y

y
þ _z ¼ pt

C
; ð12cÞ

1� z

x
þ 4xz

€y

y
þ 2x _z

_y

y
þ _z ¼ D

C
: ð12dÞ

The dots (�) in the system (12) stand for the derivative of

the variables with respect to the radial coordinate x.

5. New exact solution

To tract the new exact solution for the core-envelope

compact star model, we transform condition (10) into a

new relation in the gravitational potentials y and z. This is

done by using the transformation (11) with j ¼ 2ðn� 1Þ.
This process gives

y ¼

A
ffiffiffi
x

p
exp

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 1

p Z
dx

x
ffiffi
z

p
� �

þB
ffiffiffi
x

p
exp �1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 1

p Z
dx

x
ffiffi
z

p
� �

; n[ 1
2

A

2

ffiffiffi
x

p Z
dx

x
ffiffi
z

p þ B
ffiffiffi
x

p
; n ¼ 1

2

A
ffiffiffi
x

p
exp

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð2n� 1Þ

p Z
dx

x
ffiffi
z

p
� �

þB
ffiffiffi
x

p
exp �1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð2n� 1Þ

p Z
dx

x
ffiffi
z

p
� �

; n\ 1
2

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð13Þ

If we specify the gravitational potential z on physical

grounds, we can obtain the second gravitational potential

y through integration of (13).

5.1. Metric potentials

On a physical basis, we specify the ansatz for z so that we

can obtain the second metric potential y from Eq. (13). This

specification is done so that a well behaved core-envelope

model with CKV is generated. The ansatz for z is specified

as

zðxÞ ¼ 1

ðax� 1Þ2
; ð14Þ

where ax 6¼ 1. It is evident from Eq. (14) that when x ¼ 0,

the potential z ¼ 1. This is necessary condition when

generating stellar models which are free from physical and

geometric singularities. Similar forms to gravitational

potential (14) have been adopted by several authors to

generate physically acceptable relativistic models.

Thirukkanesh and Ragel [34] studied the behavior of

relativistic compact objects by using the Van der Waals

equation of state where two classes of exact solutions were

obtained. Jape et al. [28] investigated properties of single

layered stars by combining the conformal Killing vector

and a linear equation of state. Christopher et al. [54] used a

similar form to study the characteristics of a charged

anisotropic star in a single layered setting by combination

of conformal Killing vector and quadratic equation of state.

Notably, the metric (14) is just like the Tolman metric

ansatz z ¼ 1

1þ Ar2 þ Br4
. If we assume A ¼ �2a and

B ¼ a2, then we get the similar metric function [58–60]. In

this study, the metric function (14) is used to study the

behavior and properties of a multi-layered star that admits

conformal symmetry with distinct equations of state for the

core and envelope layers. We use the same choice for a

core-envelope model with CKV which is missing in other

treatments. Using Eq. (14) into (13), with n ¼ 1, we find

the gravitational potential y as

y ¼ A exp
ax

2

� �
þ Bx exp

�ax

2

� �
: ð15Þ

5.2. The core-envelope model

The radial distance corresponding to core and envelope are

denoted by Rco and Rev respectively. The metric potentials

and their derivatives were substituted into system (12) for

computation of q, pr; pt; and 4 for the core and envelope

layers, respectively.

5.2.1. The core layer

The radius Rco of the inner region of a star is given as

0� r�Rco, with its corresponding line element given by

ds2jco ¼ �e2vcoðrÞdt2 þ e2kcoðrÞdr2 þ r2ðdh2 þ sin2 hd/2Þ:
ð16Þ

The core is considered to compose of harder material

obeying a linear equation of state defined as

prco ¼ cqco � j; ð17Þ

where c and j are real constants such that c 6¼ 0.

Using Eqs. (14), (15), and (17) in system (12), the matter

variables for the core layer of the star become
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qco ¼
C a a2 x2 � 3 a xþ 6ð Þ

a x� 1ð Þ3
; ð18aÞ

prco ¼
C ca a2 x2 � 3 a xþ 6ð Þ

a x� 1ð Þ3
� j; ð18bÞ

4co ¼
2C a2 x a x� 3ð Þ

a x� 1ð Þ3
; ð18cÞ

ptco ¼
2C a2 x a x� 3ð Þ

a x� 1ð Þ3

þ C ca a2 x2 � 3 a xþ 6ð Þ
a x� 1ð Þ3

� j:

ð18dÞ

5.2.2. The envelope layer

For the outer surface, the radial distance becomes

Rco\r�Rev, and its corresponding line element is written

as

ds2jev ¼ �e2vevðrÞdt2 þ e2kevðrÞdr2 þ r2ðdh2 þ sin2 hd/2Þ:
ð19Þ

The outer layer of the star is considered to contain neutron

fluid which is described by a quadratic equation of state of

the form

prev ¼ nq2ev �P; ð20Þ

where n and P are real constants such that n 6¼ 0.

