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 A B S T R A C T

East Coast Fever (ECF) poses a significant threat to livestock in sub-Saharan Africa, leading to 
substantial economic losses primarily due to animal mortality. While buffalo are recognized as 
natural reservoirs of the disease, the role of the livestock–wildlife interface in the transmission 
dynamics of ECF remains poorly understood. To address this gap, a comprehensive mechanistic 
model incorporating this interface was developed, calibrated with empirical data collected from 
Zimbabwe between 2014 and 2020. Using this model, future ECF cases were projected up to 
the year 2030. Analysis of various control measures — including vaccination, acaricide use, 
and habitat management — indicates that, although these strategies can effectively reduce 
disease prevalence, they are unlikely to completely eradicate ECF within a single year when 
implemented individually. These findings underscore the importance of adopting integrated 
control approaches that combine multiple strategies, including biological methods, to achieve 
sustainable and long-term disease management. The results emphasize the need for continued 
research and coordinated efforts to effectively combat ECF and mitigate its impact on livestock 
and local economies in the region.

1. Introduction

East Coast fever (ECF), also known as theileriosis, is caused by protozoan parasites of the genus Theileria. It is a significant 
livestock pathogen capable of infecting multiple host species, including wildlife [1–3]. Despite extensive research over the past 
decade that has characterized the genotypic and antigenic diversity of Theileria [4–7], ECF remains a major challenge in sub-
Saharan Africa. It is estimated that approximately one million cattle die annually due to ECF, with the mortality toll continuing 
since 1999 [8]. A key challenge in managing ECF effectively is the livestock–wildlife interface. Disease transmission at this interface 
is complicated by ecological processes that drive infection between wild reservoirs and sympatric livestock [9]. Understanding the 
dynamics of ECF in such communities is crucial for assessing local risks of transmission and persistence, yet this remains poorly 
understood.
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Mathematical models have been instrumental in exploring the mechanisms underlying ECF transmission (see, for example, [3,
8,10–15]). These studies provide insights into factors influencing disease spread and evaluate intervention strategies. For example, 
Walker et al. [3] developed a model to assess acaricide use in communities at the livestock–wildlife interface, concluding that 
strategies targeting ticks and T. parva may not eradicate the disease. Gilioli et al. [10] used ODEs to analyze epidemiological 
processes, suggesting strategies such as integrated tick control and threshold-based interventions to establish enzootic stability. 
Mwambi et al. [13] proposed a stage-structured model highlighting the utility of control strategies in mitigating ECF spread. 
Recently, Chinyoka et al. [8] developed a mechanistic model of ECF that examines the effects of vaccination and acaricide use. Their 
findings suggest that acaricide alone, even at 80% effectiveness, may be insufficient to prevent transmission. However, combining 
acaricide with vaccination significantly reduces disease spread, and under certain conditions, elimination becomes feasible. These 
conclusions are supported by prior studies [16–18].

However, the impact of time-dependent control strategies on ECF at the livestock–wildlife interface remains under-explored. 
Optimal control (OC) theory offers a powerful framework for identifying the most effective strategies to minimize infectious agents 
at minimal cost over a specified period [19]. In this study, we aim to determine effective approaches to reduce ECF spread in such 
communities. We propose a mathematical model considering cattle and buffaloes as hosts and ticks as vectors. The model evaluates 
three control strategies: acaricide application, cattle vaccination, and pasture management (habitat modification). To our knowledge, 
minimal work has been done on the optimal control of ECF within a livestock–wildlife interface.

The remainder of this paper is organized as follows. In Section 2, we detail our methodology and results, including model 
formulation, calibration, prediction, and sensitivity analyses. We then extend the model to incorporate time-dependent controls 
aimed at optimizing resource use. Section 3 presents numerical simulations assessing the effectiveness of various strategies. Finally, 
Section 4 discusses key findings, limitations, and implications.

2. Methods and results

In this section, we develop a mathematical model of ECF transmission that incorporates livestock–wildlife interactions. We utilize 
a system of nonlinear ordinary differential equations.

2.1. Model formulation

This subsection presents the development of a mathematical model describing the transmission dynamics of ECF involving 
interactions between livestock and wildlife. The model employs a system of nonlinear ordinary differential equations (ODEs) to 
capture the complex interactions within and between host and vector populations. To investigate the transmission of ECF among 
ticks, cattle, and buffalo, we use a compartmental SIR-SI framework. The host populations are divided into susceptible (𝑆𝑖(𝑡)), 
infectious (𝐼𝑖(𝑡)), and recovered (𝑅𝑖(𝑡)) compartments, where 𝑖 = 𝐶 (cattle) and 𝑖 = 𝐵 (buffalo). The total host population at time 𝑡
is given by 𝑁𝑖(𝑡) = 𝑆𝑖(𝑡) + 𝐼𝑖(𝑡) +𝑅𝑖(𝑡). The tick population is categorized into susceptible (𝐴𝑆 (𝑡)) and infectious (𝐴𝐼 (𝑡)) classes, with 
total tick population 𝑁𝑇 (𝑡) = 𝐴𝑆 (𝑡) + 𝐴𝐼 (𝑡).

The model operates under the following assumptions:

(i) Populations of hosts and vectors mix uniformly within and across species, consistent with previous models of tick-borne 
diseases (e.g., [3]). Both clinically infected and recovered (carrier) animals can transmit ECF; however, recovered animals 
generally have a lower transmission rate than actively infected hosts [3]. Additionally, the disease is assumed to be fatal to 
clinically infected animals [3,15].

(ii) A susceptible cattle or buffalo becomes infected following a successful blood meal by an infected tick. The rate of this process 
is given by:

𝜆𝑇𝐶 = (1 − 𝑝) 𝛿𝐶 𝛽𝑇𝐶 𝐴𝐼 , (2.1)

𝜆𝑇𝐵 = 𝑝 𝛿𝐵 𝛽𝑇𝐵 𝐴𝐼 , (2.2)

where 𝛽𝑇 𝑖 (for 𝑖 = 𝐶,𝐵) is the probability of transmission from an infectious tick to a susceptible host of species 𝑖, 𝛿𝑖 is the 
tick attachment (biting) rate for species 𝑖, and 𝑝 is the proportion of blood meals taken on buffaloes. Consequently, 1−𝑝 is the 
proportion taken on cattle. These rates capture the likelihood of transmission events during tick-host interactions, accounting 
for host preferences.

(iii) A susceptible tick becomes infected after a successful blood meal from an infected host. The transmission rates are:

𝜆𝐶𝑇 = (1 − 𝑝)𝛿𝐶𝛽𝐶𝑇
(

𝐼𝐶 + (1 − 𝜂𝐶 )𝑅𝐶
)

, (2.3)

𝜆𝐵𝑇 = 𝑝𝛿𝐵𝛽𝐵𝑇
(

𝐼𝐵 + (1 − 𝜂𝐵)𝑅𝐵
)

, (2.4)

where 𝛽𝑖𝑇  (for 𝑖 = 𝐶,𝐵) is the probability of transmission from an infectious host 𝑖 to a susceptible tick during a blood meal. 
The parameters 𝜂𝑖 (for 𝑖 = 𝐶,𝐵) represent the transmission efficiency of recovered (carrier) hosts; specifically, 1− 𝜂𝑖 indicates 
the reduced capacity of recovered hosts to transmit the disease compared to actively infected hosts.
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Table 1
Model parameters and their biological definitions.
 Sym. Biological definition Units Sym. Biological definition Units  
 𝛽𝑇𝐶 Tick → cattle transmission rate Month−1 𝛽𝑇𝐵 Tick → buffalo transmission rate Month−1 
 𝛽𝐶𝑇 Cattle → tick transmission rate Month−1 𝛽𝐵𝑇 Buffalo → tick transmission rate Month−1 
 Π𝐶 Cattle recruitment rate Month−1 Π𝐵 Buffalo recruitment rate Month−1 
 𝜂𝐶 Transmission efficiency of cattle carriers – 𝜂𝐵 Transmission efficiency of buffalo carriers –  
 𝛿𝐶 attachment rate on cattle – 𝛿𝐵 attachment rate on buffalo –  
 𝜇𝐶 Natural mortality (cattle) Month−1 𝜇𝐵 Natural mortality (buffalo) Month−1 
 𝛾𝐶 Recovery rate (cattle) Month−1 𝛾𝐵 Recovery rate (buffalo) Month−1 
 𝑑𝐶 ECF death rate (cattle) Month−1 𝑑𝐵 ECF death rate (buffalo) Month−1 
 Π𝑇 Tick recruitment rate Month−1 𝜇𝐴 Tick mortality rate Month−1 
 𝑝 Proportion of tick bites on buffalo –  

Fig. 1. Model flowchart depicting ECF transmission among cattle, buffaloes, and ticks. Host states include 𝑆𝐶 (susceptible adult cattle), 𝐼𝐶
(infectious cattle), 𝑅𝐶 (recovered carrier cattle), and similarly for buffaloes: 𝑆𝐵 , 𝐼𝐵 , 𝑅𝐵 . Tick states are 𝐴𝑆 (susceptible adults ticks) and 𝐴𝐼
(infectious adults ticks). Solid black lines represent transitions between states; red dashed lines indicate transmission between hosts and ticks.

Based on these assumptions, the system of differential equations governing the dynamics is as follows: 
𝑆′
𝐶 (𝑡) =𝛱𝐶 − 𝜆𝑇𝐶𝑆𝐶 − 𝜇𝐶𝑆𝐶 ,

𝐼 ′𝐶 (𝑡) =𝜆𝑇𝐶𝑆𝐶 − (𝜇𝐶 + 𝛾𝐶 + 𝑑𝐶 )𝐼𝐶 ,

𝑅′
𝐶 (𝑡) =𝛾𝐶𝐼𝐶 − 𝜇𝐶𝑅𝐶 ,

𝑆′
𝐵(𝑡) =𝛱𝐵 − 𝜆𝑇𝐵𝑆𝐵 − 𝜇𝐵𝑆𝐵 ,

𝐼 ′𝐵(𝑡) =𝜆𝑇𝐵𝑆𝐵 − (𝜇𝐵 + 𝛾𝐵 + 𝑑𝐵)𝐼𝐵 ,

𝑅′
𝐵(𝑡) =𝛾𝐵𝐼𝐵 − 𝜇𝐵𝑅𝐵 ,

𝐴′
𝑆 (𝑡) =𝛱𝑇 − (𝜆𝐶𝑇 + 𝜆𝐵𝑇 )𝐴𝑆 − 𝜇𝐴𝐴𝑆 ,

𝐴′
𝐼 (𝑡) =(𝜆𝐶𝑇 + 𝜆𝐵𝑇 )𝐴𝑆 − 𝜇𝐴𝐴𝐼 ,

(2.5)

with initial conditions:
𝑆𝐶 (0) > 0, 𝐼𝐶 (0) > 0, 𝑅𝐶 (0) > 0, 𝑆𝐵(0) > 0,
𝐼𝐵(0) > 0, 𝑅𝐵(0) > 0, 𝐴𝑆 (0) > 0, 𝐴𝐼 (0) > 0.

Table  1 presents the model symbols (Sym.) along with their corresponding biological definitions. Additionally, the model flow 
diagram is depicted in Fig.  1.

It can easily be established that model (2.5) is epidemiologically and mathematically well-posed in the domain: 

𝛺 =
{

(𝑆𝐶 , 𝐼𝐶 , 𝑅𝐶 , 𝑆𝐵 , 𝐼𝐵 , 𝑅𝐵 , 𝐴𝑆 , 𝐴𝐼 ) ∈ R8
+, 𝑁𝐶 ≤

𝛱𝐶
𝜇

,𝑁𝐵 ≤
𝛱𝐵
𝜇

;𝑁𝑇 ≤
𝛱𝑇
𝜇

}

. (2.6)

𝐶 𝐵 𝐴
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2.2. The reproduction number

Since it quantifies the potential of an infectious disease to invade and spread within a population, the basic reproduction number, 
0, remains a fundamental threshold parameter in infectious disease modeling. To compute 0, the disease-free equilibrium (DFE) 
must be identified. The DFE corresponds to a steady state where the disease is absent, characterized by 𝐼𝐶 = 𝐼𝐵 = 𝑅𝐵 = 𝑅𝐶 = 𝐴𝐼 = 0. 
Under these conditions, the susceptible populations are at their equilibrium values:

𝑆0
𝐶 =

𝛱𝐶
𝜇𝐶

, 𝑆0
𝐵 =

𝛱𝐵
𝜇𝐵

, and 𝐴0
𝑆 =

𝛱𝑇
𝜇𝐴

.