Using Eqs. (14), (15) and (20), the system of field

equations (12) for the envelope becomes

qev ¼
Caða2x2 � 3axþ 6Þ

ðax� 1Þ3
; ð21aÞ

prev ¼
nC2a2ða2x2 � 3axþ 6Þ2

ðax� 1Þ6
�P; ð21bÞ

4ev ¼
2aCðax� 2Þ
ðax� 1Þ2

Þ; ð21cÞ

ptev ¼
2aCðax� 2Þ
ðax� 1Þ2

þ nC2a2ða2x2 � 3axþ 6Þ2

ðax� 1Þ6
�P:

ð21dÞ

Through transformations (11), and using Eq. (21a), the

mass function (5) reduces to

M ¼
C2 a x

ffiffiffi
x
C

p
a x� 2ð Þ

a x� 1ð Þ2
: ð22Þ

The mass function (22) is important to describe the

behavior of the surface redshift and the compactness factor.

6. Junction conditions

6.1. Junction conditions at the core-envelope interface

Taking into account the junction criterion for the radial

pressure, and gravitational potentials to be continuous at

the interface of core and envelope, the junction conditions

at the core-envelope are given as

e2kcoðRcoÞ ¼ e2kevðRevÞ; ð23aÞ

e2vcoðRcoÞ ¼ e2vevðRevÞ; ð23bÞ

prcoðRcoÞ ¼ prevðRevÞ: ð23cÞ

6.2. Junction conditions at the boundary

The junction condition of the envelope at the boundary

(r ¼ Rev) requires the interior and exterior line elements

(1), and (2) to match smoothly at the interface. It implies

that

e2kevðRevÞ ¼ 1� 2M

Rev

� ��1

; ð24aÞ

e2vevðRevÞ ¼ 1� 2M

Rev

� �
; ð24bÞ

prevðRevÞ ¼ 0: ð24cÞ

From the system (24), the boundary conditions become

ðax� 1Þ4 � ðax� 1Þ2 þ 2aC2ðax� 2Þ ¼ 0; ð25aÞ

A2eax þ 2ABx þ B2x2e�ax þ 2aC2x
ðax� 2Þ
ðax� 1Þ2

� 1 ¼ 0;

ð25bÞ

nC2a2ða2x2 � 3axþ 6Þ2

ðax� 1Þ6
�P ¼ 0: ð25cÞ

The system (25) above has six (6) unknowns;

A; B; C; a; n; and P in three equations. This shows that

there are sufficient free parameters to satisfy the matching

conditions at the boundary.

7. Physical analysis of the model

7.1. Regularity conditions

Astrophysically, valid stellar models should comply with

the following conditions within the stellar interior:

(a) The energy density, radial pressure and tangential

pressure should be maximum at the centre of a stellar

object and monotonically decreasing towards the

surface as reported in [28, 49, 61]. The radial and
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tangential pressures are required to have the same

value at the centre of the star, that is pr ¼ pt when

r ¼ 0.

(b) The metric potentials are supposed to be positive in

the interior of the stellar sphere. At the centre, it is

required that e2kð0Þ ¼ 1 and e2mð0Þ must be a positive

constant [13, 16, 49].

(c) The pressure anisotropy 4 should be zero at the

centre of the star as pr ¼ pt at this point. It can then be

either increasing or decreasing function towards the

surface [27, 40, 54].