Using the next-generation matrix approach outlined in [20,21], the matrices  and  — which represent, respectively, the rates 
of new infections and the transfer/removal processes — are evaluated at the DFE:

 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 (1−𝑝)𝛿𝐶 𝛽𝐶𝑇𝛱𝑇
𝜇𝐴

(1−𝑝)𝛿𝐶 𝛽𝐶𝑇 (1−𝜂𝐶 )𝛱𝑇
𝜇𝐴

𝑝𝛿𝐵𝛽𝐵𝑇𝛱𝑇
𝜇𝐴

𝑝𝛿𝐵𝛽𝐵𝑇 (1−𝜂𝐵 )𝛱𝑇
𝜇𝐴

(1−𝑝)𝛿𝐶 𝛽𝑇𝐶𝛱𝐶
𝜇𝐶

0 0 0 0
0 0 0 0 0

𝑝𝛿𝐵𝛽𝑇𝐵𝛱𝐵
𝜇𝐵

0 0 0 0
0 0 0 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

and

 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜇𝐴 0 0 0 0
0 𝛾𝐶 + 𝜇𝐶 + 𝑑𝐶 0 0 0
0 −𝛾𝐶 𝜇𝐶 0 0
0 0 0 𝛾𝐵 + 𝜇𝐵 + 𝑑𝐵 0
0 0 0 −𝛾𝐵 𝜇𝐵

⎞

⎟

⎟

⎟

⎟

⎟

⎠

. (2.7)

The spectral radius of the matrix −1 yields the basic reproduction number: 

0 =
√

0𝐶 +0𝐵 =

√

(

Tick → Cattle
Cattle→ Tick

)

+
(

Tick→ Buffalo
Buffalo→ Tick

)

, (2.8)

where:

0𝐶 =
(1 − 𝑝)𝛿𝐶𝛽𝑇𝐶𝛱𝑇

𝜇𝐴

[

(1 − 𝑝)𝛿𝐶𝛽𝐶𝑇𝛱𝐶
𝜇𝐶

(

1
𝜇𝐶 + 𝛾𝐶 + 𝑑𝐶

+
(1 − 𝜂𝐶 )𝛾𝐶

𝜇𝐶 (𝜇𝐶 + 𝛾𝐶 + 𝑑𝐶 )

)]

,

0𝐵 =
𝑝𝛿𝐵𝛽𝑇𝐵𝛱𝑇

𝜇𝐴

[

𝑝𝛿𝐵𝛽𝐵𝑇𝛱𝐵
𝜇𝐵

(

1
𝜇𝐵 + 𝛾𝐵 + 𝑑𝐵

+
(1 − 𝜂𝐵)𝛾𝐵

𝜇𝐵(𝜇𝐵 + 𝛾𝐵 + 𝑑𝐵)

)]

.

• The terms (1−𝑝)𝛿𝐶 𝛽𝑇𝐶𝛱𝑇
𝜇𝐴

 and 𝑝𝛿𝐵𝛽𝑇𝐵𝛱𝑇
𝜇𝐴

 represent infection rates from ticks to cattle and buffalo, respectively. They reflect both 
tick density and transmission efficiency to each host species.

• The term (1−𝑝)𝛿𝐶 𝛽𝐶𝑇𝛱𝐶
𝜇𝐶

(

1
𝜇𝐶+𝛾𝐶+𝑑𝐶

+ (1−𝜂𝐶 )𝛾𝐶
𝜇𝐶 (𝜇𝐶+𝛾𝐶+𝑑𝐶 )

)

 quantifies the expected number of ticks infected by a single infectious cattle. 
Carrier cattle dominate this term due to their longer infectious lifespan, despite transmitting less efficiently per bite. Here, 
𝛽𝐶𝑇  is the probability a susceptible tick becomes infected after feeding on infectious or carrier cattle. The duration of acute 
infectiousness is given by 1

𝜇𝐶+𝛾𝐶+𝑑𝐶
, while (1−𝜂𝐶 )𝛾𝐶

𝜇𝐶 (𝜇𝐶+𝛾𝐶+𝑑𝐶 )
 accounts for infectiousness in carriers, weighted by reduced infectivity 

(𝜂𝐶 is immunity efficacy).
• Similarly, 𝑝𝛿𝐵𝛽𝐵𝑇𝛱𝐵

𝜇𝐵

(

1
𝜇𝐵+𝛾𝐵+𝑑𝐵

+ (1−𝜂𝐵 )𝛾𝐵
𝜇𝐵 (𝜇𝐵+𝛾𝐵+𝑑𝐵 )

)

 estimates the number of ticks infected by a single infectious buffalo. These 
parameters mirror those for cattle but typically involve longer carrier durations, lower disease-induced mortality, and higher 
ecological exposure.

• It is important to note that the transmission of vector-borne diseases involves two sequential steps: from host to vector and 
from vector back to host. This two-step process justifies the use of the square root in the expression, capturing the combined 
effect of both transmission pathways on disease propagation.

2.3. Global stability analysis of the disease-free equilibrium

Our goal in this section is to establish the global stability of the DFE, following the approach outlined in Castillo-Chavez [22]. 
Let 𝑋 = (𝑆𝐶 , 𝑆𝐵 , 𝐴𝑆 ) ∈ R3

+ denote the uninfected populations, and 𝑌 = (𝐼𝐶 , 𝑅𝐶 , 𝐼𝐵 , 𝑅𝐵 , 𝐴𝐼 ) ∈ R5
+ represent the infected populations. 

The model (2.5) can thus be expressed as:
𝑋′(𝑡) = 𝐹 (𝑋, 𝑌 ),

𝑌 ′(𝑡) = 𝐺(𝑋, 𝑌 ), with 𝐺(𝑋, 𝟎) = 0.

According to Castillo-Chavez [22], the DFE is globally asymptotically stable if the following conditions hold:

H1: For 𝑋′(𝑡) = 𝐹 (𝑋, 𝟎) ≥ 0, the equilibrium is globally asymptotically stable.
4
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Table 2
Number of possible positive roots of 𝑔(𝐴⋆

𝐼 ) for 0 < 1 and 0 > 1.
 Case 0 1 2 0 Sign changes Possible positive roots 
 1 + + + 0 < 1 0 0  
 2 + + – 0 > 1 1 1  
 3 + – + 0 < 1 2 2  
 4 + – – 0 > 1 1 1  

H2: 𝐺(𝑋, 𝑌 ) = 𝑈𝑌 − 𝐺̃(𝑋, 𝑌 ), where 𝐺̃(𝑋, 𝑌 ) ≥ 0.

Here, 𝑈 =  −  , with  and  defined in (2.7). For condition (H1), we have:

𝐹 (𝑋, 𝟎) =
⎡

⎢

⎢

⎣

𝛱𝐶 − 𝜇𝐶𝑆𝐶
𝛱𝐵 − 𝜇𝐵𝑆𝐵
𝛱𝑇 − 𝜇𝐴𝐴𝑆

⎤

⎥

⎥

⎦

.

For condition (H2), it can be verified that:

𝐺̃(𝑋, 𝑌 ) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

(1 − 𝑝)𝛽𝑇𝐶𝐴𝐼

(

𝛱𝐶
𝜇𝐶

− 𝑆𝐶

)

𝑝𝛽𝑇𝐵𝐴𝐼

(

𝛱𝐵
𝜇𝐵

− 𝑆𝐵

)

(1 − 𝑝)𝛽𝐶𝑇 (𝐼𝐶 + (1 − 𝜂𝐶 )𝑅𝐶 )
(

𝛱𝑇
𝜇𝑇

− 𝐴𝑆

)

+𝑝𝛽𝐵𝑇 (𝐼𝐵 + (1 − 𝜂𝐵)𝑅𝐵)
(

𝛱𝑇
𝜇𝑇

− 𝐴𝑆

)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

Therefore, whenever 0 < 1, the disease-free equilibrium (DFE) 0 is globally asymptotically stable. This implies that the DFE and 
the endemic equilibrium cannot coexist in the model (2.5). We claim the following result: 

Theorem 2.1.  If 0 < 1, then the DFE 0 of model (2.5) is globally asymptotically stable.

2.4. Existence and local stability of the endemic equilibrium

Let ∗ = (𝑆⋆
𝐶 , 𝐼

⋆
𝐶 , 𝑅

⋆
𝐶 , 𝑆

⋆
𝐵 , 𝐼

⋆
𝐵 , 𝑅

⋆
𝐵 , 𝐴

⋆
𝑆 , 𝐴

⋆
𝐼 ) be the endemic equilibrium of model (2.5). To determine its existence, we set the 

right-hand sides of the model equations to zero and solve all variables in terms of 𝐴⋆
𝐼 . This yields: 

𝑆⋆
𝐶 =

𝛱𝐶

(1 − 𝑝)𝛿𝐶𝛽𝑇𝐶𝐴⋆
𝐼 + 𝜇𝐶

, 𝐼⋆𝐶 =
(1 − 𝑝)𝛿𝐶𝛽𝑇𝐶𝐴⋆

𝐼 𝛱𝐶

𝑎1((1 − 𝑝)𝛿𝐶𝛽𝑇𝐶𝐴⋆
𝐼 + 𝜇𝐶 )

, 𝑅⋆
𝐶 =

𝛾𝐶 (1 − 𝑝)𝛿𝐶𝛽𝑇𝐶𝐴⋆
𝐼 𝛱𝐶

𝑎1𝜇𝐶 ((1 − 𝑝)𝛿𝐶𝛽𝑇𝐶𝐴⋆
𝐼 + 𝜇𝐶 )

,

𝑆⋆
𝐵 =

𝛱𝐵

𝑝𝛿𝐵𝛽𝑇𝐵𝐴⋆
𝐼 + 𝜇𝐵

, 𝐼⋆𝐵 =
𝑝𝛿𝐵𝛽𝑇𝐵𝐴⋆

𝐼 𝛱𝐵

𝑎2(𝑝𝛿𝐵𝛽𝑇𝐵𝐴⋆
𝐼 + 𝜇𝐵)

, 𝑅⋆
𝐵 =

𝛾𝐵𝑝𝛿𝐵𝛽𝑇𝐵𝐴⋆
𝐼 𝛱𝐵

𝑎2𝜇𝐵(𝑝𝛿𝐵𝛽𝑇𝐵𝐴⋆
𝐼 + 𝜇𝐵)

,

𝐴⋆
𝑆 =

𝛱𝑇 𝑎1𝑎2(𝐴⋆
𝐼 𝐾𝐵 + 𝜇𝐴)(𝐴⋆

𝐼 𝐾𝐵 + 𝜇𝐴)

𝑎1𝑘2𝐵𝐾𝐶𝛱𝐵𝛼𝐵𝐴⋆
𝐼
2 + 𝑎2𝐾𝐵𝐾𝐶𝛱𝐶𝛼𝐶𝐴⋆

𝐼
2 + 𝑎1𝑎2𝐾𝐵𝐾𝐶𝜇𝐴𝐴⋆

𝐼
2 + 𝑎2𝐾2

𝐶𝛱𝐶𝛼𝐶𝜇𝐵𝐴⋆
𝐼 +𝑍1

,

(2.9)

where
𝑎1 = 𝜇𝐶 + 𝛾𝐶 + 𝑑𝐶 , 𝑎2 = 𝜇𝐵 + 𝛾𝐵 + 𝑑𝐵 , 𝐾𝐶 = (1 − 𝑝)𝛿𝐶𝛽𝐶𝑇 ,

𝐾𝐵 = 𝑝𝛿𝐵𝛽𝐵𝑇 , 𝛼𝐶 = 1 +
(1 − 𝜂𝐶 )𝛾𝐶

𝜇𝐶
, 𝛼𝐵 = 1 +

(1 − 𝜂𝐵)𝛾𝐵
𝜇𝐵

,

𝑍1 = 𝑎1𝑎2𝐾𝐶𝜇𝐴𝜇𝐵𝐴
⋆
𝐼 + 𝑎1𝐾

2
𝐵 +𝛱𝐵𝛼𝐵𝜇𝐶𝐴

⋆
𝐼 + 𝑎1𝑎2𝐾𝐵𝜇𝐴𝜇𝐶𝐴

⋆
𝐼 + 𝑎1𝑎2𝜇𝐶𝜇𝐵𝜇𝐴.

Substituting (2.9) into the last equation of model (2.5) yields a quadratic in 𝐴⋆
𝐼 : 

𝑔(𝐴⋆
𝐼 ) = 0𝐴

⋆
𝐼
2 +1𝐴

⋆
𝐼 +2 = 0, (2.10)

where

0 =𝑎1𝑎2𝐾𝐶𝐾𝐵𝜇
2
𝐴 + 𝑎1𝛼𝐵𝐾𝐵𝐾𝐶𝜇𝐴 + 𝑎2𝛼𝐶𝐾𝐶𝐾𝐵𝜇𝐴,

1 =𝜇2
𝐴𝑎1𝑎2(𝜇𝐶𝐾𝐵 + 𝜇𝐵𝐾𝐶 ) + 𝜇𝐴(𝛼𝐶𝐾𝐶𝑎2𝜇𝐵 + 𝛼𝐵𝐾𝐵𝑎1𝜇𝐶 ) − 𝜇2

𝐴𝑎1𝑎2𝜇𝐶𝜇𝐵
2
0,

2 =𝜇2
𝐴𝑎1𝑎2𝜇𝐶𝜇𝐵(1 −2

0).

Since all parameters and variables are nonnegative, we apply Descartes’ Rule of Signs to determine the number of positive roots of 
(2.10) for 0 < 1 and 0 > 1. Notably, 0 = 1 is the bifurcation point. The sign analysis summarized in Table  2.

Based on these cases, the following results are established:

Theorem 2.2.  The model (2.5) admits:
5
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(i) a unique endemic equilibrium ∗ if 0 > 1 and cases 2 or 4 occur,
(ii) multiple endemic equilibria if 0 < 1 and case 3 holds,
(iii) no endemic equilibrium if 0 < 1 and cases 1 or part of case 3 are satisfied.
To analyze the local stability of ∗, we employ the Center Manifold Theorem (CMT) as presented in Castillo-Chavez [23]. 

Extensive calculations, detailed in Appendix  A, lead to the following key result:

Theorem 2.3.  Model (2.5) exhibits a forward bifurcation at the critical threshold 0 = 1. 

This indicates that as 0 passes through 1, the system transitions from a disease-free state to an endemic equilibrium, signifying 
a bifurcation.

2.5. Formulation of the optimal control problem

In this section, we employ optimal control theory to assess the impact of combining multiple intervention strategies aimed 
at minimizing the number of infected cattle over time while incurring minimal costs. Specifically, we examine how integrating 
optimized acaricide use, cattle vaccination, and habitat modification can reduce infection prevalence. Optimal control analysis is a 
powerful mathematical tool for managing and mitigating epidemic diseases by identifying the most efficient intervention strategies. 
The results provide actionable insights for policymakers, enabling targeted and cost-effective implementation. For example, the 
analysis may suggest that a combination of widespread vaccination and acaricide application is the most effective approach to 
controlling disease spread. These strategies are commonly employed mechanisms for managing tick-borne infections. Let 𝑢1(𝑡), 𝑢2(𝑡), 
and 𝑢3(𝑡) denote the control functions corresponding to acaricide application, vaccination, and habitat modification, respectively. 
We formulate the following objective functional to be minimized: 

𝐽 (𝑢1(𝑡), 𝑢2(𝑡), 𝑢3(𝑡)) = ∫

𝑇

0

[

𝐴1𝐼𝐶 (𝑡) + 𝐴2𝑅𝐶 (𝑡) + 𝐴3𝑁𝑇 + 1
2
𝑤1𝑢

2
1(𝑡) +

1
2
𝑤2𝑢

2
2(𝑡) +

1
2
𝑤3𝑢

2
3(𝑡)

]

𝑑𝑡, (2.11)

subject to the constraints: 
𝑆′
𝐶 (𝑡) = 𝛱𝐶 − (1 − 𝑢1(𝑡))𝜆𝑇𝐶𝑆𝐶 − 𝜇𝐶𝑆𝐶 − 𝑢2(𝑡)𝑆𝐶 ,

𝐼 ′𝐶 (𝑡) = (1 − 𝑢1(𝑡))𝜆𝑇𝐶𝑆𝐶 − (𝜇𝐶 + 𝛾𝐶 + 𝑑𝐶 )𝐼𝐶 ,

𝑅′
𝐶 (𝑡) = 𝑢2(𝑡)𝑆𝐶 + 𝛾𝐶𝐼𝐶 − 𝜇𝐶𝑅𝐶 ,

𝑆′
𝐵(𝑡) = 𝛱𝐵 − 𝜆𝑇𝐵𝑆𝐵 − 𝜇𝐵𝑆𝐵 ,

𝐼 ′𝐵(𝑡) = 𝜆𝑇𝐵𝑆𝐵 − (𝜇𝐵 + 𝛾𝐵 + 𝑑𝐵)𝐼𝐵 ,

𝑅′
𝐵(𝑡) = 𝛾𝐵𝐼𝐵 − 𝜇𝐵𝑅𝐵 ,

𝐴′
𝑆 (𝑡) = 𝛱𝑇 − (1 − 𝑢1(𝑡))𝜆𝐶𝑇𝐴𝑆 − 𝜆𝐵𝑇𝐴𝑆 − (𝜇𝐴 + 𝑢3(𝑡))𝐴𝑆 ,

𝐴′
𝐼 (𝑡) = (1 − 𝑢1(𝑡))𝜆𝐶𝑇𝐴𝑆 + 𝜆𝐵𝑇𝐴𝑆 − (𝜇𝐴 + 𝑢3(𝑡))𝐴𝐼 ,

(2.12)

In the objective functional (2.11), the positive constants 𝐴1, 𝐴2, 𝐴3, 𝑤1, 𝑤2, and 𝑤3 weight the importance of infected cattle, 
recovered cattle, total tick population, and the costs associated with each control. This formulation effectively translates the integral 
into monetary expenditure over a finite period 𝑇 . The choice of quadratic controls is motivated by their mathematical advantages: 
(𝑖) they simplify the process of finding optimal solutions, and (𝑖𝑖) they are smooth functions with a single extremum [24].

The optimal control problem involves determining control functions 𝑈 = (𝑢∗1(𝑡), 𝑢
∗
2(𝑡), 𝑢

∗
3(𝑡)) that minimize 𝐽 : 

𝐽 (𝑢∗1(𝑡), 𝑢
∗
2(𝑡), 𝑢

∗
3(𝑡)) = inf

(𝑢1 ,𝑢2 ,𝑢3)∈𝑈
𝐽 (𝑢1(𝑡), 𝑢2(𝑡), 𝑢3(𝑡)), (2.13)

where the admissible set 𝑈 is defined as:

𝑈 =
{

(𝑢1(𝑡), 𝑢2(𝑡), 𝑢3(𝑡)) ∈ (𝐿∞(0, 𝑡𝑓 ))3 ∶ 0 ≤ 𝑢𝑖(𝑡) ≤ 𝑢𝑖max, 𝑖 = 1, 2, 3
}

,

and 𝑢𝑖max are positive bounds on the control functions.
The optimal controls are obtained by solving the necessary conditions derived via Pontryagin’s Maximum Principle (PMP) [25] 

or alternative methods such as dynamic programming [26]. In this work, we apply PMP and define the Hamiltonian: 

(𝑡, 𝐱,𝐮,𝝀) = 𝐴1𝐼𝐶 (𝑡) + 𝐴2𝑅𝐶 (𝑡) + 𝐴3𝑁𝑇 + 1
2
𝑤1𝑢

2
1(𝑡) +

1
2
𝑤2𝑢

2
2(𝑡) +

1
2
𝑤3𝑢

2
3(𝑡)

+
8
∑

𝑘=1
𝜆𝑘𝑓𝑘,

(2.14)

where 𝝀 = [𝜆1(𝑡), 𝜆2(𝑡),… , 𝜆8(𝑡)] are the adjoint variables associated with the 8-dimensional state vector 𝐱 = (𝑆𝐶 , 𝐼𝐶 , 𝑅𝐶 , 𝑆𝐵 , 𝐼𝐵 , 𝑅𝐵 ,
𝐴𝑆 , 𝐴𝐼 ), and 𝑓𝑘 corresponds to the right-hand side of the 𝑘th state equation in (2.12) with 𝑘 = 1,… , 8. The necessary conditions for 
optimality are detailed in Appendix  B.
6
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Table 3
Cumulative monthly cases from December 2014 to December 2020.
 Year Months

 Jan Feb Mar Apr May Jun Jul Aug Sept Oct Nov Dec  
 2014 178  
 2015 179 180 183 187 192 198 204 212 220 229 238 243  
 2016 266 299 343 395 452 511 569 624 671 709 734 743  
 2017 735 712 678 636 587 536 485 436 394 360 337 329  
 2018 340 372 423 490 572 667 771 885 1005 1129 1255 1381 
 2019 1531 1724 1952 2204 2472 2747 3020 3283 3525 3739 3914 4043 
 2020 4145 4244 4340 4431 4517 4595 4664 4724 4773 4809 4832 4840 

3. Numerical results and discussions

In this section, we employ several numerical techniques to solve the basic model (2.5) and the optimal control problem (2.12). 
We first present results for the basic model, offering insights into its behavior and dynamics. Next, we analyze the optimal control 
problem, illustrating how the optimal strategies influence system evolution and target outcomes.

3.1. Parameter estimation and model fitting

Parameter estimation and model fitting are essential in epidemiological modeling. They support model validation, calibration, 
and enable future predictions [27]. Additionally, these processes provide valuable insights into the transmission dynamics of 
the disease under investigation, enhancing our understanding of the underlying mechanisms [28]. In this study, some model 
parameters were adopted from previously published peer-reviewed articles, ensuring biological plausibility and consistency with 
existing literature. Other parameters were determined through a systematic fitting process to observed data. To perform the fitting, 
we employed the least-squares estimation technique, which minimizes discrepancies between observed and model-predicted data. 
Specifically, the cumulative monthly reported cases of ECF in Zimbabwe, obtained from a report by the Department of Veterinary 
Services covering December 2014 to December 2020, served as the data source [29] (see Table  3). The parameter estimation 
procedure utilized MATLAB’s optimization routine fmincon to minimize an objective function subject to specified bounds for the 
parameters [28]. The objective function was defined as the sum of squared residuals between the observed monthly incidence data 
and the model’s predictions. Mathematically, this optimization problem can be expressed as: 

min
𝜃

𝑛
∑

𝑖=1

(

𝐼𝑜𝑏𝑠(𝑡𝑖) − 𝐼𝑚𝑜𝑑𝑒𝑙(𝑡𝑖, 𝜃)
)2 , (3.1)

where 𝐼𝑜𝑏𝑠(𝑡𝑖) denotes the observed incidence at time 𝑡𝑖, 𝐼𝑚𝑜𝑑𝑒𝑙(𝑡𝑖, 𝜃) is the model-predicted incidence, and 𝜃 is the vector of unknown 
parameters and initial conditions [28]. During the optimization, the system of ODEs was numerically solved using the fourth-order 
Runge–Kutta (RK4) method with monthly steps (𝛥𝑡 = 1). The primary goal was to minimize the sum of squared differences between 
data points and model outputs, ensuring an accurate fit [30]. All baseline parameters obtained from this fitting process are presented 
in Table  5. The initial conditions were assumed as follows: 𝑁𝐶 = 85, 000, 𝑁𝐵 = 75, 000, 𝑁𝑇 = 100, 000, 𝐼𝐶 (0) = 171, 𝑅𝐶 (0) = 1, 
𝐼𝐵(0) = 7500, 𝑅𝐵(0) = 0, and 𝐴𝐼 (0) = 9944.