7.2. Mass-radius ratio and surface redshift

The mass radius ratio for the compactness factor of the

core-envelope model is defined by

lðrÞ ¼ 2M

Rev
: ð26Þ

According to Dev and Gleiser [62], and Mathias et al. [46],

the compactness factor of the fluid sphere is supposed to be

less than
8

9
, however in anisotropic spheres the

compactness factor may exceed this limit. For this model,

we have obtained the compactness factor equation as

lðxÞ ¼ 2C2axðax� 2Þ
ðax� 1Þ2

: ð27Þ

The redshift zs for anisotropic stellar sphere is defined to be

zsðrÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� lðrÞ
p � 1: ð28Þ

The maximum redshift for anisotropic sphere needs to be

� 2 as stated in Mathias et al. [46], and Mafa Takisa and

Maharaj [63]. For our model, the surface redshift is found

to be

zs ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 2C2 a x a x�2ð Þ
a x�1ð Þ2

q � 1: ð29Þ

7.3. Zeldovich stability criteria

Zeldovich and Novikov [70] proposed stability criteria for

relativistic stellar spheres as wr ¼
pr
q

� 1 and wt ¼
pt
q
� 1

to be satisfied, where wr represents an equation of state

parameter in the radial direction while wt represents an

equation of state parameter in the transverse direction.

These equations are given by

wrco ¼ �
j� Cca a2x2�3axþ6ð Þ

ax�1ð Þ3

� �
ax� 1ð Þ3

Ca a2x2 � 3axþ 6ð Þ ;
ð30aÞ

wtco ¼
ax� 1ð Þ3

Ca a2x2 � 3axþ 6ð Þ
2Ca2x ax� 3ð Þ

ax� 1ð Þ3

 

�jþ Cca a2x2 � 3axþ 6ð Þ
ax� 1ð Þ3

!
;

ð30bÞ

wrev ¼ �
ðax� 1Þ3 P� C2na2 a2x2�3axþ6ð Þ2

ðax�1Þ6

� �

Ca a2x2 � 3axþ 6ð Þ ;
ð30cÞ

wtev ¼
ðax� 1Þ3

Ca a2x2 � 3axþ 6ð Þ
2Ca2xðax� 3Þ

ðax� 1Þ3

 

�Pþ C2na2 a2x2 � 3axþ 6ð Þ2

ðax� 1Þ6

!
:

ð30dÞ

7.4. Harrison–Zeldovich–Novikov stability condition

This stability condition is defined as
oM

oq0
[ 0 as stated in

[13, 26, 46, 71], meaning that the stability of the star is

investigated in terms of partial derivative of the mass of the

relativistic stellar sphere with respect to the central energy

density. The condition requires this partial derivative to be

positive throughout the interior of the star. Now, using the

energy density equation (18a) or (21a), at x ¼ 0 we have

q0 ¼ �6aC; ð31Þ

and

Mðq0Þ ¼
q20ax

ffiffiffiffiffiffiffiffi
�6ax
q0

q
ðax� 2Þ

36a2ðax� 1Þ2
; ð32Þ

the function defining this condition becomes

oM

oq0
¼ axðax� 2Þ

36a2ðax� 1Þ2
2q0

ffiffiffiffiffiffiffiffiffiffiffi
�6ax

q0

s
þ 3axffiffiffiffiffiffiffiffi

�6ax
q0

q
0
B@

1
CA: ð33Þ

7.5. Stability via adiabatic index

The stability of the star should comply with the adiabatic

index condition given by

C ¼ qþ prð Þ
pr

p
0
r

q0

� �
� 4

3
: ð34Þ

The adiabatic index describes the heating behavior within

relativistic stars. It provides the ratio between two specific

heat capacities. For anisotropic models, it is required that
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C�Ccr �
4

3
; ð35Þ

Bisht et al. [73], Das et al. [13], Gedela et al. [72] and Pant

et al. [41], where Ccr is a critical adiabatic index given by

Ccr ¼
4

3
þ 19l

21
; ð36Þ

where l is a compact factor given by Eq. (27). For this

model, the functions for the adiabatic indexes are found to

be

Ccr ¼
38C2 a x ðax� 2Þ

21 ðax� 1Þ2
þ 4

3
; ð37aÞ

Cco ¼ �
c

Ca a2x2�3axþ6ð Þ
ðax�1Þ3 � jþ Cca a2x2�3axþ6ð Þ

ðax�1Þ3

� �

j� Cca a2x2�3axþ6ð Þ
ðax�1Þ3

; ð37bÞ

Cev ¼ �
2Cna

Ca a2x2�3axþ6ð Þ
ðax�1Þ3 �Pþ C2na2 a2x2�3axþ6ð Þ2

ðax�1Þ6

� �

ax� 1ð Þ3

� a4x4 � 7a3x3 þ 33a2x2 � 69axþ 90ð Þ
P� C2na2 a2x2�3axþ6ð Þ2

ðax�1Þ6

� �
a2x2 � 4axþ 15ð Þ

:

ð37cÞ

7.6. Causality stability condition

The sound speed within relativistic stellar sphere in radial

and transverse directions are defined as v2r ¼
p

0

r

q0 and

v2t ¼
pt

0

q0 . They should satisfy the conditions 0\v2r � 1 and

0\v2t � 1 for stable stellar objects [74, 75]. This implies

that the velocity of sound should be less than that of light.