Fig.  2 illustrates the quality of the model fit, demonstrating that the model aligns well with the observed data. Based on this fit, the 
model can be confidently used for future predictions regarding the dynamics of ECF in cattle, buffaloes, and ticks. During the fitting 
process, key parameters such as transmission rates (𝛽𝑇𝐶 , 𝛽𝐶𝑇 , 𝛽𝑇𝐵 , 𝛽𝐵𝑇 ), host recruitment rates (𝛱𝐶 ,𝛱𝐵), and vector recruitment rate 
(𝛱𝑇 ) were directly estimated from data. Parameters including recovery rates (𝛾𝐶 , 𝛾𝐵), attachment rates (𝛿𝐶 , 𝛿𝐵), natural mortality 
(𝜇𝐶 , 𝜇𝐵), disease-induced death rates (𝑑𝐶 , 𝑑𝐵), and transmission efficiencies (𝜂𝐶 , 𝜂𝐵) were obtained from literature (see Tables  4 and
5). Uncertainty in parameter estimates was quantified using the delta method to derive 95% confidence intervals [28]. As expected, 
these intervals are relatively broad, reflecting uncertainty due to data limitations.

Fig.  2 indicates that ECF cases remained relatively low and stable between 2014 and 2015, with a moderate increase in 
2015–2016, a slight decline around 2017, and a sharp rise from 2017 onward. Both observed data and model predictions show 
rapid epidemic growth in 2018–2019. By 2020, cases approached approximately 5000. The model effectively captures the overall 
trend, especially the exponential increase post-2017. Minor discrepancies during 2016–2017 reflect short-term fluctuations, but the 
general agreement remains satisfactory. The widening confidence intervals over time reflect increasing uncertainty as the epidemic 
progresses. Parameter estimates are biologically plausible and align with existing literature on tick-host-pathogen dynamics. The 
final estimates and confidence intervals are summarized in Table  4.

3.2. Sensitivity analysis of the reproduction number

As previously highlighted, 0 is a critical metric in infectious disease modeling. It is essential to identify the parameters that 
most strongly influence its value. To this end, we compute the normalized forward sensitivity indices, which quantify the relative 
7
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Fig. 2. Observed ECF cases and the fitted model over 2014–2020. Blue dots show cumulative cases; the red curve indicates the model fit; 
light-blue shading represents the 95% confidence interval.

Table 4
Fitted parameter values and 95% confidence intervals.
 Parameter Estimate (Mean) 95% CI Lower 95% CI Upper  
 Π𝐶 3.56073 × 103 3.21731 × 103 3.89936 × 103  
 Π𝐵 9.18942 × 102 8.31486 × 102 1.00767 × 103  
 Π𝑇 4.37366 × 103 3.96292 × 103 4.78963 × 103  
 𝛽𝑇𝐶 3.08073 × 10−7 2.78403 × 10−7 3.37672 × 10−7  
 𝛽𝐶𝑇 9.99968 × 10−7 9.05586 × 10−7 1.09340 × 10−6  
 𝛽𝑇𝐵 9.95227 × 10−7 9.01412 × 10−7 1.08859 × 10−6  
 𝛽𝐵𝑇 2.83286 × 10−11 2.56579 × 10−11 3.10555 × 10−11 

Table 5
Parameters from literature.
 Symbol Definition Value Units Source 
 𝛽𝑇𝐶 Tick to cattle transmission 3.08073 × 10−7 Month−1 Fitting 
 𝛽𝑇𝐵 Tick to buffalo transmission 9.95227 × 10−7 Month−1 Fitting 
 𝛽𝐶𝑇 Cattle to tick transmission 9.99968 × 10−7 Month−1 Fitting 
 𝛽𝐵𝑇 Buffalo to tick transmission 2.83286 × 10−11 Month−1 Fitting 
 𝑝 Proportion of tick bites on buffalo 0.20 Dimensionless Fitting 
 Π𝐶 Cattle recruitment rate 3.56073 × 103 Month−1 Fitting 
 Π𝐵 Buffalo recruitment rate 9.18942 × 102 Month−1 Fitting 
 Π𝑇 Tick recruitment rate 4.37366 × 103 Month−1 Fitting 
 𝜂𝐶 , 𝜂𝐵 Transmission efficiency (carriers) 0.99 Dimensionless [3]  
 𝜇𝐴 Tick mortality rate 1.9841 × 10−4 Month−1 [3]  
 𝛿𝐶 Attachment rate on cattle 0.77 Dimensionless [3]  
 𝛿𝐵 Attachment rate on buffalo 0.77 Dimensionless [3]  
 𝜇𝐶 Natural mortality (cattle) 2.44085 × 10−5 Month−1 [3]  
 𝜇𝐵 Natural mortality (buffalo) 1.4269 × 10−5 Month−1 [3]  
 𝛾𝐶 Recovery rate (cattle) 5.5556 × 10−3 Month−1 [3]  
 𝛾𝐵 Recovery rate (buffalo) 5.5556 × 10−3 Month−1 [3]  
 𝑑𝐶 ECF death rate (cattle) 7.9365 × 10−3 Month−1 [3]  
 𝑑𝐵 ECF death rate (buffalo) 2.3148 × 10−4 Month−1 [3]  

impact of each parameter on 0. Parameters with negative sensitivity indices imply that increasing these parameters decreases 0, 
while those with positive indices suggest that their increase elevates 0. The sensitivity index, denoted as 𝜁0

𝑃 , is defined as: 

𝜁0
𝑃 = 𝑃

0
×

𝜕0
𝜕𝑝

. (3.2)

Using the baseline parameter values listed in Table  5, we calculated the sensitivity indices shown in Fig.  3. The results indicate 
that parameters such as 𝛱𝐶 , 𝛽𝑇𝐶 , 𝛽𝐶𝑇 , 𝛿𝐶 , 𝛾𝐶 , 𝛱𝐵 , 𝛽𝑇𝐵 , 𝛽𝐵𝑇 , 𝛿𝐵 , 𝛾𝐵 , and 𝛱𝑇  have positive sensitivities. This means that proportional 
increases in these parameters will raise 0, thereby enhancing the potential for disease transmission and spread. Conversely, 
parameters like 𝜂𝐶 , 𝜇𝐴, 𝑑𝐶 , 𝜇𝐶 , 𝜇𝐵 , 𝑑𝐵 , and 𝜂𝐵 exhibit negative sensitivities—meaning that increasing these parameters will decrease 
 . These findings highlight key parameters that could be targeted in control strategies to effectively reduce disease transmission.
0
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Fig. 3. Sensitivity analysis illustrating the relationship between 0 and model parameters.

Fig. 4. Surface plots illustrating the relationship between 0 and two model parameters.
9
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Fig. 5. Sensitivity analysis: Effect of ±20% variation in parameters on the peak number of infected cattle. Bars indicate the change in peak 
infected cattle (𝐼𝐶 ) following a 20% increase (orange) or decrease (blue) in each parameter. Only parameters with significant influence are 
shown.

The sensitivity analysis in Fig.  3 was conducted by varying one parameter at a time while holding others constant. To explore the 
combined effects of two transmission-related parameters, we simulated 0 as a function of these parameters. The results, depicted in 
Fig.  4, are consistent with the local sensitivity analysis. Specifically, increasing two parameters positively correlated with 0 — such 
as the transmission rates — significantly elevates its value. For instance, in Fig.  4(a), increasing both the tick-to-cattle transmission 
rate 𝛽𝑇𝐶 and the cattle-to-tick transmission rate 𝛽𝐶𝑇  markedly raises 0. Conversely, increasing two parameters negatively correlated 
with 0 results in a substantial decrease. It is important to note that since 0 incorporates parameters associated with disease 
transmission within wildlife populations, an increase in these transmission rates also elevates 0. This underscores the potential 
risk of spillover from wildlife reservoirs to livestock, highlighting the importance of controlling wildlife transmission to mitigate 
outbreaks in cattle and buffalo.

3.3. Global sensitivity analysis

To identify the key factors influencing disease dynamics, we conducted a comprehensive global sensitivity analysis using Latin 
Hypercube Sampling (LHS) combined with the Partial Rank Correlation Coefficients (PRCC) method, as outlined in Marino et al. [31]. 
The results are presented in Fig.  5. The results reveal that the proportion of tick bites on buffalo (𝑝) has the greatest impact on the 
cumulative infected cattle. This is followed by the tick-to-cattle transmission rate (𝛽𝑇𝐶 ), the buffalo-to-tick transmission rate (𝛽𝐵𝑇 ), 
and the cattle-to-tick transmission rate (𝛽𝐶𝑇 ). Moderate effects are observed for the tick-to-buffalo transmission rate (𝛽𝑇𝐵) and 
the initial infected cattle population (𝐼𝐶 (0)). Parameters such as the tick recruitment rate (𝛱𝑇 ) and the immune cattle infection 
modifier (𝛿𝐶 ) exhibit minimal influence. Notably, the negative correlation associated with increasing 𝑝 underscores the key role 
of tick feeding preferences in shaping the long-term infection burden in cattle. These findings suggest that targeted interventions 
— such as reducing tick feeding on buffalo hosts or modifying transmission pathways — could significantly decrease infection 
prevalence in cattle populations.

3.4. Predicting future disease dynamics

To evaluate the long-term impact of East Coast Fever (ECF) in Zimbabwe, we projected the model from 2021 to 2030. These 
simulations assume no changes in control measures or environmental conditions beyond 2020 (see Fig.  6). This baseline scenario 
isolates the intrinsic disease dynamics under current practices, a common approach in epidemiological modeling that facilitates 
interpretation without speculative assumptions. The projection serves as a quantitative reference for understanding potential disease 
burden and guiding future control strategies. Fig.  6 illustrates that the model predicts a gradual decline in ECF cases over the 
projection period. From 2026 to 2030, cases are expected to be lower and stable. The model estimates that monthly cases will be 
approximately 2500. This indicates that the sharp growth observed during the 2014–2020 outbreak phase is unlikely to be sustained 
from 2026 to 2030. Instead, disease dynamics tend to approach a lower equilibrium, implying persistent but controlled transmission 
within the host-vector system. The widening confidence interval immediately after the forecast point reflects uncertainty in long-
term predictions, while the subsequent narrowing suggests increasing confidence in the projected endemic trend. Overall, the model 
indicates a transition from epidemic growth to endemic stabilization after 2020, offering valuable insights for long-term surveillance, 
resource allocation, and strategic control planning.
10
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Fig. 6. The model-fitted (2014–2020) and projected dynamics of ECF cases from 2020 to 2030. Blue dots represent observed cases, the red curve 
shows the fitted model, the black curve indicates projected cases beyond 2020, and the shaded light-blue region denotes the 95% confidence 
interval (CI). The vertical dotted line marks the start of the forecast in 2020.

Table 6
Projected population levels as of June 2026.
 Variable Number of hosts 
 Susceptible cattle 𝑆𝐶 (𝑡) 2.77 × 104  
 Infectious cattle 𝐼𝐶 (𝑡) 2.84 × 105  
 Recovered cattle 𝑅𝐶 (𝑡) 1.25 × 105  
 Susceptible buffaloes 𝑆𝐵 (𝑡) 1.10 × 104  
 Infectious buffaloes 𝐼𝐵 (𝑡) 1.39 × 105  
 Recovered buffaloes 𝑅𝐵 (𝑡) 5.96 × 104  
 Susceptible ticks 𝐴𝑆 (𝑡) 2.48 × 104  
 Infectious ticks 𝐴𝐼 (𝑡) 7.14 × 105  

3.5. Optimal control simulation results

In this section, we present the outcomes of various optimized control strategies under different scenarios. Specifically, we report 
numerical results for the optimal control problem (2.12), which was solved by addressing the associated optimality system—eight 
coupled ordinary differential equations derived from the state and costate equations. The widely used forward–backward sweep 
method [32] was employed for the numerical solution. Additionally, we assess the potential impact of rolling control strategies 
starting from July 2026. The initial population levels used are shown in Table  3; these were estimated using data from Table  6 and 
represent the expected populations by the end of June 2026.

The three intervention strategies considered are acaricide application, vaccination, and habitat modification, represented by 
control functions 𝑢1(𝑡), 𝑢2(𝑡), and 𝑢3(𝑡), respectively. To account for feasibility constraints, each control was assigned an upper bound 
reflecting operational and ecological limitations: acaricide efficacy is capped at 70%–80%, vaccination coverage at 80%–85%, and 
habitat management at 80%–85%, due to supply constraints and heterogeneous uptake. For the weights in the objective functional, 
we set 𝐴1 = 𝐴2 = 𝐴3 = 5, indicating equal emphasis on minimizing the number of infected cattle and carriers. Considering 
Zimbabwe’s context and previous cost analyses [33], habitat modification is typically the most expensive intervention, followed 
by vaccination, with acaricide application being the least costly. To incorporate these cost considerations, we assigned weights such 
that 𝑤3 > 𝑤2 > 𝑤1, specifically 𝑤3 = 20, 𝑤2 = 10, and 𝑤1 = 5. This penalizes more costly interventions within the optimization 
process. It is worth noting that vaccination costs vary depending on the method used — such as dipping versus spraying — and 
regional factors; thus, these weights are based on assumptions and should be adjusted to reflect local economic conditions.

Our analysis considers the following strategies:

• Strategy A: Acaricide application only (𝑢1 ≠ 0, 𝑢2 = 0, 𝑢3 = 0)
• Strategy B: Acaricide plus vaccination (𝑢1 ≠ 0, 𝑢2 ≠ 0, 𝑢3 = 0)
• Strategy C: Acaricide plus habitat modification (𝑢1 ≠ 0, 𝑢2 = 0, 𝑢3 ≠ 0)
• Strategy D: All three measures combined (𝑢1 ≠ 0, 𝑢2 ≠ 0, 𝑢3 ≠ 0)

Each scenario provides insights into the effectiveness and cost-efficiency of different intervention combinations in reducing the 
infected cattle population.
11
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Fig. 7. Simulation results for Strategy 𝐴 (Optimal acaricide application) with 0 ≤ 𝑢1(𝑡) ≤ 0.80. The solid red curves represent population levels 
without control, while the dashed black curves depict populations under control measures. (a) Number of infectious cattle 𝐼𝐶 (𝑡); (b) Number 
of infectious buffaloes 𝐼𝐵(𝑡); (c) Recovered cattle 𝑅𝐶 (𝑡); (d) Recovered buffaloes 𝑅𝐵(𝑡); (e) Infectious ticks; (f) Time-varying optimal acaricide 
application rates.

Strategy A: Optimal acaricide use alone (𝑢1 ≠ 0, 𝑢2 = 0, 𝑢3 = 0)
Application of acaricides through animal dipping is one of the most widely adopted strategies in Zimbabwe, primarily due to its 

relatively low cost and straightforward implementation. The primary objective of Strategy 𝐴 is to evaluate the efficacy of acaricide 
use as the sole control measure. To this end, the control variables associated with vaccination and habitat modification are set to 
zero, while the acaricide application control 𝑢1(𝑡) is allowed to vary within the range [0, 0.8]. The results are depicted in Fig.  7.

Results in Fig.  7(a) demonstrate that acaricide control significantly reduces the infectious cattle population 𝐼𝐶 (𝑡) compared 
to the uncontrolled case. Under control, 𝐼𝐶 (𝑡) declines more rapidly over time, indicating effective suppression of tick-mediated 
transmission and a decrease in disease prevalence among cattle. Fig.  7(b) shows the dynamics of the infectious buffalo population 
𝐼𝐵(𝑡). Both controlled and uncontrolled trajectories exhibit gradual growth toward equilibrium; however, the controlled trajectory 
remains slightly lower, suggesting limited indirect effects of acaricide intervention on buffalo. Figs.  7(c) and (d) depict the recovered 
cattle 𝑅𝐶 (𝑡) and recovered buffalo 𝑅𝐵(𝑡) populations, respectively. In both, trajectories are relatively close, indicating that acaricide 
application primarily targets disease transmission rather than significantly affecting long-term recovery dynamics. For the infectious 
12
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Fig. 8. Simulation results for Strategy B (optimal vaccination and acaricide application) with control bounds 0 ≤ 𝑢1(𝑡) ≤ 0.8 and 0 < 𝑢2(𝑡) ≤ 0.60. 
Solid red curves represent populations without control interventions, while dashed black curves depict populations under control strategies. 
Panels (𝑎)−(𝑏) display infectious cattle and buffalo populations, respectively; panels (𝑐)−(𝑑) show recovered cattle and buffalo populations; panel 
(𝑒) depicts infectious ticks; and panel (𝑓 ) illustrates the time-varying optimal control rates.

tick population 𝐴𝐼 (𝑡) in Fig.  7(e), the uncontrolled scenario shows a continuous increase in tick abundance, whereas the controlled 
trajectory remains substantially lower throughout the simulation. This confirms that optimal acaricide application effectively 
suppresses infectious ticks, interrupting pathogen transmission between hosts. Fig.  7(f) illustrates the optimal control profile 𝑢1(𝑡), 
which remains at a high level throughout the 10-year intervention. This suggests that sustained, intensive acaricide application is 
necessary to achieve significant reductions in infectious ticks and ECF prevalence in hosts.

In summary, Strategy 𝐴 (optimal acaricide use) effectively reduces infectious cattle and limits tick population growth. However, 
its impact on buffalo-related compartments is minimal. These findings indicate that, although optimizing acaricide application 
markedly decreases new infections when used alone, it may not suffice for complete disease eradication. This highlights the 
importance of integrating additional control strategies to enhance overall disease management.
13
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Strategy B: Optimal acaricide use combined with vaccination (𝑢1 ≠ 0, 𝑢2 ≠ 0, 𝑢3 = 0)
In this strategy (Strategy B), we analyze the impact of optimizing acaricide application and cattle vaccination to mitigate the 

spread of East Coast Fever (ECF). The results are illustrated in Fig.  8. The results in Fig.  8(a) show that the combined optimal control 
strategy — comprising acaricide application 𝑢1(𝑡) and vaccination 𝑢2(𝑡) — produces a substantial reduction in the infectious cattle 
population 𝐼𝐶 (𝑡) over the simulation horizon. Under control, 𝐼𝐶 (𝑡) declines more rapidly than in the uncontrolled scenario, decreasing 
from approximately 2.84×105 to nearly 2.52×105 by July 2036. In contrast, the uncontrolled trajectory shows only minimal decline. 
This demonstrates that integrating acaricide and vaccination effectively suppresses disease transmission and reduces infection burden 
within cattle. Fig.  8(b) indicates that the infectious buffalo population 𝐼𝐵(𝑡) increases gradually in both scenarios, with the controlled 
trajectory remaining marginally lower throughout the simulation. A notable improvement is observed in the recovered (carrier) cattle 
population 𝑅𝐶 (𝑡) (Fig.  8(c)). The controlled system yields a substantially larger recovered population — approximately 1.93 × 105

— compared to the uncontrolled case, reflecting enhanced immunity acquisition and survival due to vaccination. By the end of the 
intervention, the recovered class under control exceeds the uncontrolled trajectory, underscoring vaccination’s role in increasing 
recovery and long-term herd immunity.

In Fig.  8(d), both controlled and uncontrolled trajectories are nearly identical, indicating minimal direct impact on buffalo 
dynamics. This aligns with the fact that the intervention primarily targeted cattle via vaccination and ticks via acaricide application, 
without explicit buffalo-focused measures. Similarly, the tick population 𝐴𝐼 (𝑡) shown in Fig.  8(e) exhibits only slight differences 
between scenarios. Although acaricide application contributed to some suppression of infected ticks, the reduction was modest over 
the long-term simulation, suggesting that additional vector-targeted strategies or increased acaricide coverage may be necessary to 
achieve stronger tick reductions. The optimal control profiles in Fig.  8(f) reveal that vaccination 𝑢2(𝑡) was maintained at a consistently 
high level throughout most of the intervention period, while acaricide application 𝑢1(𝑡) remained comparatively low. This indicates 
that vaccination was the dominant intervention for minimizing disease prevalence and optimizing the objective functional.

Overall, the combined acaricide–vaccination strategy demonstrated significant epidemiological benefits, notably in reducing 
infectious cattle and enhancing recovery. The results suggest that vaccination plays a central role in disease mitigation, with acaricide 
application providing supportive vector suppression. Consequently, integrating both measures offers a more effective approach to 
controlling ECF transmission compared to single interventions alone.

Strategy C: Optimal acaricide use combined with habitat modification (pasture management) (𝑢1 ≠ 0, 𝑢3 ≠ 0, 𝑢2 = 0)
Due to the high costs and limited availability of vaccines, vaccination is rarely employed as a control measure for East Coast 

Fever (ECF) in Zimbabwe. Conversely, farmers often adopt low-cost habitat modification techniques, such as controlled or prescribed 
burns, to manage tick populations. These burns are carefully planned and executed to reduce ground vegetation, leaf litter, and other 
tick habitats, thereby effectively decreasing tick densities. In this section, we evaluate the impact of combining acaricide application 
with habitat management on ECF transmission. The results are shown in Fig.  9. Fig.  9(a) illustrates the dynamics of the infectious 
cattle population 𝐼𝐶 (𝑡). Under the control scenario, 𝐼𝐶 (𝑡) declines markedly from approximately 2.84 × 105 to nearly 2.48 × 105 by 
July 2036, while the uncontrolled trajectory shows only a gradual decrease. This significant reduction demonstrates that combining 
acaricide use with habitat modification effectively suppresses transmission by targeting infected ticks and reducing environmental 
conditions favorable to tick survival. Fig.  9(b) shows the infectious buffalo population 𝐼𝐵(𝑡). Initially, it increases slightly in both 
scenarios but then declines steadily under control, reaching nearly 1.35 × 105. This suggests that the combined strategy can reduce 
disease prevalence in buffalo populations over time.

The recovered cattle population 𝑅𝐶 (𝑡), depicted in Fig.  9(c), increases gradually in both cases, with only minor differences. 
Although the intervention reduces transmission and exposure, the small increase in recovered animals indicates that this strategy 
mainly prevents new infections rather than significantly enhancing recovery after infection. Similarly, Fig.  9(d) shows that buffalo 
recovered populations follow a comparable trend, with minimal differences, which is expected since the control primarily targets 
vectors and environmental conditions rather than buffalo directly. Fig.  9(e) displays the infected tick population 𝐴𝐼 (𝑡). Notably, 
under the control scenario, the infected tick population declines sharply from about 7 × 105 to near elimination within a few years. 
In contrast, the uncontrolled tick population remains persistently high. This dramatic decline confirms that combining acaricide 
application with habitat modification disrupts tick survival, reproduction, and persistence, thus reducing disease transmission. The 
optimal control profiles in Fig.  9(f) show that both acaricide application 𝑢1(𝑡) and habitat modification 𝑢3(𝑡) are maintained at high 
levels during most of the intervention period, then decline sharply near the end. This pattern indicates that sustained application of 
both controls is necessary to achieve significant reductions in tick populations and disease spread. The simultaneous high application 
underscores the synergistic effect of vector-targeted and environmental interventions.

Overall, the combined acaricide–habitat modification strategy demonstrates strong epidemiological effectiveness, particularly in 
reducing infected tick populations and infection among cattle and buffalo. These results suggest that integrating direct vector control 
with environmental management can substantially disrupt disease transmission pathways and serve as a highly effective long-term 
approach for controlling ECF in endemic regions.