The radial and transverse sound speed functions are given

by

v2rco ¼

3Cca2 a2x2�3axþ6ð Þ
ðax�1Þ4 þ Cca �2xa2þ3að Þ

ðax�1Þ3

� �

Ca �2xa2þ3að Þ
ðax�1Þ3 þ 3Ca2 a2x2�3axþ6ð Þ

ðax�1Þ4
� � ; ð38aÞ

v2rev ¼
6C2na3ða2x2�3axþ6Þ2

ðax�1Þ7

Ca �2xa2þ3að Þ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4

þ
2C2na2ð�2xa2þ3aÞða2x2�3axþ6Þ

ðax�1Þ6

Ca �2xa2þ3að Þ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4
;

ð38bÞ

v2tco ¼
3Cca2 a2x2�3axþ6ð Þ

ðax�1Þ4 � 2Ca2ðax�3Þ
ðax�1Þ3

Ca �2xa2þ3að Þ
ðax�1Þ3 þ 3Ca2 a2x2�3axþ6ð Þ

ðax�1Þ4

þ
� 2Ca3x

ðax�1Þ3 þ
6Ca3xðax�3Þ

ðax�1Þ4 þ Cca �2xa2þ3að Þ
ðax�1Þ3

Ca �2xa2þ3að Þ
ðax�1Þ3 þ 3Ca2 a2x2�3axþ6ð Þ

ðax�1Þ4
;

ð38cÞ

v2tev ¼
6Ca3xðax�3Þ

ðax�1Þ4 � 2Ca2ðax�3Þ
ðax�1Þ3

Ca �2xa2þ3að Þ
ðax�1Þ3 þ 3Ca2 a2x2�3axþ6ð Þ

ðax�1Þ4

�
2Ca3x
ðax�1Þ3

Ca �2xa2þ3að Þ
ðax�1Þ3 þ 3Ca2 a2x2�3axþ6ð Þ

ðax�1Þ4

þ
6C2Pa3 a2x2�3axþ6ð Þ2

ðax�1Þ7

Ca �2xa2þ3að Þ
ðax�1Þ3 þ 3Ca2 a2x2�3axþ6ð Þ

ðax�1Þ4

þ
2C2Pa2 �2xa2þ3að Þ a2x2�3axþ6ð Þ

ðax�1Þ6

Ca �2xa2þ3að Þ
ðax�1Þ3 þ 3Ca2 a2x2�3axþ6ð Þ

ðax�1Þ4
:

ð38dÞ

7.7. Herrera cracking stability condition

For the interior region of an anisotropic sphere to be stable,

it must satisfy the following condition given in Herrera

[76]

jv2t � v2r j\1: ð39Þ

For this case the equations of this condition are defined as

v2tco � v2rco ¼
3Cca2ða2x2�3axþ6Þ

ðax�1Þ4 � 2Ca2ðax�3Þ
ðax�1Þ3

Cað�2xa2þ3aÞ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4

þ
� 2Ca3x

ðax�1Þ3 þ
6Ca3xðax�3Þ

ðax�1Þ4 þ Ccað�2xa2þ3aÞ
ðax�1Þ3

Cað�2xa2þ3aÞ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4

�
3Cca2ða2x2�3axþ6Þ

ðax�1Þ4 þ Ccað�2xa2þ3aÞ
ðax�1Þ3

Cað�2xa2þ3aÞ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4
;

ð40aÞ
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v2rco � v2tco ¼
3Cca2ða2x2�3axþ6Þ

ðax�1Þ4 þ Ccað�2xa2þ3aÞ
ðax�1Þ3

Cað�2xa2þ3aÞ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4

�
3Cca2ða2x2�3axþ6Þ

ðax�1Þ4 � 2Ca2ðax�3Þ
ðax�1Þ3

Cað�2xa2þ3aÞ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4

þ
� 2Ca3x

ðax�1Þ3 þ
6Ca3xðax�3Þ

ðax�1Þ4 þ Ccað�2xa2þ3aÞ
ðax�1Þ3

Cað�2xa2þ3aÞ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4
;