Strategy D: Implementation of all three control measures simultaneously (𝑢1 ≠ 0, 𝑢2 ≠ 0, 𝑢3 ≠ 0)
In this section, we evaluate the effects of simultaneously optimizing all three intervention strategies on disease mitigation. The 

results are shown in Fig.  10. Fig.  10(a) depicts the dynamics of the infectious cattle population 𝐼𝐶 (𝑡). Under the uncontrolled 
scenario, 𝐼𝐶 (𝑡) declines gradually over time. In contrast, the controlled trajectory exhibits a much steeper decline, decreasing from 
approximately 2.84 × 105 to nearly 2.48 × 105 by July 2036. This reduction indicates that integrated implementation of acaricide 
use, vaccination, and habitat modification effectively interrupts transmission pathways and suppresses infection progression within 
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Fig. 9. Simulation results for Strategy C (optimal acaricide application combined with habitat modification) under control bounds 0 ≤ 𝑢1(𝑡) ≤ 0.80
and 0 ≤ 𝑢3(𝑡) ≤ 0.85. Solid red curves represent population levels in the absence of controls, while dashed black curves depict levels when controls 
are implemented. Panels (a) and (b) show infectious cattle and buffalo populations, respectively; panels (c) and (d) depict carrier cattle and buffalo 
populations; panel (e) illustrates infectious tick populations; and panel (f) displays the time-varying optimal control rates.
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Table 7
Strategies ordered by total infections averted.
 Strategy Infections averted Total cost 
 A 17,963 148,075  
 B 19,049 395,189  
 C 36,506 689,730  
 D 36,618 690,110  

the cattle population. Similarly, the infectious buffalo population 𝐼𝐵(𝑡), shown in Fig.  10(b), declines progressively under the 
intervention, reflecting the strategy’s effectiveness in reducing infection among buffaloes over the simulation period. Unlike in Fig. 
9(c), a pronounced increase in the recovered (carrier) cattle population 𝑅𝐶 (𝑡) is observed under the controlled scenario (Fig.  10(c)). 
The recovered class increases substantially faster compared to the uncontrolled case, highlighting the significant contribution of 
vaccination in enhancing immunity and recovery among infected cattle. This suggests improved long-term herd protection with the 
combined intervention, a trend also observed in Fig.  8(c).

Fig.  10(d) shows slight differences between the controlled and uncontrolled trajectories, with the controlled case remaining 
marginally lower throughout the simulation. This limited variation indicates that these controls exert minimal influence on buffalo 
dynamics, as the interventions primarily target cattle and tick populations rather than buffalo hosts. In Fig.  10(e), the infected 
tick population 𝐴𝐼 (𝑡) declines rapidly toward near elimination under the control scenario, whereas it remains persistently high in 
the uncontrolled case. This sharp reduction confirms the effectiveness of combining acaricide application with habitat modification 
in disrupting tick survival, reproduction, and environmental persistence. The suppression of infected ticks significantly reduces 
opportunities for disease transmission. The optimal control profiles in Fig.  10(f) show that all three controls — acaricide application 
𝑢1(𝑡), vaccination 𝑢2(𝑡), and habitat modification 𝑢3(𝑡) — are maintained at high levels during most of the intervention period, 
then decline sharply near the end. Notably, habitat modification and vaccination are maintained at slightly higher levels than 
acaricide application, suggesting their dominant roles in minimizing the objective functional and reducing disease prevalence. The 
sustained high control efforts underscore the necessity of continuous intervention to achieve long-term suppression of infection and 
tick populations.

In summary, the integrated approach combining acaricide use, vaccination, and habitat modification yields the greatest 
epidemiological benefits among the considered strategies. It significantly reduces infections in cattle and buffalo, enhances recovery 
rates, and nearly eradicates infected tick populations. These findings support the effectiveness and sustainability of a comprehensive 
control strategy targeting both hosts and vectors for managing East Coast fever in endemic regions.

Cost-effectiveness analysis
To evaluate the economic efficiency of the control measures, we analyze their cost-effectiveness ratios, enabling informed 

decision-making. This section compares all control strategies (𝐴 through 𝐸) using three key metrics:

(i) Average Cost-Effectiveness Ratio (ACER): The average cost per infection averted, calculated by dividing the net intervention 
cost by the total infections prevented.

(ii) Marginal Cost-Effectiveness Ratio (MCER): The incremental change in cost and effect from modifying a program, providing 
insight into the cost-effectiveness of small adjustments.

(iii) Incremental Cost-Effectiveness Ratio (ICER): The additional cost per additional infection prevented when comparing two 
strategies, especially useful for selecting among competing options [34,35].

We primarily focus on the ICER, computed as:

ICER = Difference in total costs
Difference in infections averted .

Total infections averted are obtained by subtracting the number of cases under each control strategy from the baseline (no 
control). The ICER allows direct comparison of the incremental benefits and costs of strategies, with the less effective option serving 
as the baseline. A lower ICER indicates better cost-effectiveness. The numerator includes intervention costs, treatment savings, 
costs avoided from prevented cases, and productivity gains where applicable. The denominator reflects the difference in health 
outcomes, such as infections prevented. Policymakers can use ICER to allocate resources optimally. Based on our simulation results, 
the strategies are ranked in order of increasing effectiveness at reducing infections:

• A combination of acaricide use and vaccination (strategy B)
• Acaricide application alone (strategy A)
• A combination of acaricide, vaccination, and habitat modification (strategy D)
• A combination of acaricide and habitat modification (strategy C)

This ranking is summarized in Table  7. The ICERs are calculated as: 
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Fig. 10. Simulation results for Strategy D, involving vaccination, acaricide application, and habitat modification, with control bounds 0 < 𝑢1(𝑡) <
0.75, 0 < 𝑢2(𝑡) ≤ 0.80, and 0 < 𝑢3(𝑡) ≤ 0.85. Solid red curves represent uncontrolled populations; dashed black curves depict controlled populations. 
Panels (a) and (b) show infectious cattle and buffalo populations, respectively. Panels (c) and (d) display carrier cattle and buffalo populations. 
Panel (e) depicts infectious tick populations, and panel (f) illustrates the time-varying optimal control rates.
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Table 8
ICERs in order of increasing infections averted.
 Strategy Infections averted Total cost ICER  
 A 17,963 148,075 0.1213  
 C 36,506 689,730 −0.0535 
 D 36,618 690,110 2.9474  

ICER (A) = 17, 963
148, 075

≈ 0.1213,

ICER (B) = 19, 049 − 17, 963
395, 189 − 148, 075

≈ 0.0044,

ICER (C) = 36, 506 − 19, 049
689, 730 − 395, 189

≈ −0.0535,

ICER (D) = 36, 618 − 36, 506
690, 110 − 689, 730

≈ 2.9474.

From these calculations (see Table  8), strategy B appears less cost-effective relative to strategy A, so we exclude it and compare the 
remaining strategies:

Next, comparing strategies C and D, the ICER indicates that strategy C is more cost-effective: 

ICER (C) = 36, 506 − 19, 049
689, 730 − 395, 189

≈ −0.0535,

ICER (D) = 36, 618 − 36, 506
690, 110 − 689, 730

≈ 2.9474.
(3.3)

Since strategy D is more costly and less effective than C (negative ICER), it is dominated and can be excluded. Therefore, the 
most cost-effective strategies are A and C, with C providing better infection reduction at comparable or slightly higher cost.

4. Concluding remarks and future directions

This study developed a comprehensive mathematical model of East Coast Fever (ECF) transmission at the livestock–wildlife 
interface, incorporating cattle, buffalo, and tick populations. Calibration with empirical data from Zimbabwe (2014–2020) produced 
parameter estimates consistent with existing literature and observed disease trends. These calibrations enabled projections up to 
2030, which suggest that, under current control practices, ECF incidence may stabilize at a persistent endemic level with minor 
fluctuations. The model indicates that the basic reproduction number 0 exceeds 1 in the baseline scenario, confirming the potential 
for sustained disease transmission without intensified intervention efforts.

Sensitivity analyses identified key parameters influencing 0, notably tick biting preference (𝑝), transmission probabilities 
(𝛽𝐶𝑇 , 𝛽𝑇𝐶 , 𝛽𝐵𝑇 , 𝛽𝑇𝐵), and host and vector recruitment rates (𝛱𝐶 ,𝛱𝐵 ,𝛱𝑇 ). These parameters represent potential targets for control 
strategies. The optimal control simulations demonstrated that applying acaricides alone can significantly reduce tick populations 
and infection levels in cattle, but may not achieve complete eradication within a decade. Combining acaricide use with cattle 
vaccination further decreases infection prevalence, enhances recovery rates, and delays potential disease resurgence. Incorporating 
habitat modification into control efforts — aimed at reducing environmental tick reservoirs — can markedly accelerate decline in 
infected vectors and hosts, often approaching elimination thresholds in model simulations. The joint implementation of all three 
strategies — acaricide application, vaccination, and habitat management — produces the most substantial reductions in infection 
levels and tick populations, suggesting a synergistic effect that could approximate eradication over an extended period.

Cost-effectiveness analysis indicates that acaricide application alone offers the most economical per-infection averted; however, 
it may not suffice for complete disease elimination. Adding vaccination improves epidemiological outcomes but entails higher 
total costs. Strategies combining habitat modification with acaricide and vaccination demonstrate better long-term benefits despite 
increased operational expenses. Dominance analysis suggests that a combination of acaricide and habitat management (Strategy C) 
provides a favorable balance of impact and cost, making it an attractive option for sustainable disease control.

Several limitations should be considered. The deterministic nature of the model may overlook stochastic effects, especially in 
small or fragmented populations, which can influence disease persistence and eradication prospects. Environmental variability and 
seasonal tick activity were not explicitly modeled, potentially affecting the accuracy of long-term forecasts. Additionally, many 
parameter estimates were derived from literature and carry inherent uncertainties, which could influence the model’s predictive 
reliability. Socio-economic factors, such as farmer compliance, logistical constraints, and resource availability, were not directly 
incorporated into the control optimization, limiting the direct applicability of the results.

Future research should focus on incorporating stochastic processes and environmental factors, such as climate variability, 
to better capture seasonal tick dynamics and their impact on transmission. Integrating climate and habitat data could improve 
the realism of projections and inform targeted interventions. Refining economic analyses with region-specific costs, including 
farmer participation and logistical challenges, would enhance policy relevance. Exploring spatially explicit or agent-based modeling 
approaches to account for the role of wildlife populations and landscape heterogeneity could provide deeper insights into disease 
persistence. Lastly, engaging stakeholders and policymakers to develop feasible implementation frameworks will be crucial for 
translating these modeling insights into effective control programs. Overall, the findings underscore that integrated, targeted 
interventions — tailored to local ecological, economic, and social contexts — are essential for sustainable management of ECF 
at the livestock–wildlife interface.
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Appendix A. Bifurcation analysis

Bifurcation analysis reveals how qualitative changes in disease dynamics arise as key epidemiological parameters vary. To 
perform the general bifurcation theory utilizing the Center Manifold Theorem (CMT) we commence by presenting Theorem  A.1 
in Castillo-Chavez [23]: 

Theorem A.1.  Consider the following general system of ordinary differential equations with parameter 𝜙: 
𝑑𝑋
𝑑𝑡

= 𝑓 (𝑋,𝜙), 𝑓 ∶ R𝑛 × R → R 𝑎𝑛𝑑 𝑓 ∈ 𝐶2(R𝑛 × R). (A.1)

Without loss of generality, it is assumed that 0 is an equilibrium for system for all values of the parameter 𝛽∗; that is, 𝑓 (0, 𝛽∗) = 0 for all 
𝛽∗. Assume

(i) 𝐴 = 𝐷𝑥𝑓 (0, 0) =
(

𝜕𝑓𝑖
𝜕𝑥𝑗

(0, 0)
)

 is the linearization of system around the equilibrium 0 and 𝛽∗ evaluated at 0. Zero is a simple 
eigenvalue of 𝐴 and other eigenvalues of 𝐴 have negative real parts;

(ii) Matrix 𝐴 has the right eigenvector 𝑢 and a left eigenvector 𝑣 corresponding to the zero eigenvalue.
Let 𝑓𝑘 be the 𝑘th component of 𝑓 and

𝑎 =
∑

𝑣𝑘𝑢𝑖𝑢𝑗
𝜕2𝑓𝑘(0, 0)
𝜕𝑥𝑖𝜕𝑥𝑗

, 𝑖, 𝑗, 𝑘 = 1, 2, 3,… , 𝑛

𝑏 =
∑

𝑣𝑘𝑢𝑖
𝜕2𝑓𝑘(0, 0)
𝜕𝑥𝑖𝜕𝜙

, 𝑖, 𝑘 = 1, 2, 3,… , 𝑛.