ð40bÞ

v2tev � v2rev ¼
6Ca3xðax�3Þ

ðax�1Þ4 � 2Ca2ðax�3Þ
ðax�1Þ3

Cað�2xa2þ3aÞ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4

þ
� 2Ca3x

ðax�1Þ3 þ
6C2na3ða2x2�3axþ6Þ2

ðax�1Þ7

Cað�2xa2þ3aÞ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4

þ
2C2na2ð�2xa2þ3aÞða2x2�3axþ6Þ

ðax�1Þ6

Cað�2xa2þ3aÞ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4
;

ð40cÞ

v2rev � v2tev ¼
6C2na3ða2x2�3axþ6Þ2

ðax�1Þ7

Cað�2xa2þ3aÞ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4

þ
2C2na2ð�2xa2þ3aÞða2x2�3axþ6Þ

ðax�1Þ6

Cað�2xa2þ3aÞ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4

�
6Ca3xðax�3Þ

ðax�1Þ4 � 2Ca2ðax�3Þ
ðax�1Þ3 � 2Ca3x

ðax�1Þ3

Cað�2xa2þ3aÞ
ðax�1Þ3 þ 3Ca2ða2x2�3axþ6Þ

ðax�1Þ4
:

ð40dÞ

7.8. Energy conditions

Energy conditions must be met by relativistic stellar

objects for stability. Different researchers such as Gedela

et al. [72], Sunzu and Mathias [77], and Maurya et al. [78]

discussed different conditions including weak energy

condition (WEC), null energy condition (NEC), strong

energy condition (SEC), and dominant energy condition

(DEC) defined as

WEC : q� 0; qþ pr � 0; qþ pt � 0; ð41aÞ

NEC : qþ pt � 0; qþ pr � 0; ð41bÞ

SEC : qþ pt � 0; qþ pr � 0; qþ 2pt þ pr � 0; ð41cÞ

DEC : q� 0; q� pt � 0; q� pr � 0: ð41dÞ

These conditions imply that the energy behavior within the

stellar interior is positive throughout.

7.9. Equilibrium of the natural forces

The condition of equilibrium describes the behavior of the

natural physical forces within the star. These forces are

gravitational force (Fg), hydrostatic force (Fh), and aniso-

tropic force (Fa). For a relativistic stellar object to be

stable, these forces should balance. To investigate the state

of forces equilibrium, we use the Tolman–Oppenheimer–

Volkoff (TOV) equation initiated by Tolman [79] and

Oppenheimer and Volkoff [80], which is given by

Table 1 Stellar masses and radii for known stars

a C R M
MJ Star References

-0.022 0.450 9.13 1.29 SMCX-1 [64]

-0.021 0.5170 6.70 0.98 HerX-1 [65]

-0.021 0.5145 7.80 1.31 EXO1745-248 [66]

-0.021 0.4940 9.70 1.76 VelaX-1 [64]

-0.021 0.5460 8.20 1.85 4U1608-52 [67]

-0.021 0.4838 6.20 0.7 SAXJ1808.4-3658 [68]

-0.01365 0.5400 9.10 1.63 PSRJ1903?0327 [69]

Table 2 Central density, pressures, adiabatic indexes, and maximum

compactness factor, and surface redshift

qðr ¼ 0Þ pr&ptðr ¼ 0Þ Ccrðr ¼ 0Þ Cðr ¼ 0Þ lmax zsmax

0.0684 0.0201 1.3333 1.7763 0.2256 0.1364

Fig. 1 Plot of energy density against radial coordinate. Constant

values used are: a ¼ �0:03;C ¼ 0:38
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�Mgðqþ prÞ
r2

ek�m � dpr
dr

þ 2D
r

¼ 0; ð42Þ

where Mg ¼
r2v

0
em�k

2
defines the effective gravitational

mass. Then, Eq. (42) modifies to

�v
0

2
ðqþ prÞ �

dpr
dr

þ 2

r
D ¼ 0; ð43Þ

where

Fig. 2 Plot of radial pressure against radial coordinate. Constant

values used are: a ¼ �0:03;C ¼ 0:38; c ¼ 0:405; j ¼ 0:0076; n ¼
5:4;P ¼ 1� 10�15

Fig. 3 Plot of tangential pressure against radial coordinate. Constant

values used are: a ¼ �0:03;C ¼ 0:38; c ¼ 0:405; j ¼
0:0076; n ¼ 5:4;P ¼ 1� 10�15

Fig. 4 Plot of metric potentials against radial coordinate. Constant

values used are: a ¼ �0:03;C ¼ 0:38;A ¼ 0:04;B ¼ 0:0028

Fig. 5 Plot of measure of anisotropy against radial coordinate.