The local dynamics of (A.1) around zero are totally governed by 𝑎 and 𝑏.
(i) a > 0, b > 0. When 𝜙 < 0 with ∣ 𝜙 ∣≪ 1, 0 is locally asymptotically stable and there exists a positive unstable equilibrium, when 

0 < 𝜙 ≪ 1, 0 is unstable and there exists a negative and locally asymptotically stable equilibrium;
(ii) a < 0, b < 0. When 𝜙 < 0 with ∣ 𝜙 ∣≪ 1, 0 unstable; when 0 < 𝜙 ≪ 1, 0 is locally asymptotically stable, and there exists a positive 

unstable equilibrium;
(iii) a > 0, b < 0. When 𝜙 < 0 with ∣ 𝜙 ∣≪ 1, 0 is unstable, and there exist a locally asymptotically stable negative equilibrium; when 

0 < 𝜙 ≪ 1, 0 is stable, and a positive unstable equilibrium appears;
(iv) a < 0, b > 0. When 𝜙 changes from negative to positive, 0 changes its stability from stable to unstable. Correspondingly, a negative 

unstable equilibrium becomes a positive and locally asymptotically stable especially if 𝑎 > 0 and 𝑏 > 0 then backward bifurcation 
occurs at 𝛽∗ = 0.
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Based on Theorem  A.1, we redefine the variables of model (2.5) as follows 𝑆𝐶 = 𝑥1, 𝐼𝐶 = 𝑥2, 𝑅𝐶 = 𝑥3, 𝑆𝐵 = 𝑥4, 𝐼𝐵 = 𝑥5, 𝑅𝐵 =
𝑥6, 𝐴𝑆 = 𝑥7, 𝐴𝐼 = 𝑥8. Thus, we rewrite model (2.5) as: 

𝑑𝑥1
𝑑𝑡

= 𝑓1 = 𝛱𝐶 − (1 − 𝑝)𝛿𝐶𝛽𝑇𝐶𝑥8𝑥1 − 𝜇𝐶𝑥1,

𝑑𝑥2
𝑑𝑡

= 𝑓2 = (1 − 𝑝)𝛿𝐶𝛽𝑇𝐶𝑥8𝑥1 − (𝜇𝐶 + 𝛾𝐶 + 𝑑𝐶 )𝑥2,

𝑑𝑥3
𝑑𝑡

= 𝑓3 = 𝛾𝐶𝑥2 − 𝜇𝐶𝑥3,

𝑑𝑥4
𝑑𝑡

= 𝑓4 = 𝛱𝐵 − 𝑝𝛿𝐵𝛽𝑇𝐵𝑥8𝑥4 − 𝜇𝐵𝑥4,

𝑑𝑥5
𝑑𝑡

= 𝑓5 = 𝑝𝛿𝐵𝛽𝑇𝐵𝑥5𝑥8 − (𝜇𝐵 + 𝛾𝐵 + 𝑑𝐵)𝑥5,

𝑑𝑥6
𝑑𝑡

= 𝑓6 = 𝛾𝐵𝑥5 − 𝜇𝐵𝑥6,

𝑑𝑥7
𝑑𝑡

= 𝑓7 = 𝛱𝑇 − (1 − 𝑝)𝛿𝐶𝛽𝐶𝑇 𝑥7
(

𝑥2 + (1 − 𝜂𝐶 )𝑥3
)

− 𝑝𝛿𝐵𝛽𝐵𝑇 𝑥7
(

𝑥5 + (1 − 𝜂𝐵)𝑥6
)

− 𝜇𝐴𝑥7,
𝑑𝑥8
𝑑𝑡

= 𝑓8 = (1 − 𝑝)𝛿𝐶𝛽𝐶𝑇 𝑥7
(

𝑥2 + (1 − 𝜂𝐶 )𝑥3
)

+ 𝑝𝛿𝐵𝛽𝐵𝑇 𝑥7
(

𝑥5 + (1 − 𝜂𝐵)𝑥6
)

− 𝜇𝐴𝑥8.

(A.2)

Linearizing system (A.2) about the DFE yields the following Jacobian matrix:

 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−𝜇𝐶 0 0 0 0 0 0 −𝑐5
0 −𝑧2 0 0 0 0 0 𝑐5
0 𝛾𝐶 −𝜇𝐶 0 0 0 0 0
0 0 0 −𝜇𝐵 0 0 0 −𝑐6
0 0 0 0 −𝑧2 0 0 𝑐6
0 0 0 0 𝛾𝐵 −𝜇𝐵 0 0
0 −𝑐1 −𝑐2 0 −𝑐3 −𝑐4 𝜇𝐴 0
0 𝑐1 𝑐2 0 𝑐3 𝑐4 0 −𝜇𝐴

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

where

𝑐1 = −
(1 − 𝑝)𝛽𝐶𝑇𝛱𝑇

𝜇𝐴
, 𝑐2 =

(1 − 𝑝)𝛽𝐶𝑇𝛱𝑇 𝛿𝐶 (1 − 𝜂𝐶 )
𝜇𝐴

, 𝑐3 = −
𝛽𝐵𝑇𝛱𝑇 𝛿𝐵

𝜇𝐴
,

𝑐4 = −
𝛽𝐵𝑇𝛱𝑇 𝛿𝐵(1 − 𝜂𝐵)

𝜇𝐴
, 𝑐5 = −

(1 − 𝑝)𝛱𝐶𝜇𝐵𝜇𝐴
𝛱𝑇 ((1 − 𝑝)2𝛱𝐶𝛼1𝛽𝐶𝑇 𝛿2𝐶𝜇𝐵 + 𝑝2𝛱𝐵𝛼2𝛽𝐵𝑇 𝛿2𝐵𝜇𝐶 )

,

𝑐6 = −
𝑝𝛱𝐵𝛿𝐵𝜇𝐴𝜇𝐶

𝛱𝑇 ((1 − 𝑝)2𝛱𝐶𝛼1𝛽𝐶𝑇 𝛿2𝐶𝜇𝐵 + 𝑝2𝛱𝐵𝛼2𝛽𝐵𝑇 𝛿2𝐵𝜇𝐶 )

Choose 𝛽𝑇𝐶 = 𝛽𝑇𝐵 = 𝛽∗ as the bifurcation parameter, then setting 0 = 1 gives 

𝛽∗ =
𝜇𝐴𝜇𝐵𝜇𝐶

(1 − 𝑝)2𝛱𝐶𝛱𝑇 𝛼1𝛽𝐶𝑇 𝛿2𝐶𝜇𝐵 + 𝑝2𝛱𝐵𝛱𝑇 𝛼2𝛽𝐵𝑇 𝛿2𝐵𝜇𝐶
(A.3)

where

𝛼1 =
1
𝑎1

+
(1 − 𝜂𝐶 )𝛾𝐶

𝑎1𝜇𝐶
, 𝛼2 =

1
𝑎2

+
(1 − 𝜂𝐵)𝛾𝐵

𝑎2𝜇𝐵
.

We now proceed to determine the simple zero eigenvalue for 𝐷𝑥𝑓 (𝑥0, 𝜙)|0=1, and the corresponding left and right eigenvectors 𝐯
and 𝐮, such that 𝐯𝐮 = 1. Making use of matrix  , the corresponding expression for 𝐮 and 𝐯 given by:

𝑢1 =
𝑐5𝑧1(𝑐4𝑢5𝛾𝐵 + 𝑐3𝑢5𝜇𝐵)

𝜇𝐵(𝑐2𝑐5𝛾𝐶 + 𝑐1𝑐5𝜇𝐶 − 𝑧1𝜇𝐴𝜇𝐶 )
, 𝑢2 = −

𝑐5(𝑐4𝑢5𝛾𝐵𝜇𝐶 + 𝑐3𝑢5𝜇𝐵𝜇𝐶 )
𝜇𝐵(𝑐2𝑐5𝛾𝐶 + 𝑐1𝑐5𝜇𝐶 − 𝑧1𝜇𝐴𝜇𝐶 )

,

𝑢3 = −
𝑐5𝛾𝐶 (𝑐4𝑢5𝛾𝐵 + 𝑐3𝑢5𝜇𝐵)

𝜇𝐵(𝑐2𝑐5𝛾𝐶 + 𝑐1𝑐5𝜇𝐶 − 𝑧1𝜇𝐴𝜇𝐶 )
, 𝑢4 =

𝑐6𝑧1(𝑐4𝑢5𝛾𝐵𝜇𝐶 + 𝑐3𝑢5𝜇𝐵𝜇𝐶 )
𝜇2
𝐵(𝑐2𝑐5𝛾𝐶 + 𝑐1𝑐5𝜇𝐶 − 𝑧1𝜇𝐴𝜇𝐶 )

,

𝑢5 = 𝑢5 > 0, 𝑢6 =
𝑢5𝛾𝐵
𝜇𝐵

, 𝑢7 =
(𝑐5𝑢5𝑧1𝛾𝐵𝜇𝐶 + 𝑐3𝑢5𝜇𝐵𝜇𝐶 )

𝜇𝐵(𝑐2𝑐5𝛾𝐶 + 𝑐1𝑐5𝜇𝐶 − 𝑧1𝜇𝐴𝜇𝐶 )
,

𝑢8 =
𝑧1(𝑐4𝑢5𝛾𝐵𝜇𝐶 + 𝑐3𝑢5𝜇𝐵𝜇𝐶 )

𝜇𝐵(𝑐2𝑐5𝛾𝐶 + 𝑐1𝑐5𝜇𝐶 − 𝑧1𝜇𝐴𝜇𝐶 )
.
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Similarly, the non-zero left eigenvector are

𝑣1 = 𝑣1 = 0, 𝑣2 = −
𝑐6𝑣5(𝑐2𝛾𝐶 + 𝑐1𝜇𝐶 )

𝑐2𝑐5𝛾𝐶 + 𝑐1𝑐5𝜇𝐶 − 𝑧1𝜇𝐴𝜇𝐶
, 𝑣3 = −

𝑐2𝑐6𝑣5𝑧1
𝑐2𝑐5𝛾𝐶 + 𝑐1𝑐5𝜇𝐶 − 𝑧1𝜇𝐴𝜇𝐶

,

𝑣4 = 𝑣4 = 0, 𝑣5 = 𝑣5 > 0, 𝑣6 = −
𝑐4𝑐6𝑣5𝑧1𝜇𝐶

𝜇𝐵(𝑐2𝑐5𝛾𝐶 + 𝑐1𝑐5𝜇𝐶 − 𝑧1𝜇𝐴𝜇𝐶 )
, 𝑣7 = 𝑣7 = 0,

𝑣8 = −
𝑐6𝑣5𝑧1𝜇𝐶

𝜇𝐵(𝑐2𝑐5𝛾𝐶 + 𝑐1𝑐5𝜇𝐶 − 𝑧1𝜇𝐴𝜇𝐶 )
.

Next, we determine the second-order partial derivatives of 𝑓 for
𝜕2𝑓𝑖(𝑥0, 𝜙)
𝜕𝑥𝑗𝜕𝑥𝑘

|0=1, and
𝜕2𝑓𝑖(𝑥0, 𝜙)
𝜕𝑥𝑗𝜕𝛽

|0=1.

One can easily verify that the non-zero elements second-order partial derivatives of 𝑓 are:
𝜕2𝑓1

𝜕𝑥1𝜕𝑥8
=

𝜕2𝑓1
𝜕𝑥8𝜕𝑥1

= −((1 − 𝑝)𝛽𝛿𝐶 ),
𝜕2𝑓2

𝜕𝑥2𝜕𝑥8
=

𝜕2𝑓2
𝜕𝑥8𝜕𝑥2

= −(1 − 𝑝)𝛽𝛿𝐶 ,

𝜕2𝑓4
𝜕𝑥4𝜕𝑥8

=
𝜕2𝑓4

𝜕𝑥8𝜕𝑥4
= −𝑝𝛽𝛿𝐵 ,

𝜕2𝑓5
𝜕𝑥5𝜕𝑥8

=
𝜕2𝑓5

𝜕𝑥8𝜕𝑥5
= 𝑝𝛽𝛿𝐵 ,

𝜕2𝑓7
𝜕𝑥2𝜕𝑥7

=
𝜕2𝑓7

𝜕𝑥7𝜕𝑥2
= −(1 − 𝑝)𝛽𝐶𝑇 ,

𝜕2𝑓7
𝜕𝑥3𝜕𝑥7

=
𝜕2𝑓7

𝜕𝑥7𝜕𝑥3
= −(1 − 𝑝)𝛽𝑇𝐶 (1 − 𝜂𝐶 ),

𝜕2𝑓7
𝜕𝑥5𝜕𝑥7

=
𝜕2𝑓7

𝜕𝑥7𝜕𝑥5
= −𝑝𝛽𝐵𝑇 ,

𝜕2𝑓7
𝜕𝑥6𝜕𝑥7

=
𝜕2𝑓7

𝜕𝑥6𝜕𝑥7
= 𝑝𝛽𝐵𝑇 (1 − 𝜂𝐵),

𝜕2𝑓8
𝜕𝑥2𝜕𝑥7

=
𝜕2𝑓8

𝜕𝑥7𝜕𝑥2
= (1 − 𝑝)𝛽𝐶𝑇 ,

𝜕2𝑓8
𝜕𝑥3𝜕𝑥7

=
𝜕2𝑓8

𝜕𝑥7𝜕𝑥3
= (1 − 𝑝)𝛽𝐶𝑇 (1 − 𝜂𝐶 ),

𝜕2𝑓8
𝜕𝑥5𝜕𝑥7

=
𝜕2𝑓8

𝜕𝑥7𝜕𝑥5
= 𝑝𝛽𝐵𝑇 ,

𝜕2𝑓8
𝜕𝑥6𝜕𝑥7

=
𝜕2𝑓8

𝜕𝑥7𝜕𝑥6
= 𝑝𝛽𝐵𝑇 (1 − 𝜂𝐵).

The associated bifurcation coefficients defined by 𝑎 and 𝑏 are given by the following equations respectively:

𝑎 =
𝑛
∑

𝑘,𝑖,𝑗=1
𝑣𝑘𝑢𝑖𝑢𝑗

𝜕2𝑓𝑘
𝜕𝑥𝑖𝜕𝑥𝑗

(0, 0),

= 𝑣1𝑢1𝑢8(−(1 − 𝑝)𝛽𝛿𝐶 ) + 𝑣2𝑢2𝑢8(−(1 − 𝑝)𝛽𝛿𝐶 ) + 𝑣4𝑢4𝑢8(−𝑝𝛿𝐶𝛽) + 𝑣5𝑢4𝑢8(−𝑝𝛿𝐶𝛽)

+ 𝑣7𝑢2𝑢7(−(1 − 𝑝)𝛽𝐶𝑇 ) + 𝑣7𝑢3𝑢7(−(1 − 𝑝)𝛽𝐶𝑇 (1 − 𝜂𝐶 )) + 𝑣7𝑢5𝑢7(−𝑝𝛽𝐵𝑇 ) + 𝑣7𝑢6𝑢7(𝑝𝛽𝐵𝑇 (1 − 𝜂𝐵))

+ 𝑣8𝑢2𝑢7((1 − 𝑝)𝛽𝐶𝑇 ) + 𝑣8𝑢3𝑢7((1 − 𝑝)𝛽𝐶𝑇 (1 − 𝜂𝐶 )) + 𝑣8𝑢5𝑢7(𝑝𝛽𝐵𝑇 )

+ 𝑣8𝑢6𝑢7(𝑝𝛽𝐵𝑇 (1 − 𝜂𝐵)) < 0.

Similarly, it follows that

𝑏 =
𝑛
∑

𝑘,𝑖=1
𝑣𝑘𝑢𝑖

𝜕2𝑓𝑘
𝜕𝑥𝑖𝜕𝛽

(0, 0).

= 𝑣1𝑢1

(

(1 − 𝑝)𝛱𝐶𝛿𝐶
𝜇𝐶

)

+ 𝑣2𝑢2

(

(1 − 𝑝)𝛱𝐶𝛿𝐶
𝜇𝐶

)

+ 𝑣4𝑢4

(

−𝑝𝛱𝐵𝛿𝐵
𝜇𝐵

)

+ 𝑣5𝑢5

(

𝑝𝛱𝐵𝛿𝐵
𝜇𝐵

)

> 0.

Since 𝑎 ≤ 0 and 𝑏 > 0 it follows that model equations (2.5) admits a forward bifurcation at 0 = 1. This completes Theorem  2.3.
To support the claim in Theorem  2.3 we simulated model (2.5) using parameter values in Table  5 and obtained the results in 

Figure refbif1 which illustrates the existence of a forward bifurcation.
Fig.  11 illustrates the bifurcation behavior of the model with respect to the tick-to-cattle transmission rate 𝛽𝑇𝐶 . The plot shows a 

forward bifurcation, where the steady-state number of infected cattle 𝐼∗𝐶 remains near zero for low values of 𝛽𝑇𝐶 and increases rapidly 
beyond a critical threshold. This indicates that reducing 𝛽𝑇𝐶 below this threshold can eliminate endemic infection, highlighting the 
importance of controlling tick transmission to cattle.

Appendix B. Necessary conditions for the optimality

The optimal control problem (2.12) can be reduced to minimizing the corresponding Hamiltonian with respect to 𝑢1, 𝑢2 and 𝑢3

(𝑡, 𝐱,𝐮,𝝀) =𝐴1𝐼𝐶 (𝑡) + 𝐴2𝑅𝐶 + 𝐴3𝑁𝑇 + 1
2
𝑤1𝑢

2
1(𝑡) +

1
2
𝑤2𝑢

2
2(𝑡) +

1
2
𝑤3𝑢

2
3 + 𝜆𝑘𝑓𝑘,

where 𝝀 = [𝜆1(𝑡), 𝜆2(𝑡),… , 𝜆8(𝑡)] are the adjoint variable for a 8 dimensional state, that is., 𝐱 = (𝑆𝐶 , 𝐼𝐶 , 𝑅𝐶 , 𝑆𝐵 , 𝐼𝐵 , 𝑅𝐵 , 𝐴𝑆 , 𝐴𝐼 ), 
𝐮 = (𝑢 , 𝑢 , 𝑢 ), and 𝑓  is the right hand side of model (2.12) with 𝑘 = 1, 2,… , 8. The Hamiltonian is constructed to satisfy the first 
1 2 3 𝑘
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Fig. 11. Bifurcation Plot: Effect of the tick-to-cattle transmission rate 𝛽𝑇𝐶 on the steady-state number of infected cattle 𝐼∗
𝐶 . A forward bifurcation 

is observed, indicating a critical threshold of 𝛽𝑇𝐶 beyond which endemic infection persists.

the following relation 𝜕
𝜕𝐱

= −𝑑𝝀
𝑑𝑡
, that is: 

𝜆̇1(𝑡) = −(1 − 𝑝)𝐴𝐼 (1 − 𝑢1(𝑡))𝛿𝐶𝛽𝑇𝐶 (𝜆1 − 𝜆2) + 𝑢2(𝑡)(𝜆3 − 𝜆1) − 𝜆1𝜇𝐶 ,

𝜆̇2(𝑡) = 𝐴1 − 𝜆2(𝜇𝐶 + 𝛾𝐶 + 𝑑𝐶 ) + 𝛾𝐶𝜆3 + 𝐴𝑆𝛿𝐶𝛽𝐶𝑇 (𝜆8 − 𝜆7) + 𝑝𝐴𝑆𝛿𝐶𝛽𝐶𝑇 (𝜆7 − 𝜆8)

+ 𝐴𝑆𝑢1(𝑡)𝛿𝐶𝛽𝐶𝑇 (𝜆7 − 𝜆8) + 𝑝𝐴𝑆𝑢1(𝑡)𝛿𝐶𝛽𝐶𝑇 (𝜆8 − 𝜆7),

𝜆̇3(𝑡) = 𝐴2 + (1 − 𝑝)𝐴𝑆 (1 − 𝑢1(𝑡))𝛿𝐶𝛽𝐶𝑇 (1 − 𝜂𝐶 )(𝜆7 − 𝜆8) − 𝜆3𝜇𝐶 ,

𝜆̇4(𝑡) = 𝑝𝐴𝐼𝛿𝐵𝛽𝑇𝐵(𝜆5 − 𝜆4) − 𝜇𝐵𝜆4,

𝜆̇5(𝑡) = −𝜆5(𝜇𝐵 + 𝑑𝐵) + 𝛾𝐵(𝜆6 − 𝜆5) + 𝑝𝐴𝑆𝛿𝐵𝛽𝐵𝑇 (𝜆8 − 𝜆7),

𝜆̇6(𝑡) = 𝑝𝐴𝑆𝛿𝐵𝛽𝑇𝐵(1 − 𝜂𝐵)(𝜆7 − 𝜆8) − 𝜇𝐵𝜆6
𝜆̇7(𝑡) = 𝐴3 + 𝑝𝑅𝐵𝛿𝐵𝛽𝐵𝑇 (𝜆8 − 𝜆7) + 𝐼𝐶𝛿𝐶𝛽𝐶𝑇 (𝜆8 − 𝜆7) + 𝑅𝐶𝛿𝐶𝛽𝐶𝑇 𝜂𝐶 (𝜆7 − 𝜆8)

+ 𝑝𝐼𝐶𝛿𝐶𝛽𝐶𝑇 (𝜆7 − 𝜆8) + 𝑝𝑅𝐶𝛿𝐶𝛽𝐶𝑇 𝜂𝐶 (𝜆8 − 𝜆7) + 𝑅𝐶𝛿𝐶𝛽𝐶𝑇 (𝜆8 − 𝜆7)

+ 𝑅𝐶𝑢1(𝑡)𝛿𝐶𝛽𝐶𝑇 𝜂𝐶 (𝜆8 − 𝜆7) + 𝑝𝑅𝐶𝛿𝐶𝛽𝐶𝑇 (𝜆7 − 𝜆8) + 𝑝𝑅𝐶𝑢1(𝑡)𝛿𝐶𝛽𝐶𝑇 𝜂𝐶 (𝜆7 − 𝜆8)

+ 𝐼𝐶𝑢1(𝑡)𝛿𝐶𝛽𝐶𝑇 (𝜆7 − 𝜆8) + 𝑝𝐼𝐶𝑢1(𝑡)𝛿𝐶𝛽𝐶𝑇 (𝜆8 − 𝜆7) + 𝑅𝐶𝑢1(𝑡)𝛿𝐶𝛽𝐶𝑇 (𝜆7 − 𝜆8)

+ 𝑝𝑅𝐶𝑢1(𝑡)𝛿𝐶𝛽𝐶𝑇 (𝜆8 − 𝜆7) + 𝑝𝑅𝐵𝛿𝐵𝛽𝐵𝑇 𝜂𝐵(𝜆7 − 𝜆8)

+ 𝑝𝐼𝐵𝛿𝐵𝛽𝐵𝑇 (𝜆8 − 𝜆7) − 𝜆7(𝜇𝐴 + 𝑢3(𝑡)),

𝜆̇8(𝑡) = 𝐴3 + (1 − 𝑝)𝑆𝐶 (1 − 𝑢1(𝑡))𝛿𝐶𝛽𝑇𝐶 (𝜆1 − 𝜆2) + 𝑝𝑆𝐵𝛿𝐵𝛽𝐵𝑇 (𝜆5 − 𝜆4) − 𝜆8(𝜇𝐴 + 𝑢3(𝑡)).

(B.1)

Furthermore, the optimality condition is determined by minimizing the Hamiltonian 𝜕𝜕𝐮 = 0. Thus, the optimal controls are 
characterized by: 

𝑢⋆1 =max
{

0,min
{

1, (−((1 − 𝑝)𝛿𝐶 (𝐴𝐼𝑆𝐶𝛽𝑇𝐶 (𝜆1 − 𝜆2))) + 𝐴𝑆𝛽𝐶𝑇 (𝐼𝐶 − 𝑅𝐶 (1 − 𝜂𝐶 )(𝜆7 − 𝜆8)))
𝑤1

}}

,

𝑢⋆2 =max
{

0,min
{

1,
𝑆𝐶 (𝜆1 − 𝜆3)

𝑤2

}}

,

𝑢⋆3 =max
{

0,min
{

1,
(𝐴𝑆𝜆7 + 𝐴𝐼𝜆8)

𝑤3

}}

.

(B.2)

In (B.2), 𝑢1max ≤ 1, 𝑢2max ≤ 1, and 𝑢3max ≤ 1 are the feasible upper bounds of the controls 𝑢1(𝑡), 𝑢2(𝑡) and 𝑢3(𝑡), respectively.

Data availability

All the datasets used as well as generated in this study are included in the manuscript.
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