Constant values used are: a ¼ �0:03;C ¼ 0:38; c ¼ 0:405; j ¼
0:0076; n ¼ 5:4;P ¼ 1� 10�15
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Fg ¼
�v

0

2
qþ prð Þ; ð44aÞ

Fh ¼ � dpr
dr

; ð44bÞ

Fa ¼
2

r
D: ð44cÞ

In our model, the functions for the natural forces are

given by

Fgco ¼ �
C x

C

� �1=2ð2B� Baxþ AaeaxÞ
2ðBxþ AeaxÞ

�
 
Caða2x2 � 3axþ 6Þ

ðax� 1Þ3
� j

þ Ccaða2x2 � 3axþ 6Þ
ðax� 1Þ3

!
;

ð45aÞ

Fhco ¼ 2C

ffiffiffiffi
x

C

r
3Cca2ða2x2 � 3axþ 6Þ

ðax� 1Þ4
þ Ccað3a� 2a2xÞ

ðax� 1Þ3

 !
;

ð45bÞ

Faco ¼
4Ca2xðax� 3Þffiffiffi

x
C

p
ðax� 1Þ3

; ð45cÞ

Fgev ¼
C x

C

� �1=2ð2B� Baxþ AaeaxÞ
2ðBxþ AeaxÞ

�
 
Caða2x2 � 3axþ 6Þ

ðax� 1Þ3
�P

þ C2na2ða2x2 � 3axþ 6Þ2

ðax� 1Þ6

!
;

ð45dÞ

Fig. 6 Plot of mass against radial coordinate. Constant values used

are: a ¼ �0:03;C ¼ 0:38

Fig. 7 Plot of mass to radius ratio against radial coordinate. Constant

values used are: a ¼ �0:03;C ¼ 0:38

Fig. 8 Surface redshift against radial coordinate. Constant values

used are: a ¼ �0:03;C ¼ 0:38

Y K Kowa et al.



Fig. 9 Plot of equations of state parameters against radial coordinate.

Constant values used are: a ¼ �0:03;C ¼ 0:38; c ¼
0:405; j ¼ 0:0076; n ¼ 5:4;P ¼ 1� 10�15

Fig. 10 Plot of partial derivative of mass with respect to central

energy density against radial coordinate. Constant values used are:

a ¼ �0:03;C ¼ 0:38

Fig. 11 Plot of adiabatic indexes against radial coordinate. Constant

values used are: a ¼ �0:03;C ¼ 0:38; c ¼ 0:405; j ¼
0:0076; n ¼ 5:4;P ¼ 1� 10�15

Fig. 12 Plot of square of radial and tangential speed of sound against

radial coordinate. Constant values used are: a ¼ �0:03;C ¼
0:38; c ¼ 0:405;j ¼ 0:0076; n ¼ 5:4;P ¼ 1� 10�15
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Fhev ¼ 2C

ffiffiffiffi
x

C

r

6C2na3ða2x2 � 3axþ 6Þ2

ðax� 1Þ7

 

þ 2C2na2ð3a� 2a2xÞ
ðax� 1Þ6

ða2x2 � 3axþ 6Þ
!
;

ð45eÞ

Faev ¼
4Ca2xðax� 3Þffiffiffi

x
C

p
ðax� 1Þ3

: ð45fÞ

The stellar sphere is said to be in state of equilibrium

when

Fh þ Fg þ Fa ¼ 0: ð46Þ

8. Discussion

We have developed a core-envelope stellar model admit-

ting conformal symmetry via equations of state. The core is

described by a linear equation of state having a radius

assumed to range from 0 to 5 km while the envelope obeys

a quadratic equation of state with radius from 5 to 10 km.

MATLAB software has been used for mathematical com-

putations while Python was employed in graphical plotting.

We have specified a number of parameter values as

Fig. 13 Plot of square differences of radial and tangential speed of

sound against radial coordinate. Constant values used are: a ¼
�0:03;C ¼ 0:38; c ¼ 0:405;j ¼ 0:0076; n ¼ 5:4;P ¼ 1� 10�15

Fig. 14 Plot of energy conditions against radial coordinate. Constant

values used are: a ¼ �0:03;C ¼ 0:38; c ¼ 0:405;j ¼
0:0076; n ¼ 5:4;P ¼ 1� 10�15

Fig. 15 Plot of natural forces against radial coordinate. Constant

values used are: a ¼ �0:03;C ¼ 0:38; c ¼ 0:405; j ¼
0:0076; n ¼ 5:4;P ¼ 1� 10�15;A ¼ 0:04;B ¼ 0:0028

Y K Kowa et al.



indicated in each figure on physical grounds so that a well

behaved model is generated. In our specification, P ¼
1� 10�15 which is very small due to the fact that the

pressure should vanish at the surface. A greater value of P
can prevent this condition from being met. Also, in the

absence of matter ðq ¼ 0Þ in Eq. (20), the pressure should

also be zero. A greater value of P would imply a non-zero

pressure in vacuum, which is nonphysical. This also

resulted in obtaining masses and radii consistent with dif-

ferent observed stars such as PSRJ1903?0327,

SAXJ1808.4-3658, 4U1608-52, VelaX-1, HerX-1, SMCX-

1, and EXO1785-248 as indicated in Table 1. We have also

analyzed several physical requirements for relativistic

compact star models. The regularity condition is satisfied,

the mass-radius ratio and surface redshift are found to be

within the range of observed stars as indicated in Table 2.

We further checked for stability of our stellar model via

Zeldovich criterion, Harrison-Zeldovich-Novikov condi-

tion, adiabatic index, causality, cracking, energy condi-

tions, and equilibrium of forces. The results are graphically

presented in different figures and found to be physically

valid and comply to astrophysical needs.

It is indicated in Figs. 1, 2 and 3 that the energy density,

radial pressure and tangential pressure are continuous

functions with maximum values at the centre while

monotonically decreasing towards the surface. Similar

profiles have been found by [25, 61, 81]. Figure 4 indicates

that the metric functions are continuous and positive about

the interior of the core-envelope star with e�2k ¼ 1 and

e2m ¼ 0:04 at the centre. These behaviors are necessary for

relativistic core-envelope models with physical signifi-

cance. Figure 5 describes the behavior of the anisototropic

pressure as a continuous increasing function from the

centre to the surface with zero value at the centre as the

radial and tangential pressures are equal at this point. These

profiles are similar to those generated in Mafa Takisa et al.

[42], and Christopher et al. [54].

The mass of the core-envelope star is positive, contin-

uous and it is increasing function against the radial distance

as demonstrated in Fig. 6. The mass-radius ratio (com-

pactness factor) behavior is indicated in Fig. 7. It is a

continuous increasing function as radius increases, such

that lmax ¼ 0:2256\
8

9
as required. The surface redshift zs

in Fig. 8 satisfies the condition zs � 2 with maximum value

of 0.1364 as given in Table 2. Similar features are found in

[13, 26, 82].

Figure 9 shows that the equation of state parameters in

radial and tangential directions are such that wr\1 and

wt\1, respectively as required. Figure 10 shows that the

Harrison–Zeldovich–Novikov stability condition is well

satisfied as
oM

oq0
[ 0. Figure 11 shows that the adiabatic

indexes are such that C�Ccr �
4

3
as needed with the

central minimum values be, Cðr ¼ 0Þ ¼ 1:7763�Ccr ¼
1:3333 as shown in Table 2. Figure 12 indicates that the

speed of sound is positive and less than the speed of light.

These profiles are also found in models generated by Sagar

et al. [74], Lighuda et al. [83], Olengeile et al. [84], and

Upreti et al. [85]. Figure 13 elaborate the cracking condi-

tion, which is well behaved as required.

Figure 14 shows that the energy conditions are all pos-

itive about the interior of the core-envelope star as

required. Figure 15 details the balance of the equilibrium of

natural forces within a relativistic stellar object. These

behaviors are similar to those observed by Mathias et al.

[25, 46]. It is clear that the satisfaction of all these rela-

tivistic conditions indicates that our generated class of

solution for the core-envelope compact star model is

astrophysically significance.
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